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y(t) = h(x(t), w(t))

<latexit sha1_base64="2nvgWZGkaAK04GLJ/jyhSRNjGys=">AAACBXicdVDLSgMxFM3UV62vUZe6SC1CizJkSvGxEApuXFawrdAZSibNtKGZB0lGLaUbN/6KGxeKuPUf3Pk3ZtoKPg/kcnLOvST3eDFnUiH0bmRmZufmF7KLuaXlldU1c32jIaNEEFonEY/EpYcl5SykdcUUp5exoDjwOG16/dPUb15RIVkUXqhBTN0Ad0PmM4KVltrm9k1ROfk9J2+XTvyivpT2k7Rc61JqmwVk2ZVjVEbwN7EtNEYBTFFrm29OJyJJQENFOJayZaNYuUMsFCOcjnJOImmMSR93aUvTEAdUusPxFiO4q5UO9COhT6jgWP06McSBlIPA050BVj3500vFv7xWovwjd8jCOFE0JJOH/IRDFcE0EthhghLFB5pgIpj+KyQ9LDBROricDuFzU/g/aZQt+8CqnFcKVTSNIwu2wA4oAhscgio4AzVQBwTcgnvwCJ6MO+PBeDZeJq0ZYzqzCb7BeP0Atb+VfA==</latexit>

x(t+1) = f(x(t), u(t), w(t))

<latexit sha1_base64="Q9XfkkMVBTGuUJTv7uRiXwjuV58=">AAAB63icdVDJSgNBEO1xjXGLevTSGIR4GXpCcLkFvHiMYBZIhtDT6UmadPcM3TVKGPILXjwo4tUf8ubfOJNEcH1Q8Hiviqp6QSyFBULenaXlldW19cJGcXNre2e3tLffslFiGG+ySEamE1DLpdC8CQIk78SGUxVI3g7Gl7nfvuXGikjfwCTmvqJDLULBKOTSXQVO+qUycb3aBakS/Jt4LpmhjBZo9EtvvUHEEsU1MEmt7XokBj+lBgSTfFrsJZbHlI3pkHczqqni1k9nt07xcaYMcBiZrDTgmfp1IqXK2okKsk5FYWR/ern4l9dNIDz3U6HjBLhm80VhIjFEOH8cD4ThDOQkI5QZkd2K2YgayiCLp5iF8Pkp/p+0qq536taua+U6WcRRQIfoCFWQh85QHV2hBmoihkboHj2iJ0c5D86z8zJvXXIWMwfoG5zXD8NcjgU=</latexit>

w(t)
<latexit sha1_base64="nI0I4zaMO+KmkRq0Cxs+nd0Vw6s=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/SpLtn6K4RwpBf8OJBEa/+kDf/xp4kguuDgsd7VVTVCxPBDXjeu1NYWV1b3yhulra2d3b3yvsHbROnmrIWjUWsuyExTHDFWsBBsG6iGZGhYJ1wcpX7nTumDY/VLUwTFkgyUjzilEAupVU4HZQrnuvXL72ah38T3/XmqKAlmoPyW38Y01QyBVQQY3q+l0CQEQ2cCjYr9VPDEkInZMR6lioimQmy+a0zfGKVIY5ibUsBnqtfJzIijZnK0HZKAmPz08vFv7xeCtFFkHGVpMAUXSyKUoEhxvnjeMg1oyCmlhCqub0V0zHRhIKNp2RD+PwU/0/aNdc/c+s39UrDW8ZRREfoGFWRj85RA12jJmohisboHj2iJ0c6D86z87JoLTjLmUP0Dc7rB8BOjgM=</latexit>

u(t)
<latexit sha1_base64="y4cx1BqQdojqQelJAFKr4QW1SCI=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDES5gJweUW8OIxglkgGUJPpydp0t0zdNcIw5Bf8OJBEa/+kDf/xp4kguuDgsd7VVTVC2LBDbjuu1NYWV1b3yhulra2d3b3yvsHHRMlmrI2jUSkewExTHDF2sBBsF6sGZGBYN1gepX73TumDY/ULaQx8yUZKx5ySiCX0iqcDssVt+Y1Lt26i38Tr+bOUUFLtIblt8EooolkCqggxvQ9NwY/Ixo4FWxWGiSGxYROyZj1LVVEMuNn81tn+MQqIxxG2pYCPFe/TmREGpPKwHZKAhPz08vFv7x+AuGFn3EVJ8AUXSwKE4EhwvnjeMQ1oyBSSwjV3N6K6YRoQsHGU7IhfH6K/yedes07qzVuGpWmu4yjiI7QMaoiD52jJrpGLdRGFE3QPXpET450Hpxn52XRWnCWM4foG5zXD8Zqjgc=</latexit>

y(t)
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w(t)
<latexit sha1_base64="nI0I4zaMO+KmkRq0Cxs+nd0Vw6s=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/SpLtn6K4RwpBf8OJBEa/+kDf/xp4kguuDgsd7VVTVCxPBDXjeu1NYWV1b3yhulra2d3b3yvsHbROnmrIWjUWsuyExTHDFWsBBsG6iGZGhYJ1wcpX7nTumDY/VLUwTFkgyUjzilEAupVU4HZQrnuvXL72ah38T3/XmqKAlmoPyW38Y01QyBVQQY3q+l0CQEQ2cCjYr9VPDEkInZMR6lioimQmy+a0zfGKVIY5ibUsBnqtfJzIijZnK0HZKAmPz08vFv7xeCtFFkHGVpMAUXSyKUoEhxvnjeMg1oyCmlhCqub0V0zHRhIKNp2RD+PwU/0/aNdc/c+s39UrDW8ZRREfoGFWRj85RA12jJmohisboHj2iJ0c6D86z87JoLTjLmUP0Dc7rB8BOjgM=</latexit>

u(t)
<latexit sha1_base64="y4cx1BqQdojqQelJAFKr4QW1SCI=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDES5gJweUW8OIxglkgGUJPpydp0t0zdNcIw5Bf8OJBEa/+kDf/xp4kguuDgsd7VVTVC2LBDbjuu1NYWV1b3yhulra2d3b3yvsHHRMlmrI2jUSkewExTHDF2sBBsF6sGZGBYN1gepX73TumDY/ULaQx8yUZKx5ySiCX0iqcDssVt+Y1Lt26i38Tr+bOUUFLtIblt8EooolkCqggxvQ9NwY/Ixo4FWxWGiSGxYROyZj1LVVEMuNn81tn+MQqIxxG2pYCPFe/TmREGpPKwHZKAhPz08vFv7x+AuGFn3EVJ8AUXSwKE4EhwvnjeMQ1oyBSSwjV3N6K6YRoQsHGU7IhfH6K/yedes07qzVuGpWmu4yjiI7QMaoiD52jJrpGLdRGFE3QPXpET450Hpxn52XRWnCWM4foG5zXD8Zqjgc=</latexit>

y(t) Opportunities:
• Abundant, real-time data
• Computational power

Challenges:
• Information restriction/incomplete 

measurement
• Rigorous performance guarantees
• Scalability
• …
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u(t)
<latexit sha1_base64="y4cx1BqQdojqQelJAFKr4QW1SCI=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDES5gJweUW8OIxglkgGUJPpydp0t0zdNcIw5Bf8OJBEa/+kDf/xp4kguuDgsd7VVTVC2LBDbjuu1NYWV1b3yhulra2d3b3yvsHHRMlmrI2jUSkewExTHDF2sBBsF6sGZGBYN1gepX73TumDY/ULaQx8yUZKx5ySiCX0iqcDssVt+Y1Lt26i38Tr+bOUUFLtIblt8EooolkCqggxvQ9NwY/Ixo4FWxWGiSGxYROyZj1LVVEMuNn81tn+MQqIxxG2pYCPFe/TmREGpPKwHZKAhPz08vFv7x+AuGFn3EVJ8AUXSwKE4EhwvnjeMQ1oyBSSwjV3N6K6YRoQsHGU7IhfH6K/yedes07qzVuGpWmu4yjiI7QMaoiD52jJrpGLdRGFE3QPXpET450Hpxn52XRWnCWM4foG5zXD8Zqjgc=</latexit>

y(t)

Observed data:
• Measurement y(t)
• Stage cost c(x(t),u(t))

Feedback controller/control policy:
• A mapping from historical measurements

(y(t), y(t —1), . . . ) to the control input u(t)

Find the best control policy that minimizes
the accumulated cost

Goal:

• discounted cost
• infinite-horizon average cost

<latexit sha1_base64="R391Xw/EZQz6UJTDuSJgle8eoU0="></latexit>

lim
T!1

1
T

PT
t=1 E[c(x(t), u(t))]

<latexit sha1_base64="MVUvIrktbh2VsoAiBeRoYVT/yew="></latexit>

E[
P1

t=0 �
tc(x(t), u(t))]
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u(t)
<latexit sha1_base64="y4cx1BqQdojqQelJAFKr4QW1SCI=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDES5gJweUW8OIxglkgGUJPpydp0t0zdNcIw5Bf8OJBEa/+kDf/xp4kguuDgsd7VVTVC2LBDbjuu1NYWV1b3yhulra2d3b3yvsHHRMlmrI2jUSkewExTHDF2sBBsF6sGZGBYN1gepX73TumDY/ULaQx8yUZKx5ySiCX0iqcDssVt+Y1Lt26i38Tr+bOUUFLtIblt8EooolkCqggxvQ9NwY/Ixo4FWxWGiSGxYROyZj1LVVEMuNn81tn+MQqIxxG2pYCPFe/TmREGpPKwHZKAhPz08vFv7x+AuGFn3EVJ8AUXSwKE4EhwvnjeMQ1oyBSSwjV3N6K6YRoQsHGU7IhfH6K/yedes07qzVuGpWmu4yjiI7QMaoiD52jJrpGLdRGFE3QPXpET450Hpxn52XRWnCWM4foG5zXD8Zqjgc=</latexit>

y(t)
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§ Learn the feedback controller with unknown/incomplete/complex system model

6

Apply a control 
strategy

Accumulate 
observed data

Refine the 
control strategy

§ Sample complexity
# of measurement samples {y(t)} needed 
to find an (approximately) optimal policy

§ Convergence rate
How fast the optimality gap decreases as 
we iteratively refine the control strategy

§ Stability
Whether the closed-loop system remains 
stable during the learning process

Theoretical & Practically Relevant
Concerns

System

Feedback 
controller

MeasurementControl 
input

<latexit sha1_base64="8+qVlq+blDyhWVDXjmb1X9H01Yk=">AAAB+nicdVDLSgMxFM3UV62vqS7dBIvQggyZUnwshIIblxXsA9qhZNJMG5rJDEnGWsZ+ihsXirj1S9z5N6YPweeB5B7OuZfcHD/mTGmE3q3M0vLK6lp2PbexubW9Y+d3GypKJKF1EvFItnysKGeC1jXTnLZiSXHoc9r0hxdTv3lDpWKRuNbjmHoh7gsWMIK1kbp2flzUpfNB8daUo5G5Sl27gBy3cobKCP4mroNmKIAFal37rdOLSBJSoQnHSrVdFGsvxVIzwukk10kUjTEZ4j5tGypwSJWXzlafwEOj9GAQSXOEhjP160SKQ6XGoW86Q6wH6qc3Ff/y2okOTr2UiTjRVJD5Q0HCoY7gNAfYY5ISzceGYCKZ2RWSAZaYaJNWzoTw+VP4P2mUHffYqVxVClW0iCML9sEBKAIXnIAquAQ1UAcEjMA9eARP1p31YD1bL/PWjLWY2QPfYL1+AL0kklU=</latexit>

y(t) = h(x(t), w(t))

<latexit sha1_base64="2nvgWZGkaAK04GLJ/jyhSRNjGys=">AAACBXicdVDLSgMxFM3UV62vUZe6SC1CizJkSvGxEApuXFawrdAZSibNtKGZB0lGLaUbN/6KGxeKuPUf3Pk3ZtoKPg/kcnLOvST3eDFnUiH0bmRmZufmF7KLuaXlldU1c32jIaNEEFonEY/EpYcl5SykdcUUp5exoDjwOG16/dPUb15RIVkUXqhBTN0Ad0PmM4KVltrm9k1ROfk9J2+XTvyivpT2k7Rc61JqmwVk2ZVjVEbwN7EtNEYBTFFrm29OJyJJQENFOJayZaNYuUMsFCOcjnJOImmMSR93aUvTEAdUusPxFiO4q5UO9COhT6jgWP06McSBlIPA050BVj3500vFv7xWovwjd8jCOFE0JJOH/IRDFcE0EthhghLFB5pgIpj+KyQ9LDBROricDuFzU/g/aZQt+8CqnFcKVTSNIwu2wA4oAhscgio4AzVQBwTcgnvwCJ6MO+PBeDZeJq0ZYzqzCb7BeP0Atb+VfA==</latexit>

x(t+1) = f(x(t), u(t), w(t))

<latexit sha1_base64="Q9XfkkMVBTGuUJTv7uRiXwjuV58=">AAAB63icdVDJSgNBEO1xjXGLevTSGIR4GXpCcLkFvHiMYBZIhtDT6UmadPcM3TVKGPILXjwo4tUf8ubfOJNEcH1Q8Hiviqp6QSyFBULenaXlldW19cJGcXNre2e3tLffslFiGG+ySEamE1DLpdC8CQIk78SGUxVI3g7Gl7nfvuXGikjfwCTmvqJDLULBKOTSXQVO+qUycb3aBakS/Jt4LpmhjBZo9EtvvUHEEsU1MEmt7XokBj+lBgSTfFrsJZbHlI3pkHczqqni1k9nt07xcaYMcBiZrDTgmfp1IqXK2okKsk5FYWR/ern4l9dNIDz3U6HjBLhm80VhIjFEOH8cD4ThDOQkI5QZkd2K2YgayiCLp5iF8Pkp/p+0qq536taua+U6WcRRQIfoCFWQh85QHV2hBmoihkboHj2iJ0c5D86z8zJvXXIWMwfoG5zXD8NcjgU=</latexit>

w(t)
<latexit sha1_base64="nI0I4zaMO+KmkRq0Cxs+nd0Vw6s=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/SpLtn6K4RwpBf8OJBEa/+kDf/xp4kguuDgsd7VVTVCxPBDXjeu1NYWV1b3yhulra2d3b3yvsHbROnmrIWjUWsuyExTHDFWsBBsG6iGZGhYJ1wcpX7nTumDY/VLUwTFkgyUjzilEAupVU4HZQrnuvXL72ah38T3/XmqKAlmoPyW38Y01QyBVQQY3q+l0CQEQ2cCjYr9VPDEkInZMR6lioimQmy+a0zfGKVIY5ibUsBnqtfJzIijZnK0HZKAmPz08vFv7xeCtFFkHGVpMAUXSyKUoEhxvnjeMg1oyCmlhCqub0V0zHRhIKNp2RD+PwU/0/aNdc/c+s39UrDW8ZRREfoGFWRj85RA12jJmohisboHj2iJ0c6D86z87JoLTjLmUP0Dc7rB8BOjgM=</latexit>

u(t)
<latexit sha1_base64="y4cx1BqQdojqQelJAFKr4QW1SCI=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDES5gJweUW8OIxglkgGUJPpydp0t0zdNcIw5Bf8OJBEa/+kDf/xp4kguuDgsd7VVTVC2LBDbjuu1NYWV1b3yhulra2d3b3yvsHHRMlmrI2jUSkewExTHDF2sBBsF6sGZGBYN1gepX73TumDY/ULaQx8yUZKx5ySiCX0iqcDssVt+Y1Lt26i38Tr+bOUUFLtIblt8EooolkCqggxvQ9NwY/Ixo4FWxWGiSGxYROyZj1LVVEMuNn81tn+MQqIxxG2pYCPFe/TmREGpPKwHZKAhPz08vFv7x+AuGFn3EVJ8AUXSwKE4EhwvnjeMQ1oyBSSwjV3N6K6YRoQsHGU7IhfH6K/yedes07qzVuGpWmu4yjiI7QMaoiD52jJrpGLdRGFE3QPXpET450Hpxn52XRWnCWM4foG5zXD8Zqjgc=</latexit>

y(t)
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Linear Quadratic Regulator (LQR)
An optimization viewpoint:

<latexit sha1_base64="H36SlP5lWJAzECERI/L/n293dBQ="></latexit>

min
K

J(K)

s.t. K stabilizes the system

Linear system

Feedback 
controller

MeasurementControl 
input

<latexit sha1_base64="nI0I4zaMO+KmkRq0Cxs+nd0Vw6s=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/SpLtn6K4RwpBf8OJBEa/+kDf/xp4kguuDgsd7VVTVCxPBDXjeu1NYWV1b3yhulra2d3b3yvsHbROnmrIWjUWsuyExTHDFWsBBsG6iGZGhYJ1wcpX7nTumDY/VLUwTFkgyUjzilEAupVU4HZQrnuvXL72ah38T3/XmqKAlmoPyW38Y01QyBVQQY3q+l0CQEQ2cCjYr9VPDEkInZMR6lioimQmy+a0zfGKVIY5ibUsBnqtfJzIijZnK0HZKAmPz08vFv7xeCtFFkHGVpMAUXSyKUoEhxvnjeMg1oyCmlhCqub0V0zHRhIKNp2RD+PwU/0/aNdc/c+s39UrDW8ZRREfoGFWRj85RA12jJmohisboHj2iJ0c6D86z87JoLTjLmUP0Dc7rB8BOjgM=</latexit>

u(t)
<latexit sha1_base64="y4cx1BqQdojqQelJAFKr4QW1SCI=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDES5gJweUW8OIxglkgGUJPpydp0t0zdNcIw5Bf8OJBEa/+kDf/xp4kguuDgsd7VVTVC2LBDbjuu1NYWV1b3yhulra2d3b3yvsHHRMlmrI2jUSkewExTHDF2sBBsF6sGZGBYN1gepX73TumDY/ULaQx8yUZKx5ySiCX0iqcDssVt+Y1Lt26i38Tr+bOUUFLtIblt8EooolkCqggxvQ9NwY/Ixo4FWxWGiSGxYROyZj1LVVEMuNn81tn+MQqIxxG2pYCPFe/TmREGpPKwHZKAhPz08vFv7x+AuGFn3EVJ8AUXSwKE4EhwvnjeMQ1oyBSSwjV3N6K6YRoQsHGU7IhfH6K/yedes07qzVuGpWmu4yjiI7QMaoiD52jJrpGLdRGFE3QPXpET450Hpxn52XRWnCWM4foG5zXD8Zqjgc=</latexit>

y(t)<latexit sha1_base64="FEtKy+Vp3sb2qlQPFID3ErWidHs="></latexit>

x(t+1) = Ax(t)+Bu(t)

y(t) = x(t)

§ Control strategy: 
§ Accumulated cost:

<latexit sha1_base64="S5MjVVdjzaJiJqV45A0pazjxNu0="></latexit>

u(t) = K x(t)

<latexit sha1_base64="D52fCWdpil9NtQ/PKHGObU67RzI="></latexit>

J(K) =
1X

t=0

E
⇥
x(t)>Qx(t)+u(t)>Ru(t)

⇤

Stage cost

Perfect state 
measurement
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Linear Quadratic Regulator (LQR)

§ Control strategy: 
§ Accumulated cost:

<latexit sha1_base64="S5MjVVdjzaJiJqV45A0pazjxNu0="></latexit>

u(t) = K x(t)

<latexit sha1_base64="D52fCWdpil9NtQ/PKHGObU67RzI="></latexit>

J(K) =
1X

t=0

E
⇥
x(t)>Qx(t)+u(t)>Ru(t)

⇤

Zeroth-order
gradient estimation

<latexit sha1_base64="pKANNzih0WNSNqYvsUi+RTom4FI="></latexit>

K(s+1) = K(s)� ↵ · \rJ(K(s))

ü Fast global convergence (exponential)
ü Low sample complexity
ü Guaranteed stability w.h.p.

[Fazel et al. 2018] [Malik et al. 2019] [Mohammadi et al. 2019]

An optimization viewpoint:

Stage cost

Linear system

Feedback 
controller

MeasurementControl 
input

<latexit sha1_base64="nI0I4zaMO+KmkRq0Cxs+nd0Vw6s=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/SpLtn6K4RwpBf8OJBEa/+kDf/xp4kguuDgsd7VVTVCxPBDXjeu1NYWV1b3yhulra2d3b3yvsHbROnmrIWjUWsuyExTHDFWsBBsG6iGZGhYJ1wcpX7nTumDY/VLUwTFkgyUjzilEAupVU4HZQrnuvXL72ah38T3/XmqKAlmoPyW38Y01QyBVQQY3q+l0CQEQ2cCjYr9VPDEkInZMR6lioimQmy+a0zfGKVIY5ibUsBnqtfJzIijZnK0HZKAmPz08vFv7xeCtFFkHGVpMAUXSyKUoEhxvnjeMg1oyCmlhCqub0V0zHRhIKNp2RD+PwU/0/aNdc/c+s39UrDW8ZRREfoGFWRj85RA12jJmohisboHj2iJ0c6D86z87JoLTjLmUP0Dc7rB8BOjgM=</latexit>

u(t)
<latexit sha1_base64="y4cx1BqQdojqQelJAFKr4QW1SCI=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDES5gJweUW8OIxglkgGUJPpydp0t0zdNcIw5Bf8OJBEa/+kDf/xp4kguuDgsd7VVTVC2LBDbjuu1NYWV1b3yhulra2d3b3yvsHHRMlmrI2jUSkewExTHDF2sBBsF6sGZGBYN1gepX73TumDY/ULaQx8yUZKx5ySiCX0iqcDssVt+Y1Lt26i38Tr+bOUUFLtIblt8EooolkCqggxvQ9NwY/Ixo4FWxWGiSGxYROyZj1LVVEMuNn81tn+MQqIxxG2pYCPFe/TmREGpPKwHZKAhPz08vFv7x+AuGFn3EVJ8AUXSwKE4EhwvnjeMQ1oyBSSwjV3N6K6YRoQsHGU7IhfH6K/yedes07qzVuGpWmu4yjiI7QMaoiD52jJrpGLdRGFE3QPXpET450Hpxn52XRWnCWM4foG5zXD8Zqjgc=</latexit>

y(t)<latexit sha1_base64="FEtKy+Vp3sb2qlQPFID3ErWidHs="></latexit>

x(t+1) = Ax(t)+Bu(t)

y(t) = x(t)

Perfect state 
measurement
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§ Mixed             design [Zhang et al. 2019], risk-constrained LQR [Zhao & You, 2021]

§ This talk: Linear quadratic control with partial/incomplete measurement

<latexit sha1_base64="z2nsQfrZs+aWU1B7zkIDpPExWnY="></latexit>

H2/H1
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Part I
Distributed Reinforcement Learning 

for Decentralized LQ Control

Linear system

Agent 1

<latexit sha1_base64="nI0I4zaMO+KmkRq0Cxs+nd0Vw6s=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/SpLtn6K4RwpBf8OJBEa/+kDf/xp4kguuDgsd7VVTVCxPBDXjeu1NYWV1b3yhulra2d3b3yvsHbROnmrIWjUWsuyExTHDFWsBBsG6iGZGhYJ1wcpX7nTumDY/VLUwTFkgyUjzilEAupVU4HZQrnuvXL72ah38T3/XmqKAlmoPyW38Y01QyBVQQY3q+l0CQEQ2cCjYr9VPDEkInZMR6lioimQmy+a0zfGKVIY5ibUsBnqtfJzIijZnK0HZKAmPz08vFv7xeCtFFkHGVpMAUXSyKUoEhxvnjeMg1oyCmlhCqub0V0zHRhIKNp2RD+PwU/0/aNdc/c+s39UrDW8ZRREfoGFWRj85RA12jJmohisboHj2iJ0c6D86z87JoLTjLmUP0Dc7rB8BOjgM=</latexit>

u(t)

Agent i

Agent N

<latexit sha1_base64="I3JFrNUttHXVIRTd4HxN3Q1O4bE="></latexit>

y1(t)

<latexit sha1_base64="0tOKnP0H6S6CfnaH0ri+MFODB7c="></latexit>

yi(t)

<latexit sha1_base64="JEJSFVeAEbJgZyBxg/4FO37Eh7k="></latexit>

yN (t)

<latexit sha1_base64="e2ub9PsErNNUrxCD3N599nL92mA="></latexit>

u1(t)

<latexit sha1_base64="W+H6DgXODeF6tEYBhPGjHfsKT0k="></latexit>

ui(t)

<latexit sha1_base64="3zJKle8HtNOgLHd8GDrPWwFoec8="></latexit>

uN (t)

Part II
Optimization Landscape Analysis of 
Linear Quadratic Gaussian (LQG)

Linear system

Dynamic 
controller

MeasurementControl 
input

<latexit sha1_base64="nI0I4zaMO+KmkRq0Cxs+nd0Vw6s=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/SpLtn6K4RwpBf8OJBEa/+kDf/xp4kguuDgsd7VVTVCxPBDXjeu1NYWV1b3yhulra2d3b3yvsHbROnmrIWjUWsuyExTHDFWsBBsG6iGZGhYJ1wcpX7nTumDY/VLUwTFkgyUjzilEAupVU4HZQrnuvXL72ah38T3/XmqKAlmoPyW38Y01QyBVQQY3q+l0CQEQ2cCjYr9VPDEkInZMR6lioimQmy+a0zfGKVIY5ibUsBnqtfJzIijZnK0HZKAmPz08vFv7xeCtFFkHGVpMAUXSyKUoEhxvnjeMg1oyCmlhCqub0V0zHRhIKNp2RD+PwU/0/aNdc/c+s39UrDW8ZRREfoGFWRj85RA12jJmohisboHj2iJ0c6D86z87JoLTjLmUP0Dc7rB8BOjgM=</latexit>

u(t)
<latexit sha1_base64="y4cx1BqQdojqQelJAFKr4QW1SCI=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDES5gJweUW8OIxglkgGUJPpydp0t0zdNcIw5Bf8OJBEa/+kDf/xp4kguuDgsd7VVTVC2LBDbjuu1NYWV1b3yhulra2d3b3yvsHHRMlmrI2jUSkewExTHDF2sBBsF6sGZGBYN1gepX73TumDY/ULaQx8yUZKx5ySiCX0iqcDssVt+Y1Lt26i38Tr+bOUUFLtIblt8EooolkCqggxvQ9NwY/Ixo4FWxWGiSGxYROyZj1LVVEMuNn81tn+MQqIxxG2pYCPFe/TmREGpPKwHZKAhPz08vFv7x+AuGFn3EVJ8AUXSwKE4EhwvnjeMQ1oyBSSwjV3N6K6YRoQsHGU7IhfH6K/yedes07qzVuGpWmu4yjiI7QMaoiD52jJrpGLdRGFE3QPXpET450Hpxn52XRWnCWM4foG5zXD8Zqjgc=</latexit>

y(t)

Ø Swarm robotics, autonomous vehicles, 
mobile sensor networks

<latexit sha1_base64="GvGhUgUQuex/jLAW0fayYNrN3qo="></latexit>

w(t), v(t)

<latexit sha1_base64="51f+T2w8FxdH8K218gok5kuLfws="></latexit>

ẋ(t) = Ax(t)+Bu(t)+w(t)

y(t) = Cx(t) + v(t)

How does partial/imperfect measurement 
affect the problem structure?



• (Global) accumulated cost

• Local communication
Agents are connected by a bidirectional 
communication network

Decentralized Linear Quadratic Control
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Agent 1

Linear system
<latexit sha1_base64="mL1I+ZxXvryJ+eD6FKSe7ByaGsI=">AAACDHicdZDLSgMxFIYz9VbrrerSTWoRWoQyU4qXhVB147KCvUBnKJk004ZmMkOSUcvQB3Djq7hxoYhbH8Cdb2M6bcHrD4Ev/zmH5PxuyKhUpvlhpObmFxaX0suZldW19Y3s5lZDBpHApI4DFoiWiyRhlJO6ooqRVigI8l1Gmu7gfFxvXhMhacCv1DAkjo96nHoUI6WtTjZ/W1B2bt/OWcWTU83F5HIWzehGg+4yS1bl2Cyb8DdYJTNRHkxV62Tf7W6AI59whRmSsm2ZoXJiJBTFjIwydiRJiPAA9UhbI0c+kU6cLDOCe9rpQi8Q+nAFE/frRIx8KYe+qzt9pPryZ21s/lVrR8o7cmLKw0gRjicPeRGDKoDjZGCXCoIVG2pAWFD9V4j7SCCsdH4ZHcJsU/g/NMol66BUuazkq9Y0jjTYAbugACxwCKrgAtRAHWBwBx7AE3g27o1H48V4nbSmjOnMNvgm4+0TloyXgQ==</latexit>

x(t+1) = Ax(t)+Bu(t)+w(t)

w(t)

Gaussian white

Agent i

Agent N

u(t)

<latexit sha1_base64="M/F+0YgVw1VDHxRb45vHP0CVZQ0=">AAAB/XicdVDLSgMxFM3UV62v8bFzk1qEuhkmpfhYCIVuXFawD+gMQybNtKGZB0lGHEvxV9y4UMSt/+HOvzF9CD4PXDg5515y7/ETzqSy7Xcjt7C4tLySXy2srW9sbpnbOy0Zp4LQJol5LDo+lpSziDYVU5x2EkFx6HPa9of1id++pkKyOLpSWULdEPcjFjCClZY8cy/zUFkdQad47hRh3UM3+uWZJdtC1TO7YsPfBFn2FCUwR8Mz35xeTNKQRopwLGUX2YlyR1goRjgdF5xU0gSTIe7TrqYRDql0R9Ptx/BQKz0YxEJXpOBU/ToxwqGUWejrzhCrgfzpTcS/vG6qglN3xKIkVTQis4+ClEMVw0kUsMcEJYpnmmAimN4VkgEWmCgdWEGH8Hkp/J+0KhY6tqqX1VINzePIg31wAMoAgRNQAxegAZqAgFtwDx7Bk3FnPBjPxsusNWfMZ3bBNxivH/N9kvA=</latexit>

y1(t)=C1x(t)

<latexit sha1_base64="BtQFeDjDU7tfII6uv1IuqZCns7k=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5mVqEuglJKT4WQqEblxXsA5oQJtNJO3QyCTMTMZbir7hxoYhb/8Odf+P0Ifg8cOHMOfcy954gYVQq2343cguLS8sr+dXC2vrG5pa5vdOScSowaeKYxaITIEkY5aSpqGKkkwiCooCRdjCsT/z2NRGSxvxKZQnxItTnNKQYKS355l7m07I6gm7x3C3Cuk9v9Ms3S7blVM/sig1/E8eypyiBORq++eb2YpxGhCvMkJRdx06UN0JCUczIuOCmkiQID1GfdDXlKCLSG023H8NDrfRgGAtdXMGp+nVihCIpsyjQnRFSA/nTm4h/ed1UhafeiPIkVYTj2UdhyqCK4SQK2KOCYMUyTRAWVO8K8QAJhJUOrKBD+LwU/k9aFcs5tqqX1VLNmceRB/vgAJSBA05ADVyABmgCDG7BPXgET8ad8WA8Gy+z1pwxn9kF32C8fgCh5JNg</latexit>

yi(t)=Cix(t)

<latexit sha1_base64="8x1I7fTImrQ2vt/mdrThqyYq2Yg=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5mVqEuglJKT4WQqEbV6WCfUATwmQ6aYdOHsxMxBiKv+LGhSJu/Q93/o3Th+DzwIUz59zL3Hu8mFEhTfNdyy0sLi2v5FcLa+sbm1v69k5bRAnHpIUjFvGuhwRhNCQtSSUj3ZgTFHiMdLxRfeJ3rgkXNAqvZBoTJ0CDkPoUI6kkV99L3UZZHkG7eG4XYd1t3KiXq5dMw6qemRUT/iaWYU5RAnM0Xf3N7kc4CUgoMUNC9Cwzlk6GuKSYkXHBTgSJER6hAekpGqKACCebbj+Gh0rpQz/iqkIJp+rXiQwFQqSBpzoDJIfipzcR//J6ifRPnYyGcSJJiGcf+QmDMoKTKGCfcoIlSxVBmFO1K8RDxBGWKrCCCuHzUvg/aVcM69ioXlZLNWseRx7sgwNQBhY4ATVwAZqgBTC4BffgETxpd9qD9qy9zFpz2nxmF3yD9voBTdWTKg==</latexit>

yN (t)=CNx(t)

<latexit sha1_base64="mPFqdD+4b/rhHcKmVvCtRXUf6cI=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiDEyzAjweUW8OIxglkgGUJPpydp09MzdNcIIeQfvHhQxKv/482/sbMIrg8KHu9VUVUvTKUw6HnvTm5peWV1Lb9e2Njc2t4p7u41TJJpxusskYluhdRwKRSvo0DJW6nmNA4lb4bDy6nfvOPaiETd4CjlQUz7SkSCUbRSI+v6ZTzuFkue61cuvBOP/Ca+681QggVq3eJbp5ewLOYKmaTGtH0vxWBMNQom+aTQyQxPKRvSPm9bqmjMTTCeXTshR1bpkSjRthSSmfp1YkxjY0ZxaDtjigPz05uKf3ntDKPzYCxUmiFXbL4oyiTBhExfJz2hOUM5soQyLeythA2opgxtQAUbwuen5H/SOHH9U7dyXSlV/UUceTiAQyiDD2dQhSuoQR0Y3MI9PMKTkzgPzrPzMm/NOYuZffgG5/UD57mOqA==</latexit>

u1(t)

<latexit sha1_base64="8nRjFdeFAUjP8jXm988JdAq8wdU=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiDEyzAjweUW8OIxglkgGUJPpydp09MzdNcIIeQfvHhQxKv/482/sbMIrg8KHu9VUVUvTKUw6HnvTm5peWV1Lb9e2Njc2t4p7u41TJJpxusskYluhdRwKRSvo0DJW6nmNA4lb4bDy6nfvOPaiETd4CjlQUz7SkSCUbRSI+uKMh53iyXP9SsX3olHfhPf9WYowQK1bvGt00tYFnOFTFJj2r6XYjCmGgWTfFLoZIanlA1pn7ctVTTmJhjPrp2QI6v0SJRoWwrJTP06MaaxMaM4tJ0xxYH56U3Fv7x2htF5MBYqzZArNl8UZZJgQqavk57QnKEcWUKZFvZWwgZUU4Y2oIIN4fNT8j9pnLj+qVu5rpSq/iKOPBzAIZTBhzOowhXUoA4MbuEeHuHJSZwH59l5mbfmnMXMPnyD8/oBPVCO4A==</latexit>

ui(t)

<latexit sha1_base64="A5QvnY+2dPjcBjXQN9EZqJO4Rxk=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiDEyzATgsst4MWTRDALJEPo6fQkbXq6h+4eIQz5By8eFPHq/3jzb+wsguuDgsd7VVTVCxPOtPG8dye3tLyyupZfL2xsbm3vFHf3mlqmitAGkVyqdog15UzQhmGG03aiKI5DTlvh6GLqt+6o0kyKGzNOaBDjgWARI9hYqZn2rsrmuFcsea5fPfcqHvpNfNeboQQL1HvFt25fkjSmwhCOte74XmKCDCvDCKeTQjfVNMFkhAe0Y6nAMdVBNrt2go6s0keRVLaEQTP160SGY63HcWg7Y2yG+qc3Ff/yOqmJzoKMiSQ1VJD5oijlyEg0fR31maLE8LElmChmb0VkiBUmxgZUsCF8for+J82K65+41etqqeYv4sjDARxCGXw4hRpcQh0aQOAW7uERnhzpPDjPzsu8NecsZvbhG5zXDxQTjsU=</latexit>

uN (t)

§ Control strategy: 
§ Stage cost:

<latexit sha1_base64="M5j+2DtefthmrsL/JwJhOoDleEs=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSxCBQlJKT4WQsGN4KaCfUAbwmQ6aYdOJmFmIsRQ/BU3LhRx63+482+cphV8Hrhw5px7mXuPHzMqlW2/G4W5+YXFpeJyaWV1bX3D3NxqySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsfnU/89g0Rkkb8WqUxcUM04DSgGCkteeZO4tGKOoBn8NKjvcM0f3lm2bac2qldteFv4lh2jjKYoeGZb71+hJOQcIUZkrLr2LFyMyQUxYyMS71EkhjhERqQrqYchUS6Wb79GO5rpQ+DSOjiCubq14kMhVKmoa87Q6SG8qc3Ef/yuokKTtyM8jhRhOPpR0HCoIrgJArYp4JgxVJNEBZU7wrxEAmElQ6spEP4vBT+T1pVyzmyale1cr06i6MIdsEeqAAHHIM6uAAN0AQY3IJ78AiejDvjwXg2XqatBWM2sw2+wXj9AC6Pk7w=</latexit>

ui(t) = Ki yi(t)
<latexit sha1_base64="/W0ZsF0QydofK4VX/Yhcvt+41Zk=">AAACI3icdZDLSgMxFIYz9VbrrerSTbQIFaXMlOINhIIbly3YC3TqkElTG5q5kJwRy9B3ceOruHGhFDcufBczbQW1eiDk5/vPITm/GwquwDTfjdTc/MLiUno5s7K6tr6R3dyqqyCSlNVoIALZdIligvusBhwEa4aSEc8VrOH2LxO/ccek4oF/DYOQtT1y6/MupwQ0crLn1OF5OMAX+F5fN7G9a0MQDnHV4fZRgjKHOJp1EuRkc2bBKp2ZRRPPCqtgjiuHplVxsiO7E9DIYz5QQZRqWWYI7ZhI4FSwYcaOFAsJ7ZNb1tLSJx5T7Xi84xDva9LB3UDq4wMe0+8TMfGUGniu7vQI9NRvL4F/ea0IuqftmPthBMynk4e6kcAQ4CQw3OGSURADLQiVXP8V0x6RhIKONaND+NoU/y/qxYJ1XChVS7lycRpHGu2gPZRHFjpBZXSFKqiGKHpAT+gFvRqPxrMxMt4mrSljOrONfpTx8QnSVqFO</latexit>

ci(t) = x(t)>Qi x(t) + u(t)>Qi u(t)

<latexit sha1_base64="PXjxFRLxh+OgG22XhxRax2n79gw=">AAACEXicdVDLSsNAFJ3UV62vqEs3g0WoUEJSio+FUBDRlVSwrdCEMplM2qGTBzMToYT8ght/xY0LRdy6c+ffOGmr+Dxw4XDOvdx7jxszKqRpvmmFmdm5+YXiYmlpeWV1TV/faIso4Zi0cMQifuUiQRgNSUtSychVzAkKXEY67vA49zvXhAsahZdyFBMnQP2Q+hQjqaSeXrEDJAcYsfQ0O6rYqVW1mRdJUT23s+qnd5Lt9vSyaVj1Q7Nmwt/EMswxymCKZk9/tb0IJwEJJWZIiK5lxtJJEZcUM5KV7ESQGOEh6pOuoiEKiHDS8UcZ3FGKB/2IqwolHKtfJ1IUCDEKXNWZ3yh+ern4l9dNpH/gpDSME0lCPFnkJwzKCObxQI9ygiUbKYIwp+pWiAeIIyxViCUVwsen8H/SrhnWnlG/qJcbtWkcRbAFtkEFWGAfNMAZaIIWwOAG3IEH8Kjdavfak/Y8aS1o05lN8A3ayzvwFJ0P</latexit>

G = ({1, . . . , N}, E)

minimize
<latexit sha1_base64="u8xxHo4ZNgpaJW4U4fEigIsIV6c="></latexit>

1

N

NX

i=1

lim
T!1

1

T

TX

t=1

E[ci(t)]
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• (Global) accumulated cost

• Local communication

• Distributed reinforcement learning
Ø Unknown system matrices
Ø Coordination via local communication 

rather than a central server

Agent 1

Linear system
<latexit sha1_base64="mL1I+ZxXvryJ+eD6FKSe7ByaGsI=">AAACDHicdZDLSgMxFIYz9VbrrerSTWoRWoQyU4qXhVB147KCvUBnKJk004ZmMkOSUcvQB3Djq7hxoYhbH8Cdb2M6bcHrD4Ev/zmH5PxuyKhUpvlhpObmFxaX0suZldW19Y3s5lZDBpHApI4DFoiWiyRhlJO6ooqRVigI8l1Gmu7gfFxvXhMhacCv1DAkjo96nHoUI6WtTjZ/W1B2bt/OWcWTU83F5HIWzehGg+4yS1bl2Cyb8DdYJTNRHkxV62Tf7W6AI59whRmSsm2ZoXJiJBTFjIwydiRJiPAA9UhbI0c+kU6cLDOCe9rpQi8Q+nAFE/frRIx8KYe+qzt9pPryZ21s/lVrR8o7cmLKw0gRjicPeRGDKoDjZGCXCoIVG2pAWFD9V4j7SCCsdH4ZHcJsU/g/NMol66BUuazkq9Y0jjTYAbugACxwCKrgAtRAHWBwBx7AE3g27o1H48V4nbSmjOnMNvgm4+0TloyXgQ==</latexit>

x(t+1) = Ax(t)+Bu(t)+w(t)

w(t)

Gaussian white

Agent i

Agent N

u(t)

<latexit sha1_base64="M/F+0YgVw1VDHxRb45vHP0CVZQ0=">AAAB/XicdVDLSgMxFM3UV62v8bFzk1qEuhkmpfhYCIVuXFawD+gMQybNtKGZB0lGHEvxV9y4UMSt/+HOvzF9CD4PXDg5515y7/ETzqSy7Xcjt7C4tLySXy2srW9sbpnbOy0Zp4LQJol5LDo+lpSziDYVU5x2EkFx6HPa9of1id++pkKyOLpSWULdEPcjFjCClZY8cy/zUFkdQad47hRh3UM3+uWZJdtC1TO7YsPfBFn2FCUwR8Mz35xeTNKQRopwLGUX2YlyR1goRjgdF5xU0gSTIe7TrqYRDql0R9Ptx/BQKz0YxEJXpOBU/ToxwqGUWejrzhCrgfzpTcS/vG6qglN3xKIkVTQis4+ClEMVw0kUsMcEJYpnmmAimN4VkgEWmCgdWEGH8Hkp/J+0KhY6tqqX1VINzePIg31wAMoAgRNQAxegAZqAgFtwDx7Bk3FnPBjPxsusNWfMZ3bBNxivH/N9kvA=</latexit>

y1(t)=C1x(t)

<latexit sha1_base64="BtQFeDjDU7tfII6uv1IuqZCns7k=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5mVqEuglJKT4WQqEblxXsA5oQJtNJO3QyCTMTMZbir7hxoYhb/8Odf+P0Ifg8cOHMOfcy954gYVQq2343cguLS8sr+dXC2vrG5pa5vdOScSowaeKYxaITIEkY5aSpqGKkkwiCooCRdjCsT/z2NRGSxvxKZQnxItTnNKQYKS355l7m07I6gm7x3C3Cuk9v9Ms3S7blVM/sig1/E8eypyiBORq++eb2YpxGhCvMkJRdx06UN0JCUczIuOCmkiQID1GfdDXlKCLSG023H8NDrfRgGAtdXMGp+nVihCIpsyjQnRFSA/nTm4h/ed1UhafeiPIkVYTj2UdhyqCK4SQK2KOCYMUyTRAWVO8K8QAJhJUOrKBD+LwU/k9aFcs5tqqX1VLNmceRB/vgAJSBA05ADVyABmgCDG7BPXgET8ad8WA8Gy+z1pwxn9kF32C8fgCh5JNg</latexit>

yi(t)=Cix(t)

<latexit sha1_base64="8x1I7fTImrQ2vt/mdrThqyYq2Yg=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5mVqEuglJKT4WQqEbV6WCfUATwmQ6aYdOHsxMxBiKv+LGhSJu/Q93/o3Th+DzwIUz59zL3Hu8mFEhTfNdyy0sLi2v5FcLa+sbm1v69k5bRAnHpIUjFvGuhwRhNCQtSSUj3ZgTFHiMdLxRfeJ3rgkXNAqvZBoTJ0CDkPoUI6kkV99L3UZZHkG7eG4XYd1t3KiXq5dMw6qemRUT/iaWYU5RAnM0Xf3N7kc4CUgoMUNC9Cwzlk6GuKSYkXHBTgSJER6hAekpGqKACCebbj+Gh0rpQz/iqkIJp+rXiQwFQqSBpzoDJIfipzcR//J6ifRPnYyGcSJJiGcf+QmDMoKTKGCfcoIlSxVBmFO1K8RDxBGWKrCCCuHzUvg/aVcM69ioXlZLNWseRx7sgwNQBhY4ATVwAZqgBTC4BffgETxpd9qD9qy9zFpz2nxmF3yD9voBTdWTKg==</latexit>

yN (t)=CNx(t)

<latexit sha1_base64="mPFqdD+4b/rhHcKmVvCtRXUf6cI=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiDEyzAjweUW8OIxglkgGUJPpydp09MzdNcIIeQfvHhQxKv/482/sbMIrg8KHu9VUVUvTKUw6HnvTm5peWV1Lb9e2Njc2t4p7u41TJJpxusskYluhdRwKRSvo0DJW6nmNA4lb4bDy6nfvOPaiETd4CjlQUz7SkSCUbRSI+v6ZTzuFkue61cuvBOP/Ca+681QggVq3eJbp5ewLOYKmaTGtH0vxWBMNQom+aTQyQxPKRvSPm9bqmjMTTCeXTshR1bpkSjRthSSmfp1YkxjY0ZxaDtjigPz05uKf3ntDKPzYCxUmiFXbL4oyiTBhExfJz2hOUM5soQyLeythA2opgxtQAUbwuen5H/SOHH9U7dyXSlV/UUceTiAQyiDD2dQhSuoQR0Y3MI9PMKTkzgPzrPzMm/NOYuZffgG5/UD57mOqA==</latexit>

u1(t)

<latexit sha1_base64="8nRjFdeFAUjP8jXm988JdAq8wdU=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiDEyzAjweUW8OIxglkgGUJPpydp09MzdNcIIeQfvHhQxKv/482/sbMIrg8KHu9VUVUvTKUw6HnvTm5peWV1Lb9e2Njc2t4p7u41TJJpxusskYluhdRwKRSvo0DJW6nmNA4lb4bDy6nfvOPaiETd4CjlQUz7SkSCUbRSI+uKMh53iyXP9SsX3olHfhPf9WYowQK1bvGt00tYFnOFTFJj2r6XYjCmGgWTfFLoZIanlA1pn7ctVTTmJhjPrp2QI6v0SJRoWwrJTP06MaaxMaM4tJ0xxYH56U3Fv7x2htF5MBYqzZArNl8UZZJgQqavk57QnKEcWUKZFvZWwgZUU4Y2oIIN4fNT8j9pnLj+qVu5rpSq/iKOPBzAIZTBhzOowhXUoA4MbuEeHuHJSZwH59l5mbfmnMXMPnyD8/oBPVCO4A==</latexit>

ui(t)

<latexit sha1_base64="A5QvnY+2dPjcBjXQN9EZqJO4Rxk=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiDEyzATgsst4MWTRDALJEPo6fQkbXq6h+4eIQz5By8eFPHq/3jzb+wsguuDgsd7VVTVCxPOtPG8dye3tLyyupZfL2xsbm3vFHf3mlqmitAGkVyqdog15UzQhmGG03aiKI5DTlvh6GLqt+6o0kyKGzNOaBDjgWARI9hYqZn2rsrmuFcsea5fPfcqHvpNfNeboQQL1HvFt25fkjSmwhCOte74XmKCDCvDCKeTQjfVNMFkhAe0Y6nAMdVBNrt2go6s0keRVLaEQTP160SGY63HcWg7Y2yG+qc3Ff/yOqmJzoKMiSQ1VJD5oijlyEg0fR31maLE8LElmChmb0VkiBUmxgZUsCF8for+J82K65+41etqqeYv4sjDARxCGXw4hRpcQh0aQOAW7uERnhzpPDjPzsu8NecsZvbhG5zXDxQTjsU=</latexit>

uN (t)

§ Control strategy: 
§ Stage cost:

<latexit sha1_base64="M5j+2DtefthmrsL/JwJhOoDleEs=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSxCBQlJKT4WQsGN4KaCfUAbwmQ6aYdOJmFmIsRQ/BU3LhRx63+482+cphV8Hrhw5px7mXuPHzMqlW2/G4W5+YXFpeJyaWV1bX3D3NxqySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsfnU/89g0Rkkb8WqUxcUM04DSgGCkteeZO4tGKOoBn8NKjvcM0f3lm2bac2qldteFv4lh2jjKYoeGZb71+hJOQcIUZkrLr2LFyMyQUxYyMS71EkhjhERqQrqYchUS6Wb79GO5rpQ+DSOjiCubq14kMhVKmoa87Q6SG8qc3Ef/yuokKTtyM8jhRhOPpR0HCoIrgJArYp4JgxVJNEBZU7wrxEAmElQ6spEP4vBT+T1pVyzmyale1cr06i6MIdsEeqAAHHIM6uAAN0AQY3IJ78AiejDvjwXg2XqatBWM2sw2+wXj9AC6Pk7w=</latexit>

ui(t) = Ki yi(t)
<latexit sha1_base64="/W0ZsF0QydofK4VX/Yhcvt+41Zk=">AAACI3icdZDLSgMxFIYz9VbrrerSTbQIFaXMlOINhIIbly3YC3TqkElTG5q5kJwRy9B3ceOruHGhFDcufBczbQW1eiDk5/vPITm/GwquwDTfjdTc/MLiUno5s7K6tr6R3dyqqyCSlNVoIALZdIligvusBhwEa4aSEc8VrOH2LxO/ccek4oF/DYOQtT1y6/MupwQ0crLn1OF5OMAX+F5fN7G9a0MQDnHV4fZRgjKHOJp1EuRkc2bBKp2ZRRPPCqtgjiuHplVxsiO7E9DIYz5QQZRqWWYI7ZhI4FSwYcaOFAsJ7ZNb1tLSJx5T7Xi84xDva9LB3UDq4wMe0+8TMfGUGniu7vQI9NRvL4F/ea0IuqftmPthBMynk4e6kcAQ4CQw3OGSURADLQiVXP8V0x6RhIKONaND+NoU/y/qxYJ1XChVS7lycRpHGu2gPZRHFjpBZXSFKqiGKHpAT+gFvRqPxrMxMt4mrSljOrONfpTx8QnSVqFO</latexit>

ci(t) = x(t)>Qi x(t) + u(t)>Qi u(t)

minimize
<latexit sha1_base64="u8xxHo4ZNgpaJW4U4fEigIsIV6c="></latexit>

1

N

NX

i=1

lim
T!1

1

T

TX

t=1

E[ci(t)]

<latexit sha1_base64="PXjxFRLxh+OgG22XhxRax2n79gw=">AAACEXicdVDLSsNAFJ3UV62vqEs3g0WoUEJSio+FUBDRlVSwrdCEMplM2qGTBzMToYT8ght/xY0LRdy6c+ffOGmr+Dxw4XDOvdx7jxszKqRpvmmFmdm5+YXiYmlpeWV1TV/faIso4Zi0cMQifuUiQRgNSUtSychVzAkKXEY67vA49zvXhAsahZdyFBMnQP2Q+hQjqaSeXrEDJAcYsfQ0O6rYqVW1mRdJUT23s+qnd5Lt9vSyaVj1Q7Nmwt/EMswxymCKZk9/tb0IJwEJJWZIiK5lxtJJEZcUM5KV7ESQGOEh6pOuoiEKiHDS8UcZ3FGKB/2IqwolHKtfJ1IUCDEKXNWZ3yh+ern4l9dNpH/gpDSME0lCPFnkJwzKCObxQI9ygiUbKYIwp+pWiAeIIyxViCUVwsen8H/SrhnWnlG/qJcbtWkcRbAFtkEFWGAfNMAZaIIWwOAG3IEH8Kjdavfak/Y8aS1o05lN8A3ayzvwFJ0P</latexit>

G = ({1, . . . , N}, E)

Apply a control 
strategy

Accumulate 
observed data

Refine the 
control strategy

<latexit sha1_base64="o4pD9pesHEncpmbOPWeVBndM8jk=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4CMNMCC63aC4eIxgTSIbQ0+lJmvT0NN09QhjyEV48KOLV7/Hm39hZBNcHBY/3qqiqF0rOtPG8dye3tLyyupZfL2xsbm3vFHf3bnWSKkKbJOGJaodYU84EbRpmOG1LRXEcctoKR/Wp37qjSrNE3JixpEGMB4JFjGBjpdZF+bJc77FeseS5fvXcq3joN/Fdb4YSLNDoFd+6/YSkMRWGcKx1x/ekCTKsDCOcTgrdVFOJyQgPaMdSgWOqg2x27gQdWaWPokTZEgbN1K8TGY61Hseh7YyxGeqf3lT8y+ukJjoLMiZkaqgg80VRypFJ0PR31GeKEsPHlmCimL0VkSFWmBibUMGG8Pkp+p/cVlz/xK1eV0u1yiKOPBzAIRyDD6dQgytoQBMIjOAeHuHJkc6D8+y8zFtzzmJmH77Bef0ANyqOzw==</latexit>

A,B,Ci
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Agent 1

Linear system
<latexit sha1_base64="mL1I+ZxXvryJ+eD6FKSe7ByaGsI=">AAACDHicdZDLSgMxFIYz9VbrrerSTWoRWoQyU4qXhVB147KCvUBnKJk004ZmMkOSUcvQB3Djq7hxoYhbH8Cdb2M6bcHrD4Ev/zmH5PxuyKhUpvlhpObmFxaX0suZldW19Y3s5lZDBpHApI4DFoiWiyRhlJO6ooqRVigI8l1Gmu7gfFxvXhMhacCv1DAkjo96nHoUI6WtTjZ/W1B2bt/OWcWTU83F5HIWzehGg+4yS1bl2Cyb8DdYJTNRHkxV62Tf7W6AI59whRmSsm2ZoXJiJBTFjIwydiRJiPAA9UhbI0c+kU6cLDOCe9rpQi8Q+nAFE/frRIx8KYe+qzt9pPryZ21s/lVrR8o7cmLKw0gRjicPeRGDKoDjZGCXCoIVG2pAWFD9V4j7SCCsdH4ZHcJsU/g/NMol66BUuazkq9Y0jjTYAbugACxwCKrgAtRAHWBwBx7AE3g27o1H48V4nbSmjOnMNvgm4+0TloyXgQ==</latexit>

x(t+1) = Ax(t)+Bu(t)+w(t)

w(t)

Gaussian white

Agent i

Agent N

u(t)

<latexit sha1_base64="M/F+0YgVw1VDHxRb45vHP0CVZQ0=">AAAB/XicdVDLSgMxFM3UV62v8bFzk1qEuhkmpfhYCIVuXFawD+gMQybNtKGZB0lGHEvxV9y4UMSt/+HOvzF9CD4PXDg5515y7/ETzqSy7Xcjt7C4tLySXy2srW9sbpnbOy0Zp4LQJol5LDo+lpSziDYVU5x2EkFx6HPa9of1id++pkKyOLpSWULdEPcjFjCClZY8cy/zUFkdQad47hRh3UM3+uWZJdtC1TO7YsPfBFn2FCUwR8Mz35xeTNKQRopwLGUX2YlyR1goRjgdF5xU0gSTIe7TrqYRDql0R9Ptx/BQKz0YxEJXpOBU/ToxwqGUWejrzhCrgfzpTcS/vG6qglN3xKIkVTQis4+ClEMVw0kUsMcEJYpnmmAimN4VkgEWmCgdWEGH8Hkp/J+0KhY6tqqX1VINzePIg31wAMoAgRNQAxegAZqAgFtwDx7Bk3FnPBjPxsusNWfMZ3bBNxivH/N9kvA=</latexit>

y1(t)=C1x(t)

<latexit sha1_base64="BtQFeDjDU7tfII6uv1IuqZCns7k=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5mVqEuglJKT4WQqEblxXsA5oQJtNJO3QyCTMTMZbir7hxoYhb/8Odf+P0Ifg8cOHMOfcy954gYVQq2343cguLS8sr+dXC2vrG5pa5vdOScSowaeKYxaITIEkY5aSpqGKkkwiCooCRdjCsT/z2NRGSxvxKZQnxItTnNKQYKS355l7m07I6gm7x3C3Cuk9v9Ms3S7blVM/sig1/E8eypyiBORq++eb2YpxGhCvMkJRdx06UN0JCUczIuOCmkiQID1GfdDXlKCLSG023H8NDrfRgGAtdXMGp+nVihCIpsyjQnRFSA/nTm4h/ed1UhafeiPIkVYTj2UdhyqCK4SQK2KOCYMUyTRAWVO8K8QAJhJUOrKBD+LwU/k9aFcs5tqqX1VLNmceRB/vgAJSBA05ADVyABmgCDG7BPXgET8ad8WA8Gy+z1pwxn9kF32C8fgCh5JNg</latexit>

yi(t)=Cix(t)

<latexit sha1_base64="8x1I7fTImrQ2vt/mdrThqyYq2Yg=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5mVqEuglJKT4WQqEbV6WCfUATwmQ6aYdOHsxMxBiKv+LGhSJu/Q93/o3Th+DzwIUz59zL3Hu8mFEhTfNdyy0sLi2v5FcLa+sbm1v69k5bRAnHpIUjFvGuhwRhNCQtSSUj3ZgTFHiMdLxRfeJ3rgkXNAqvZBoTJ0CDkPoUI6kkV99L3UZZHkG7eG4XYd1t3KiXq5dMw6qemRUT/iaWYU5RAnM0Xf3N7kc4CUgoMUNC9Cwzlk6GuKSYkXHBTgSJER6hAekpGqKACCebbj+Gh0rpQz/iqkIJp+rXiQwFQqSBpzoDJIfipzcR//J6ifRPnYyGcSJJiGcf+QmDMoKTKGCfcoIlSxVBmFO1K8RDxBGWKrCCCuHzUvg/aVcM69ioXlZLNWseRx7sgwNQBhY4ATVwAZqgBTC4BffgETxpd9qD9qy9zFpz2nxmF3yD9voBTdWTKg==</latexit>

yN (t)=CNx(t)

<latexit sha1_base64="mPFqdD+4b/rhHcKmVvCtRXUf6cI=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiDEyzAjweUW8OIxglkgGUJPpydp09MzdNcIIeQfvHhQxKv/482/sbMIrg8KHu9VUVUvTKUw6HnvTm5peWV1Lb9e2Njc2t4p7u41TJJpxusskYluhdRwKRSvo0DJW6nmNA4lb4bDy6nfvOPaiETd4CjlQUz7SkSCUbRSI+v6ZTzuFkue61cuvBOP/Ca+681QggVq3eJbp5ewLOYKmaTGtH0vxWBMNQom+aTQyQxPKRvSPm9bqmjMTTCeXTshR1bpkSjRthSSmfp1YkxjY0ZxaDtjigPz05uKf3ntDKPzYCxUmiFXbL4oyiTBhExfJz2hOUM5soQyLeythA2opgxtQAUbwuen5H/SOHH9U7dyXSlV/UUceTiAQyiDD2dQhSuoQR0Y3MI9PMKTkzgPzrPzMm/NOYuZffgG5/UD57mOqA==</latexit>

u1(t)

<latexit sha1_base64="8nRjFdeFAUjP8jXm988JdAq8wdU=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiDEyzAjweUW8OIxglkgGUJPpydp09MzdNcIIeQfvHhQxKv/482/sbMIrg8KHu9VUVUvTKUw6HnvTm5peWV1Lb9e2Njc2t4p7u41TJJpxusskYluhdRwKRSvo0DJW6nmNA4lb4bDy6nfvOPaiETd4CjlQUz7SkSCUbRSI+uKMh53iyXP9SsX3olHfhPf9WYowQK1bvGt00tYFnOFTFJj2r6XYjCmGgWTfFLoZIanlA1pn7ctVTTmJhjPrp2QI6v0SJRoWwrJTP06MaaxMaM4tJ0xxYH56U3Fv7x2htF5MBYqzZArNl8UZZJgQqavk57QnKEcWUKZFvZWwgZUU4Y2oIIN4fNT8j9pnLj+qVu5rpSq/iKOPBzAIZTBhzOowhXUoA4MbuEeHuHJSZwH59l5mbfmnMXMPnyD8/oBPVCO4A==</latexit>

ui(t)

<latexit sha1_base64="A5QvnY+2dPjcBjXQN9EZqJO4Rxk=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiDEyzATgsst4MWTRDALJEPo6fQkbXq6h+4eIQz5By8eFPHq/3jzb+wsguuDgsd7VVTVCxPOtPG8dye3tLyyupZfL2xsbm3vFHf3mlqmitAGkVyqdog15UzQhmGG03aiKI5DTlvh6GLqt+6o0kyKGzNOaBDjgWARI9hYqZn2rsrmuFcsea5fPfcqHvpNfNeboQQL1HvFt25fkjSmwhCOte74XmKCDCvDCKeTQjfVNMFkhAe0Y6nAMdVBNrt2go6s0keRVLaEQTP160SGY63HcWg7Y2yG+qc3Ff/yOqmJzoKMiSQ1VJD5oijlyEg0fR31maLE8LElmChmb0VkiBUmxgZUsCF8for+J82K65+41etqqeYv4sjDARxCGXw4hRpcQh0aQOAW7uERnhzpPDjPzsu8NecsZvbhG5zXDxQTjsU=</latexit>

uN (t)

§ Control strategy: 
§ Stage cost:

<latexit sha1_base64="M5j+2DtefthmrsL/JwJhOoDleEs=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSxCBQlJKT4WQsGN4KaCfUAbwmQ6aYdOJmFmIsRQ/BU3LhRx63+482+cphV8Hrhw5px7mXuPHzMqlW2/G4W5+YXFpeJyaWV1bX3D3NxqySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsfnU/89g0Rkkb8WqUxcUM04DSgGCkteeZO4tGKOoBn8NKjvcM0f3lm2bac2qldteFv4lh2jjKYoeGZb71+hJOQcIUZkrLr2LFyMyQUxYyMS71EkhjhERqQrqYchUS6Wb79GO5rpQ+DSOjiCubq14kMhVKmoa87Q6SG8qc3Ef/yuokKTtyM8jhRhOPpR0HCoIrgJArYp4JgxVJNEBZU7wrxEAmElQ6spEP4vBT+T1pVyzmyale1cr06i6MIdsEeqAAHHIM6uAAN0AQY3IJ78AiejDvjwXg2XqatBWM2sw2+wXj9AC6Pk7w=</latexit>

ui(t) = Ki yi(t)
<latexit sha1_base64="/W0ZsF0QydofK4VX/Yhcvt+41Zk=">AAACI3icdZDLSgMxFIYz9VbrrerSTbQIFaXMlOINhIIbly3YC3TqkElTG5q5kJwRy9B3ceOruHGhFDcufBczbQW1eiDk5/vPITm/GwquwDTfjdTc/MLiUno5s7K6tr6R3dyqqyCSlNVoIALZdIligvusBhwEa4aSEc8VrOH2LxO/ccek4oF/DYOQtT1y6/MupwQ0crLn1OF5OMAX+F5fN7G9a0MQDnHV4fZRgjKHOJp1EuRkc2bBKp2ZRRPPCqtgjiuHplVxsiO7E9DIYz5QQZRqWWYI7ZhI4FSwYcaOFAsJ7ZNb1tLSJx5T7Xi84xDva9LB3UDq4wMe0+8TMfGUGniu7vQI9NRvL4F/ea0IuqftmPthBMynk4e6kcAQ4CQw3OGSURADLQiVXP8V0x6RhIKONaND+NoU/y/qxYJ1XChVS7lycRpHGu2gPZRHFjpBZXSFKqiGKHpAT+gFvRqPxrMxMt4mrSljOrONfpTx8QnSVqFO</latexit>

ci(t) = x(t)>Qi x(t) + u(t)>Qi u(t)

An optimization viewpoint:
<latexit sha1_base64="kpPKuP56P9g0TnUT6ZQkR7JyWv4="></latexit>

min
K=(K1,...,KN )

J(K)

s.t. K stabilizes the system

<latexit sha1_base64="DReunC1WjnObJMkr5/9+CrZ7uVk="></latexit>

J(K) =
1

N

NX

i=1

lim
T!1

1

T

TX

t=1

E[ci(t)]

Apply a control 
strategy

Accumulate 
observed data

Refine the 
control strategy
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s=1 s=2 s=3
t

fast timescale

slow timescale
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1. Generate random perturbation

2. Apply control policy                      to the system

<latexit sha1_base64="KjqqeTmJALCjJtKg8qB3u0RSXTc=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/Spqd76O4R4pB/8OJBEa/+jzf/xs4iuD4oeLxXRVW9MOFMG897d3JLyyura/n1wsbm1vZOcXevqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWOLqZ+65YqzaS4NuOEBjEeCBYxgo2Vmnc9VtbHvWLJc/3quVfx0G/iu94MJVig3iu+dfuSpDEVhnCsdcf3EhNkWBlGOJ0UuqmmCSYjPKAdSwWOqQ6y2bUTdGSVPoqksiUMmqlfJzIcaz2OQ9sZYzPUP72p+JfXSU10FmRMJKmhgswXRSlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDeHzU/Q/aVZc/8StXlVLtcoijjwcwCGUwYdTqMEl1KEBBG7gHh7hyZHOg/PsvMxbc85iZh++wXn9AEPFjuU=</latexit>

zi(s)
<latexit sha1_base64="UDMImg8K3S5RhGllFeOaHZM6+H4=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1iEihCSUnzsCm4ENxWsLbQhTKaTdujkwcxEaEO/xI0LRdz6Ke78G6dpBZ8HLhzOuZd77/ETzqSy7XejsLS8srpWXC9tbG5tl82d3VsZp4LQFol5LDo+lpSziLYUU5x2EkFx6HPa9kcXM799R4VkcXSjxgl1QzyIWMAIVlryzPKVx6ry6FigSU48s2JbTv3crtnoN3EsO0cFFmh65luvH5M0pJEiHEvZdexEuRkWihFOp6VeKmmCyQgPaFfTCIdUull++BQdaqWPgljoihTK1a8TGQ6lHIe+7gyxGsqf3kz8y+umKjhzMxYlqaIRmS8KUo5UjGYpoD4TlCg+1gQTwfStiAyxwETprEo6hM9P0f/ktmY5J1b9ul5p1BZxFGEfDqAKDpxCAy6hCS0gkMI9PMKTMTEejGfjZd5aMBYze/ANxusHC4CSBA==</latexit>

Ki(s) + rzi(s)

s=1 s=2 s=3
t
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1. Generate random perturbation

2. Apply control policy                      to the system

3. Accumulate costs        & exchange info with neighbors

<latexit sha1_base64="KjqqeTmJALCjJtKg8qB3u0RSXTc=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/Spqd76O4R4pB/8OJBEa/+jzf/xs4iuD4oeLxXRVW9MOFMG897d3JLyyura/n1wsbm1vZOcXevqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWOLqZ+65YqzaS4NuOEBjEeCBYxgo2Vmnc9VtbHvWLJc/3quVfx0G/iu94MJVig3iu+dfuSpDEVhnCsdcf3EhNkWBlGOJ0UuqmmCSYjPKAdSwWOqQ6y2bUTdGSVPoqksiUMmqlfJzIcaz2OQ9sZYzPUP72p+JfXSU10FmRMJKmhgswXRSlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDeHzU/Q/aVZc/8StXlVLtcoijjwcwCGUwYdTqMEl1KEBBG7gHh7hyZHOg/PsvMxbc85iZh++wXn9AEPFjuU=</latexit>

zi(s)
<latexit sha1_base64="UDMImg8K3S5RhGllFeOaHZM6+H4=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1iEihCSUnzsCm4ENxWsLbQhTKaTdujkwcxEaEO/xI0LRdz6Ke78G6dpBZ8HLhzOuZd77/ETzqSy7XejsLS8srpWXC9tbG5tl82d3VsZp4LQFol5LDo+lpSziLYUU5x2EkFx6HPa9kcXM799R4VkcXSjxgl1QzyIWMAIVlryzPKVx6ry6FigSU48s2JbTv3crtnoN3EsO0cFFmh65luvH5M0pJEiHEvZdexEuRkWihFOp6VeKmmCyQgPaFfTCIdUull++BQdaqWPgljoihTK1a8TGQ6lHIe+7gyxGsqf3kz8y+umKjhzMxYlqaIRmS8KUo5UjGYpoD4TlCg+1gQTwfStiAyxwETprEo6hM9P0f/ktmY5J1b9ul5p1BZxFGEfDqAKDpxCAy6hCS0gkMI9PMKTMTEejGfjZd5aMBYze/ANxusHC4CSBA==</latexit>

Ki(s) + rzi(s)

s=1 s=2 s=3
t

<latexit sha1_base64="nHduj3eecW4XwS7be1IHRRHa0rU=">AAAB7XicdVDJSgNBEK1xjXGLevTSGIR4GWZCcLkFvHiMYBZIhtDT6Una9EwP3TVCCPkHLx4U8er/ePNv7CyC64OCx3tVVNULUykMet67s7S8srq2ntvIb25t7+wW9vYbRmWa8TpTUulWSA2XIuF1FCh5K9WcxqHkzXB4OfWbd1wboZIbHKU8iGk/EZFgFK3UYF1RwpNuoei5fuXCK3vkN/Fdb4YiLFDrFt46PcWymCfIJDWm7XspBmOqUTDJJ/lOZnhK2ZD2edvShMbcBOPZtRNybJUeiZS2lSCZqV8nxjQ2ZhSHtjOmODA/van4l9fOMDoPxiJJM+QJmy+KMklQkenrpCc0ZyhHllCmhb2VsAHVlKENKG9D+PyU/E8aZdc/dSvXlWK1vIgjB4dwBCXw4QyqcAU1qAODW7iHR3hylPPgPDsv89YlZzFzAN/gvH4AIfuOzw==</latexit>

ci(t)

The closed-loop system evolve for     steps
<latexit sha1_base64="ygBGOL19fNHUykKJiEfXXxO3ybE=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnpCiHoLeBFPEbNBMoSeTk/SpKdn6O4RwpBP8OJBEa9+kTf/xs4iuD4oeLxXRVW9IBFcG4zfndzK6tr6Rn6zsLW9s7tX3D9o6ThVlDVpLGLVCYhmgkvWNNwI1kkUI1EgWDsYX8789h1TmseyYSYJ8yMylDzklBgr3Tb61/1iCbte5QKXMfpNPBfPUYIl6v3iW28Q0zRi0lBBtO56ODF+RpThVLBpoZdqlhA6JkPWtVSSiGk/m586RSdWGaAwVrakQXP160RGIq0nUWA7I2JG+qc3E//yuqkJz/2MyyQ1TNLFojAVyMRo9jcacMWoERNLCFXc3oroiChCjU2nYEP4/BT9T1pl16u6lZtKqYaXceThCI7hFDw4gxpcQR2aQGEI9/AIT45wHpxn52XRmnOWM4fwDc7rBz3Wjbw=</latexit>

TJ
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1. Generate random perturbation

2. Apply control policy                      to the system

3. Accumulate costs        & exchange info with neighbors

4. Obtain an estimated global obj.

<latexit sha1_base64="KjqqeTmJALCjJtKg8qB3u0RSXTc=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/Spqd76O4R4pB/8OJBEa/+jzf/xs4iuD4oeLxXRVW9MOFMG897d3JLyyura/n1wsbm1vZOcXevqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWOLqZ+65YqzaS4NuOEBjEeCBYxgo2Vmnc9VtbHvWLJc/3quVfx0G/iu94MJVig3iu+dfuSpDEVhnCsdcf3EhNkWBlGOJ0UuqmmCSYjPKAdSwWOqQ6y2bUTdGSVPoqksiUMmqlfJzIcaz2OQ9sZYzPUP72p+JfXSU10FmRMJKmhgswXRSlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDeHzU/Q/aVZc/8StXlVLtcoijjwcwCGUwYdTqMEl1KEBBG7gHh7hyZHOg/PsvMxbc85iZh++wXn9AEPFjuU=</latexit>

zi(s)
<latexit sha1_base64="UDMImg8K3S5RhGllFeOaHZM6+H4=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1iEihCSUnzsCm4ENxWsLbQhTKaTdujkwcxEaEO/xI0LRdz6Ke78G6dpBZ8HLhzOuZd77/ETzqSy7XejsLS8srpWXC9tbG5tl82d3VsZp4LQFol5LDo+lpSziLYUU5x2EkFx6HPa9kcXM799R4VkcXSjxgl1QzyIWMAIVlryzPKVx6ry6FigSU48s2JbTv3crtnoN3EsO0cFFmh65luvH5M0pJEiHEvZdexEuRkWihFOp6VeKmmCyQgPaFfTCIdUull++BQdaqWPgljoihTK1a8TGQ6lHIe+7gyxGsqf3kz8y+umKjhzMxYlqaIRmS8KUo5UjGYpoD4TlCg+1gQTwfStiAyxwETprEo6hM9P0f/ktmY5J1b9ul5p1BZxFGEfDqAKDpxCAy6hCS0gkMI9PMKTMTEejGfjZd5aMBYze/ANxusHC4CSBA==</latexit>

Ki(s) + rzi(s)

s=1 s=2 s=3
t

<latexit sha1_base64="nHduj3eecW4XwS7be1IHRRHa0rU=">AAAB7XicdVDJSgNBEK1xjXGLevTSGIR4GWZCcLkFvHiMYBZIhtDT6Una9EwP3TVCCPkHLx4U8er/ePNv7CyC64OCx3tVVNULUykMet67s7S8srq2ntvIb25t7+wW9vYbRmWa8TpTUulWSA2XIuF1FCh5K9WcxqHkzXB4OfWbd1wboZIbHKU8iGk/EZFgFK3UYF1RwpNuoei5fuXCK3vkN/Fdb4YiLFDrFt46PcWymCfIJDWm7XspBmOqUTDJJ/lOZnhK2ZD2edvShMbcBOPZtRNybJUeiZS2lSCZqV8nxjQ2ZhSHtjOmODA/van4l9fOMDoPxiJJM+QJmy+KMklQkenrpCc0ZyhHllCmhb2VsAHVlKENKG9D+PyU/E8aZdc/dSvXlWK1vIgjB4dwBCXw4QyqcAU1qAODW7iHR3hylPPgPDsv89YlZzFzAN/gvH4AIfuOzw==</latexit>

ci(t)
<latexit sha1_base64="Oeqs7J2+vFYeRneU38Fv0liOHc4=">AAACD3icdVDLSgMxFM3UV62vUZduUovSIpSZUnzsCm6kbirYB3SGIZNm2tDMgyQj1qF/4MZfceNCEbdu3fk3ZtoKPg9cODnnXnLvcSNGhTSMdy0zN7+wuJRdzq2srq1v6JtbLRHGHJMmDlnIOy4ShNGANCWVjHQiTpDvMtJ2h6ep374iXNAwuJSjiNg+6gfUoxhJJTn6vjVAMqmPHVoUJQtFEQ+vYb14nr7yB1aewxtFS45eMMpm9cSoGPA3McvGBAUwQ8PR36xeiGOfBBIzJETXNCJpJ4hLihkZ56xYkAjhIeqTrqIB8omwk8k9Y7inlB70Qq4qkHCifp1IkC/EyHdVp4/kQPz0UvEvrxtL79hOaBDFkgR4+pEXMyhDmIYDe5QTLNlIEYQ5VbtCPEAcYakizKkQPi+F/5NWpWwelqsX1UKtMosjC3bALigCExyBGjgDDdAEGNyCe/AInrQ77UF71l6mrRltNrMNvkF7/QCbGJps</latexit>

Ĵi(s) ⇡ J(K(s)+rz(s))
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1. Generate random perturbation

2. Apply control policy                      to the system

3. Accumulate costs        & exchange info with neighbors

4. Obtain an estimated global obj.

5. Construct zeroth-order partial gradient estimator

<latexit sha1_base64="KjqqeTmJALCjJtKg8qB3u0RSXTc=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/Spqd76O4R4pB/8OJBEa/+jzf/xs4iuD4oeLxXRVW9MOFMG897d3JLyyura/n1wsbm1vZOcXevqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWOLqZ+65YqzaS4NuOEBjEeCBYxgo2Vmnc9VtbHvWLJc/3quVfx0G/iu94MJVig3iu+dfuSpDEVhnCsdcf3EhNkWBlGOJ0UuqmmCSYjPKAdSwWOqQ6y2bUTdGSVPoqksiUMmqlfJzIcaz2OQ9sZYzPUP72p+JfXSU10FmRMJKmhgswXRSlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDeHzU/Q/aVZc/8StXlVLtcoijjwcwCGUwYdTqMEl1KEBBG7gHh7hyZHOg/PsvMxbc85iZh++wXn9AEPFjuU=</latexit>

zi(s)
<latexit sha1_base64="UDMImg8K3S5RhGllFeOaHZM6+H4=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1iEihCSUnzsCm4ENxWsLbQhTKaTdujkwcxEaEO/xI0LRdz6Ke78G6dpBZ8HLhzOuZd77/ETzqSy7XejsLS8srpWXC9tbG5tl82d3VsZp4LQFol5LDo+lpSziLYUU5x2EkFx6HPa9kcXM799R4VkcXSjxgl1QzyIWMAIVlryzPKVx6ry6FigSU48s2JbTv3crtnoN3EsO0cFFmh65luvH5M0pJEiHEvZdexEuRkWihFOp6VeKmmCyQgPaFfTCIdUull++BQdaqWPgljoihTK1a8TGQ6lHIe+7gyxGsqf3kz8y+umKjhzMxYlqaIRmS8KUo5UjGYpoD4TlCg+1gQTwfStiAyxwETprEo6hM9P0f/ktmY5J1b9ul5p1BZxFGEfDqAKDpxCAy6hCS0gkMI9PMKTMTEejGfjZd5aMBYze/ANxusHC4CSBA==</latexit>

Ki(s) + rzi(s)

s=1 s=2 s=3
t

<latexit sha1_base64="4KUp7Upns1hJ64v7z4LTEni/OME=">AAACGHicdVDLSsNAFJ3UV62vqEs3g0WoUGpSio+FUHChuKpgH9CEMJlM7NDJg5mJUEM+w42/4saFIm6782+cphV8HrhwOOde7r3HjRkV0jDetcLc/MLiUnG5tLK6tr6hb251RJRwTNo4YhHvuUgQRkPSllQy0os5QYHLSNcdnk387i3hgkbhtRzFxA7QTUh9ipFUkqMfWAMk0/PMoRWxf2r5HOHUy1KeWdXcuZw6VhXe5cTRy0bNbJwYdQP+JmbNyFEGM7QcfWx5EU4CEkrMkBB904ilnSIuKWYkK1mJIDHCQ3RD+oqGKCDCTvPHMrinFA/6EVcVSpirXydSFAgxClzVGSA5ED+9ifiX10+kf2ynNIwTSUI8XeQnDMoITlKCHuUESzZSBGFO1a0QD5AKR6osSyqEz0/h/6RTr5mHtcZVo9ysz+Iogh2wCyrABEegCS5AC7QBBvfgETyDF+1Be9Jetbdpa0GbzWyDb9DGH+/mn6Y=</latexit>

Ĝi(s) =
d

r
Ĵi(s) zi(s)

<latexit sha1_base64="nHduj3eecW4XwS7be1IHRRHa0rU=">AAAB7XicdVDJSgNBEK1xjXGLevTSGIR4GWZCcLkFvHiMYBZIhtDT6Una9EwP3TVCCPkHLx4U8er/ePNv7CyC64OCx3tVVNULUykMet67s7S8srq2ntvIb25t7+wW9vYbRmWa8TpTUulWSA2XIuF1FCh5K9WcxqHkzXB4OfWbd1wboZIbHKU8iGk/EZFgFK3UYF1RwpNuoei5fuXCK3vkN/Fdb4YiLFDrFt46PcWymCfIJDWm7XspBmOqUTDJJ/lOZnhK2ZD2edvShMbcBOPZtRNybJUeiZS2lSCZqV8nxjQ2ZhSHtjOmODA/van4l9fOMDoPxiJJM+QJmy+KMklQkenrpCc0ZyhHllCmhb2VsAHVlKENKG9D+PyU/E8aZdc/dSvXlWK1vIgjB4dwBCXw4QyqcAU1qAODW7iHR3hylPPgPDsv89YlZzFzAN/gvH4AIfuOzw==</latexit>

ci(t)
<latexit sha1_base64="Oeqs7J2+vFYeRneU38Fv0liOHc4=">AAACD3icdVDLSgMxFM3UV62vUZduUovSIpSZUnzsCm6kbirYB3SGIZNm2tDMgyQj1qF/4MZfceNCEbdu3fk3ZtoKPg9cODnnXnLvcSNGhTSMdy0zN7+wuJRdzq2srq1v6JtbLRHGHJMmDlnIOy4ShNGANCWVjHQiTpDvMtJ2h6ep374iXNAwuJSjiNg+6gfUoxhJJTn6vjVAMqmPHVoUJQtFEQ+vYb14nr7yB1aewxtFS45eMMpm9cSoGPA3McvGBAUwQ8PR36xeiGOfBBIzJETXNCJpJ4hLihkZ56xYkAjhIeqTrqIB8omwk8k9Y7inlB70Qq4qkHCifp1IkC/EyHdVp4/kQPz0UvEvrxtL79hOaBDFkgR4+pEXMyhDmIYDe5QTLNlIEYQ5VbtCPEAcYakizKkQPi+F/5NWpWwelqsX1UKtMosjC3bALigCExyBGjgDDdAEGNyCe/AInrQ77UF71l6mrRltNrMNvkF7/QCbGJps</latexit>

Ĵi(s) ⇡ J(K(s)+rz(s))
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1. Generate random perturbation

2. Apply control policy                      to the system

3. Accumulate costs        & exchange info with neighbors

4. Obtain an estimated global obj.

5. Construct zeroth-order partial gradient estimator

6. Update by stochastic gradient descent

<latexit sha1_base64="KjqqeTmJALCjJtKg8qB3u0RSXTc=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/Spqd76O4R4pB/8OJBEa/+jzf/xs4iuD4oeLxXRVW9MOFMG897d3JLyyura/n1wsbm1vZOcXevqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWOLqZ+65YqzaS4NuOEBjEeCBYxgo2Vmnc9VtbHvWLJc/3quVfx0G/iu94MJVig3iu+dfuSpDEVhnCsdcf3EhNkWBlGOJ0UuqmmCSYjPKAdSwWOqQ6y2bUTdGSVPoqksiUMmqlfJzIcaz2OQ9sZYzPUP72p+JfXSU10FmRMJKmhgswXRSlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDeHzU/Q/aVZc/8StXlVLtcoijjwcwCGUwYdTqMEl1KEBBG7gHh7hyZHOg/PsvMxbc85iZh++wXn9AEPFjuU=</latexit>

zi(s)
<latexit sha1_base64="UDMImg8K3S5RhGllFeOaHZM6+H4=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1iEihCSUnzsCm4ENxWsLbQhTKaTdujkwcxEaEO/xI0LRdz6Ke78G6dpBZ8HLhzOuZd77/ETzqSy7XejsLS8srpWXC9tbG5tl82d3VsZp4LQFol5LDo+lpSziLYUU5x2EkFx6HPa9kcXM799R4VkcXSjxgl1QzyIWMAIVlryzPKVx6ry6FigSU48s2JbTv3crtnoN3EsO0cFFmh65luvH5M0pJEiHEvZdexEuRkWihFOp6VeKmmCyQgPaFfTCIdUull++BQdaqWPgljoihTK1a8TGQ6lHIe+7gyxGsqf3kz8y+umKjhzMxYlqaIRmS8KUo5UjGYpoD4TlCg+1gQTwfStiAyxwETprEo6hM9P0f/ktmY5J1b9ul5p1BZxFGEfDqAKDpxCAy6hCS0gkMI9PMKTMTEejGfjZd5aMBYze/ANxusHC4CSBA==</latexit>

Ki(s) + rzi(s)

s=1 s=2 s=3
t

<latexit sha1_base64="3CTWb5NOJf4ZTn9cWhdYUnv9R1E=">AAACDXicdVDLSgMxFM3UV62vqks3qVVoEYeZUnwshIILBTcVrC10SsmkaRuaeZDcEcrQH3Djr7hxoYhb9+78G9NpBZ8HLpyccy+597ih4Aos691IzczOzS+kFzNLyyura9n1jWsVRJKyGg1EIBsuUUxwn9WAg2CNUDLiuYLV3cHp2K/fMKl44F/BMGQtj/R83uWUgJba2Z2LNi8oJ7fn5OziSfIo7jsMiNMnEJ+NEqGdzVumXT62Shb+TWzTSpBHU1Tb2TenE9DIYz5QQZRq2lYIrZhI4FSwUcaJFAsJHZAea2rqE4+pVpxcM8K7WungbiB1+YAT9etETDylhp6rOz0CffXTG4t/ec0IuketmPthBMynk4+6kcAQ4HE0uMMloyCGmhAqud4V0z6RhIIOMKND+LwU/0+uS6Z9YJYvy/lKaRpHGm2hbVRANjpEFXSOqqiGKLpF9+gRPRl3xoPxbLxMWlPGdGYTfYPx+gEFQJmk</latexit>

Ki(s+1) = Ki(s)� ⌘Ĝi(s)

<latexit sha1_base64="4KUp7Upns1hJ64v7z4LTEni/OME=">AAACGHicdVDLSsNAFJ3UV62vqEs3g0WoUGpSio+FUHChuKpgH9CEMJlM7NDJg5mJUEM+w42/4saFIm6782+cphV8HrhwOOde7r3HjRkV0jDetcLc/MLiUnG5tLK6tr6hb251RJRwTNo4YhHvuUgQRkPSllQy0os5QYHLSNcdnk387i3hgkbhtRzFxA7QTUh9ipFUkqMfWAMk0/PMoRWxf2r5HOHUy1KeWdXcuZw6VhXe5cTRy0bNbJwYdQP+JmbNyFEGM7QcfWx5EU4CEkrMkBB904ilnSIuKWYkK1mJIDHCQ3RD+oqGKCDCTvPHMrinFA/6EVcVSpirXydSFAgxClzVGSA5ED+9ifiX10+kf2ynNIwTSUI8XeQnDMoITlKCHuUESzZSBGFO1a0QD5AKR6osSyqEz0/h/6RTr5mHtcZVo9ysz+Iogh2wCyrABEegCS5AC7QBBvfgETyDF+1Be9Jetbdpa0GbzWyDb9DGH+/mn6Y=</latexit>

Ĝi(s) =
d

r
Ĵi(s) zi(s)

<latexit sha1_base64="Oeqs7J2+vFYeRneU38Fv0liOHc4=">AAACD3icdVDLSgMxFM3UV62vUZduUovSIpSZUnzsCm6kbirYB3SGIZNm2tDMgyQj1qF/4MZfceNCEbdu3fk3ZtoKPg9cODnnXnLvcSNGhTSMdy0zN7+wuJRdzq2srq1v6JtbLRHGHJMmDlnIOy4ShNGANCWVjHQiTpDvMtJ2h6ep374iXNAwuJSjiNg+6gfUoxhJJTn6vjVAMqmPHVoUJQtFEQ+vYb14nr7yB1aewxtFS45eMMpm9cSoGPA3McvGBAUwQ8PR36xeiGOfBBIzJETXNCJpJ4hLihkZ56xYkAjhIeqTrqIB8omwk8k9Y7inlB70Qq4qkHCifp1IkC/EyHdVp4/kQPz0UvEvrxtL79hOaBDFkgR4+pEXMyhDmIYDe5QTLNlIEYQ5VbtCPEAcYakizKkQPi+F/5NWpWwelqsX1UKtMosjC3bALigCExyBGjgDDdAEGNyCe/AInrQ77UF71l6mrRltNrMNvkF7/QCbGJps</latexit>

Ĵi(s) ⇡ J(K(s)+rz(s))

<latexit sha1_base64="nHduj3eecW4XwS7be1IHRRHa0rU=">AAAB7XicdVDJSgNBEK1xjXGLevTSGIR4GWZCcLkFvHiMYBZIhtDT6Una9EwP3TVCCPkHLx4U8er/ePNv7CyC64OCx3tVVNULUykMet67s7S8srq2ntvIb25t7+wW9vYbRmWa8TpTUulWSA2XIuF1FCh5K9WcxqHkzXB4OfWbd1wboZIbHKU8iGk/EZFgFK3UYF1RwpNuoei5fuXCK3vkN/Fdb4YiLFDrFt46PcWymCfIJDWm7XspBmOqUTDJJ/lOZnhK2ZD2edvShMbcBOPZtRNybJUeiZS2lSCZqV8nxjQ2ZhSHtjOmODA/van4l9fOMDoPxiJJM+QJmy+KMklQkenrpCc0ZyhHllCmhb2VsAHVlKENKG9D+PyU/E8aZdc/dSvXlWK1vIgjB4dwBCXw4QyqcAU1qAODW7iHR3hylPPgPDsv89YlZzFzAN/gvH4AIfuOzw==</latexit>

ci(t)
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1. Generate random perturbation

2. Apply control policy                      to the system

3. Accumulate costs        & exchange info with neighbors

4. Obtain an estimated global obj.

5. Construct zeroth-order partial gradient estimator

6. Update by stochastic gradient descent

<latexit sha1_base64="KjqqeTmJALCjJtKg8qB3u0RSXTc=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/Spqd76O4R4pB/8OJBEa/+jzf/xs4iuD4oeLxXRVW9MOFMG897d3JLyyura/n1wsbm1vZOcXevqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWOLqZ+65YqzaS4NuOEBjEeCBYxgo2Vmnc9VtbHvWLJc/3quVfx0G/iu94MJVig3iu+dfuSpDEVhnCsdcf3EhNkWBlGOJ0UuqmmCSYjPKAdSwWOqQ6y2bUTdGSVPoqksiUMmqlfJzIcaz2OQ9sZYzPUP72p+JfXSU10FmRMJKmhgswXRSlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDeHzU/Q/aVZc/8StXlVLtcoijjwcwCGUwYdTqMEl1KEBBG7gHh7hyZHOg/PsvMxbc85iZh++wXn9AEPFjuU=</latexit>

zi(s)
<latexit sha1_base64="UDMImg8K3S5RhGllFeOaHZM6+H4=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1iEihCSUnzsCm4ENxWsLbQhTKaTdujkwcxEaEO/xI0LRdz6Ke78G6dpBZ8HLhzOuZd77/ETzqSy7XejsLS8srpWXC9tbG5tl82d3VsZp4LQFol5LDo+lpSziLYUU5x2EkFx6HPa9kcXM799R4VkcXSjxgl1QzyIWMAIVlryzPKVx6ry6FigSU48s2JbTv3crtnoN3EsO0cFFmh65luvH5M0pJEiHEvZdexEuRkWihFOp6VeKmmCyQgPaFfTCIdUull++BQdaqWPgljoihTK1a8TGQ6lHIe+7gyxGsqf3kz8y+umKjhzMxYlqaIRmS8KUo5UjGYpoD4TlCg+1gQTwfStiAyxwETprEo6hM9P0f/ktmY5J1b9ul5p1BZxFGEfDqAKDpxCAy6hCS0gkMI9PMKTMTEejGfjZd5aMBYze/ANxusHC4CSBA==</latexit>

Ki(s) + rzi(s)

s=1 s=2 s=3
t

<latexit sha1_base64="nHduj3eecW4XwS7be1IHRRHa0rU=">AAAB7XicdVDJSgNBEK1xjXGLevTSGIR4GWZCcLkFvHiMYBZIhtDT6Una9EwP3TVCCPkHLx4U8er/ePNv7CyC64OCx3tVVNULUykMet67s7S8srq2ntvIb25t7+wW9vYbRmWa8TpTUulWSA2XIuF1FCh5K9WcxqHkzXB4OfWbd1wboZIbHKU8iGk/EZFgFK3UYF1RwpNuoei5fuXCK3vkN/Fdb4YiLFDrFt46PcWymCfIJDWm7XspBmOqUTDJJ/lOZnhK2ZD2edvShMbcBOPZtRNybJUeiZS2lSCZqV8nxjQ2ZhSHtjOmODA/van4l9fOMDoPxiJJM+QJmy+KMklQkenrpCc0ZyhHllCmhb2VsAHVlKENKG9D+PyU/E8aZdc/dSvXlWK1vIgjB4dwBCXw4QyqcAU1qAODW7iHR3hylPPgPDsv89YlZzFzAN/gvH4AIfuOzw==</latexit>

ci(t)

<latexit sha1_base64="4KUp7Upns1hJ64v7z4LTEni/OME=">AAACGHicdVDLSsNAFJ3UV62vqEs3g0WoUGpSio+FUHChuKpgH9CEMJlM7NDJg5mJUEM+w42/4saFIm6782+cphV8HrhwOOde7r3HjRkV0jDetcLc/MLiUnG5tLK6tr6hb251RJRwTNo4YhHvuUgQRkPSllQy0os5QYHLSNcdnk387i3hgkbhtRzFxA7QTUh9ipFUkqMfWAMk0/PMoRWxf2r5HOHUy1KeWdXcuZw6VhXe5cTRy0bNbJwYdQP+JmbNyFEGM7QcfWx5EU4CEkrMkBB904ilnSIuKWYkK1mJIDHCQ3RD+oqGKCDCTvPHMrinFA/6EVcVSpirXydSFAgxClzVGSA5ED+9ifiX10+kf2ynNIwTSUI8XeQnDMoITlKCHuUESzZSBGFO1a0QD5AKR6osSyqEz0/h/6RTr5mHtcZVo9ysz+Iogh2wCyrABEegCS5AC7QBBvfgETyDF+1Be9Jetbdpa0GbzWyDb9DGH+/mn6Y=</latexit>

Ĝi(s) =
d

r
Ĵi(s) zi(s)

<latexit sha1_base64="3CTWb5NOJf4ZTn9cWhdYUnv9R1E=">AAACDXicdVDLSgMxFM3UV62vqks3qVVoEYeZUnwshIILBTcVrC10SsmkaRuaeZDcEcrQH3Djr7hxoYhb9+78G9NpBZ8HLpyccy+597ih4Aos691IzczOzS+kFzNLyyura9n1jWsVRJKyGg1EIBsuUUxwn9WAg2CNUDLiuYLV3cHp2K/fMKl44F/BMGQtj/R83uWUgJba2Z2LNi8oJ7fn5OziSfIo7jsMiNMnEJ+NEqGdzVumXT62Shb+TWzTSpBHU1Tb2TenE9DIYz5QQZRq2lYIrZhI4FSwUcaJFAsJHZAea2rqE4+pVpxcM8K7WungbiB1+YAT9etETDylhp6rOz0CffXTG4t/ec0IuketmPthBMynk4+6kcAQ4HE0uMMloyCGmhAqud4V0z6RhIIOMKND+LwU/0+uS6Z9YJYvy/lKaRpHGm2hbVRANjpEFXSOqqiGKLpF9+gRPRl3xoPxbLxMWlPGdGYTfYPx+gEFQJmk</latexit>

Ki(s+1) = Ki(s)� ⌘Ĝi(s)

<latexit sha1_base64="Oeqs7J2+vFYeRneU38Fv0liOHc4=">AAACD3icdVDLSgMxFM3UV62vUZduUovSIpSZUnzsCm6kbirYB3SGIZNm2tDMgyQj1qF/4MZfceNCEbdu3fk3ZtoKPg9cODnnXnLvcSNGhTSMdy0zN7+wuJRdzq2srq1v6JtbLRHGHJMmDlnIOy4ShNGANCWVjHQiTpDvMtJ2h6ep374iXNAwuJSjiNg+6gfUoxhJJTn6vjVAMqmPHVoUJQtFEQ+vYb14nr7yB1aewxtFS45eMMpm9cSoGPA3McvGBAUwQ8PR36xeiGOfBBIzJETXNCJpJ4hLihkZ56xYkAjhIeqTrqIB8omwk8k9Y7inlB70Qq4qkHCifp1IkC/EyHdVp4/kQPz0UvEvrxtL79hOaBDFkgR4+pEXMyhDmIYDe5QTLNlIEYQ5VbtCPEAcYakizKkQPi+F/5NWpWwelqsX1UKtMosjC3bALigCExyBGjgDDdAEGNyCe/AInrQ77UF71l6mrRltNrMNvkF7/QCbGJps</latexit>

Ĵi(s) ⇡ J(K(s)+rz(s))



1. Generate random perturbation

2. Apply control policy                      to the system

3. Accumulate costs        & exchange info with neighbors

4. Obtain an estimated global obj.

5. Construct zeroth-order partial gradient estimator

6. Update by stochastic gradient descent
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s=1 s=2 s=3
t

<latexit sha1_base64="4KUp7Upns1hJ64v7z4LTEni/OME=">AAACGHicdVDLSsNAFJ3UV62vqEs3g0WoUGpSio+FUHChuKpgH9CEMJlM7NDJg5mJUEM+w42/4saFIm6782+cphV8HrhwOOde7r3HjRkV0jDetcLc/MLiUnG5tLK6tr6hb251RJRwTNo4YhHvuUgQRkPSllQy0os5QYHLSNcdnk387i3hgkbhtRzFxA7QTUh9ipFUkqMfWAMk0/PMoRWxf2r5HOHUy1KeWdXcuZw6VhXe5cTRy0bNbJwYdQP+JmbNyFEGM7QcfWx5EU4CEkrMkBB904ilnSIuKWYkK1mJIDHCQ3RD+oqGKCDCTvPHMrinFA/6EVcVSpirXydSFAgxClzVGSA5ED+9ifiX10+kf2ynNIwTSUI8XeQnDMoITlKCHuUESzZSBGFO1a0QD5AKR6osSyqEz0/h/6RTr5mHtcZVo9ysz+Iogh2wCyrABEegCS5AC7QBBvfgETyDF+1Be9Jetbdpa0GbzWyDb9DGH+/mn6Y=</latexit>

Ĝi(s) =
d

r
Ĵi(s) zi(s)

Zeroth-order gradient estimation

- d: dimension of K
- r: smoothing radius
- z: random perturbation

<latexit sha1_base64="Rg4Hx+0wAUKe1S1z3Zgjgrl+Py4="></latexit>

G(K; r, z) =
d

r
J(K + rz)z

<latexit sha1_base64="nkdGzYCISq/HMszFccJhfa9eyQw="></latexit>

Ez[G(K; r, z)] = rJ(K) +O(r)

[Flaxman et al. 2005] [Nesterov & Spokoiny 2017]
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1. Generate random perturbation

2. Apply control policy                      to the system

3. Accumulate costs        & exchange info with neighbors

4. Obtain an estimated global obj.

5. Construct zeroth-order partial gradient estimator

6. Update by stochastic gradient descent

s=1 s=2 s=3
t

<latexit sha1_base64="nHduj3eecW4XwS7be1IHRRHa0rU=">AAAB7XicdVDJSgNBEK1xjXGLevTSGIR4GWZCcLkFvHiMYBZIhtDT6Una9EwP3TVCCPkHLx4U8er/ePNv7CyC64OCx3tVVNULUykMet67s7S8srq2ntvIb25t7+wW9vYbRmWa8TpTUulWSA2XIuF1FCh5K9WcxqHkzXB4OfWbd1wboZIbHKU8iGk/EZFgFK3UYF1RwpNuoei5fuXCK3vkN/Fdb4YiLFDrFt46PcWymCfIJDWm7XspBmOqUTDJJ/lOZnhK2ZD2edvShMbcBOPZtRNybJUeiZS2lSCZqV8nxjQ2ZhSHtjOmODA/van4l9fOMDoPxiJJM+QJmy+KMklQkenrpCc0ZyhHllCmhb2VsAHVlKENKG9D+PyU/E8aZdc/dSvXlWK1vIgjB4dwBCXw4QyqcAU1qAODW7iHR3hylPPgPDsv89YlZzFzAN/gvH4AIfuOzw==</latexit>

ci(t)
<latexit sha1_base64="Oeqs7J2+vFYeRneU38Fv0liOHc4=">AAACD3icdVDLSgMxFM3UV62vUZduUovSIpSZUnzsCm6kbirYB3SGIZNm2tDMgyQj1qF/4MZfceNCEbdu3fk3ZtoKPg9cODnnXnLvcSNGhTSMdy0zN7+wuJRdzq2srq1v6JtbLRHGHJMmDlnIOy4ShNGANCWVjHQiTpDvMtJ2h6ep374iXNAwuJSjiNg+6gfUoxhJJTn6vjVAMqmPHVoUJQtFEQ+vYb14nr7yB1aewxtFS45eMMpm9cSoGPA3McvGBAUwQ8PR36xeiGOfBBIzJETXNCJpJ4hLihkZ56xYkAjhIeqTrqIB8omwk8k9Y7inlB70Qq4qkHCifp1IkC/EyHdVp4/kQPz0UvEvrxtL79hOaBDFkgR4+pEXMyhDmIYDe5QTLNlIEYQ5VbtCPEAcYakizKkQPi+F/5NWpWwelqsX1UKtMosjC3bALigCExyBGjgDDdAEGNyCe/AInrQ77UF71l6mrRltNrMNvkF7/QCbGJps</latexit>

Ĵi(s) ⇡ J(K(s)+rz(s))

Consensus method

- W: communication weight matrix

• N£N doubly stochastic

•

<latexit sha1_base64="lYi4gqIrv+6oj60QieBl94zycNM="></latexit>

µi(t) =
t�1

t

X

j

Wij µi(t�1) +
1

t
ci(t)

<latexit sha1_base64="riAeq+XH34cpsQ1IFJ8RygHjsg8=">AAACGnicdVDLSgMxFM3Ud31VXboJFkFBSkaKj4UguHGpYK3QlpJJ79i0mWRIMmIZ5jvc+CtuXCjiTtz4N6YPxeeBwOGce8k9J4gFN5aQNy83Nj4xOTU9k5+dm19YLCwtnxuVaAYVpoTSFwE1ILiEiuVWwEWsgUaBgGrQPer71SvQhit5ZnsxNCJ6KXnIGbVOahb8ajPlneyA1C1cWx2lmIc42+Bbnc1PRSqLmZISmIVW1iwUSckv75Ntgn8Tv0QGKKIRTpqFl3pLsSQCaZmgxtR8EttGSrXlTECWrycGYsq69BJqjkoagWmkg2gZXndKC4dKuyf7Zzj160ZKI2N6UeAmI2rb5qfXF//yaokN9xopl3FiQbLhR2EisFW43xNuce3yip4jlGnubsWsTTV1HWiTdyV8JMX/k/Ptkr9TKp+Wi4dkVMc0WkVraAP5aBcdomN0giqIoRt0hx7Qo3fr3XtP3vNwNOeNdlbQN3iv76Z0oT0=</latexit>

Wij = 0 if (i, j) not connected
<latexit sha1_base64="EmByuEaLNVB2Gv5YZzKVvbsrrD0="></latexit>

E
�����µi(TJ)�

1

NTJ

NX

i=1

TJX

⌧=t

ci(t)

����� = O

✓
1

TJ

◆

Finite-horizon approximation of J



Theoretical Analysis

• Inspired by existing works on centralized LQR [Malik et al. 2019] [Bu et al. 2020]

• Major technical contributions in our extension to the decentralized setting:

Ø Handling unbounded Gaussian process noise

Ø Treating infinite-horizon average cost, rather than discounted cost

Ø Bounding error caused by finite-horizon approximation in generating 
and producing the estimate

Ø Explicit bound for the sampling complexity

23

<latexit sha1_base64="NdB7zGENtu/gbX5INXQJo1XGkC8=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiDEyzATg8st4MVjBBMDyRB6Oj1Jm57uobtHiEP+wYsHRbz6P978GzuL4Pqg4PFeFVX1woQzbTzv3cktLC4tr+RXC2vrG5tbxe2dppapIrRBJJeqFWJNORO0YZjhtJUoiuOQ0+tweD7xr2+p0kyKKzNKaBDjvmARI9hYqXnXZWV92C2WPNevnnkVD/0mvutNUYI56t3iW6cnSRpTYQjHWrd9LzFBhpVhhNNxoZNqmmAyxH3atlTgmOogm147RgdW6aFIKlvCoKn6dSLDsdajOLSdMTYD/dObiH957dREp0HGRJIaKshsUZRyZCSavI56TFFi+MgSTBSztyIywAoTYwMq2BA+P0X/k2bF9Y/do8tqqVadx5GHPdiHMvhwAjW4gDo0gMAN3MMjPDnSeXCenZdZa86Zz+zCNzivH0QNjuY=</latexit>

zi(s)
<latexit sha1_base64="h4PqWv2yWGJmigPYkmWsbGSX6Ew=">AAACC3icdVDLSgMxFM34rONr1KWb0CK0CMNMLT52BTdSNxXsAzrDkEkzbWjmQZIR69C9G3/FjQtF3PoD7vwb04fg80DCyTn3cnOPnzAqpGW9a3PzC4tLy7kVfXVtfWPT2NpuijjlmDRwzGLe9pEgjEakIalkpJ1wgkKfkZY/OB37rSvCBY2jSzlMiBuiXkQDipFUkmfknT6SWW3k0aIo6Q5KEh5fw1rxXD33+Y26S55RsEy7cmKVLfib2KY1QQHMUPeMN6cb4zQkkcQMCdGxrUS6GeKSYkZGupMKkiA8QD3SUTRCIRFuNtllBPeU0oVBzNWJJJyoXzsyFAoxDH1VGSLZFz+9sfiX10llcOxmNEpSSSI8HRSkDMoYjoOBXcoJlmyoCMKcqr9C3EccYani01UIn5vC/0mzbNqH5sFFpVCtzOLIgV2QB0VggyNQBWegDhoAg1twDx7Bk3anPWjP2su0dE6b9eyAb9BePwA3jZk1</latexit>

Ĵi(s) ⇡ J(K(s) + rz(s))



Performance Guarantees

Theorem (informal)

Let           be arbitrary. By choosing the parameters of the algorithm to satisfy

we can achieve the following with high probability:

• The closed-loop system remain stable during the learning procedure
• Optimality guarantee given by

Corollary: Sample complexity bound given by

24

<latexit sha1_base64="KRIicba6hvdb0Kx/xIC71OKKuOk=">AAAB8XicdVDJSgNBEO1xjXGLevTSGARPQ08MLhcJePEYwSyYDKGnU5M06ekeunuEEPIXXjwo4tW/8ebf2FkE1wcFj/eqqKoXpYIbS8i7t7C4tLyymlvLr29sbm0XdnbrRmWaQY0poXQzogYEl1Cz3ApophpoEgloRIPLid+4A224kjd2mEKY0J7kMWfUOum2DanhQskL0ikUiR+Uz0mJ4N8k8MkURTRHtVN4a3cVyxKQlglqTCsgqQ1HVFvOBIzz7cxAStmA9qDlqKQJmHA0vXiMD53SxbHSrqTFU/XrxIgmxgyTyHUm1PbNT28i/uW1MhufhSMu08yCZLNFcSawVXjyPu5yDcyKoSOUae5uxaxPNWXWhZR3IXx+iv8n9ZIfnPjH1+VipTyPI4f20QE6QgE6RRV0haqohhiS6B49oifPeA/es/cya13w5jN76Bu81w+IZJDM</latexit>

✏ > 0

<latexit sha1_base64="CF2mxawDiKLIzAID+gQ6hVdU4Cw=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AR6maYqcXHruDGnRXsAzpDyaSZNjSTjElGKEPd+CtuXCji1r9w59+YPgSfBy4czrmXe+8JE0aVdt13Kzc3v7C4lF8urKyurW/Ym1sNJVKJSR0LJmQrRIowykldU81IK5EExSEjzXBwNvabN0QqKviVHiYkiFGP04hipI3UsXekr2gML0q+upY680miKBN8dNCxi67jVU7dsgt/E89xJyiCGWod+83vCpzGhGvMkFJtz010kCGpKWZkVPBTRRKEB6hH2oZyFBMVZJMPRnDfKF0YCWmKazhRv05kKFZqGIemM0a6r356Y/Evr53q6CTIKE9STTieLopSBrWA4zhgl0qCNRsagrCk5laI+0girE1oBRPC56fwf9IoO96Rc3hZKVYrszjyYBfsgRLwwDGognNQA3WAwS24B4/gybqzHqxn62XamrNmM9vgG6zXD79GlxA=</latexit>

r ⇠ O(
p
✏)

<latexit sha1_base64="GhD41wgaoIbZERzHenSrO/uxGXo=">AAACEHicdVDLSgNBEJz17fpa9ehlNIjxEnZj8HETvHhTwRghG8PspDcZnJ1dZnqFEPwEL/6KFw+KePXozb9xEiP4LGgoqrrp7ooyKQz6/pszMjo2PjE5Ne3OzM7NL3iLS2cmzTWHKk9lqs8jZkAKBVUUKOE808CSSEItujzo+7Ur0Eak6hS7GTQS1lYiFpyhlZreRgjIQiMSehSuhhJiLLohZEbIVFF9UXZDLdod3Gx6Bb8UVPb8sk9/k6DkD1AgQxw3vdewlfI8AYVcMmPqgZ9ho8c0Ci7h2g1zAxnjl6wNdUsVS8A0eoOHrum6VVo0TrUthXSgfp3oscSYbhLZzoRhx/z0+uJfXj3HeLfREyrLERT/WBTnkmJK++nQltDAUXYtYVwLeyvlHaYZR5uha0P4/JT+T87KpWC7tHVSKexXhnFMkRWyRookIDtknxySY1IlnNyQO/JAHp1b5955cp4/Wkec4cwy+Qbn5R3yTpvg</latexit>

⌘ ⇠ O
�
✏r

2
�

<latexit sha1_base64="2lfLW02/6iDN3GTM06q3cAo4bB4="></latexit>

TJ ⇠ ⌦

✓
1

r
p
✏

◆ <latexit sha1_base64="Vo8WgRlg3bSpGgG7XgjN6w2F778="></latexit>

TG ⇠ ⇥

✓
1

⌘✏

◆

<latexit sha1_base64="ZOvuncI/E1s+KGVj0lAW9l0a0d4="></latexit>

1

TG

XTG

s=1
krJ(K(s))k2  ✏

<latexit sha1_base64="kTD9ZSFjBAdlE14LLT4TAJPhm18=">AAACHXicbVA9SwNBEN3z2/gVtbRZDYI24U6DWgoWipVCokI2HnubuWRxb+/YnRPCkT9i41+xsVDEwkb8N25iCr8eDDzem2FmXpQpadH3P7yx8YnJqemZ2dLc/MLiUnl55cKmuRHQEKlKzVXELSipoYESFVxlBngSKbiMbo4G/uUtGCtTXcdeBq2Ed7SMpeDopLBcq4fH9fCUWZlQVu8CcrbOFMS4xWLDRRH0CwaZlSrV17U+M7LTxe2wXPGr/hD0LwlGpEJGOAvLb6ydijwBjUJxa5uBn2Gr4AalUNAvsdxCxsUN70DTUc0TsK1i+F2fbjqlTePUuNJIh+r3iYIn1vaSyHUmHLv2tzcQ//OaOcYHrULqLEfQ4mtRnCuKKR1ERdvSgEDVc4QLI92tVHS5SwVdoCUXQvD75b/kYqca7FV3z2uVw9oojhmyRjbIFgnIPjkkJ+SMNIggd+SBPJFn79579F6816/WMW80s0p+wHv/BEvJogs=</latexit>

TGTJ ⇠ ⇥

✓
1

✏4

◆

A relatively weak 
optimality guarantee

Why?



Comparison with Centralized LQR
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Centralized LQR Decentralized LQ control

Optimality

Stability Y
<latexit sha1_base64="sIbmyy9kaut8202FsIwIsDyRBnQ=">AAACCHicdVDJSgNBFOxxjXGLevRgYxCSg8NMCC63gAdFLxGyQWYMPZ2XpEnPYnePEEKOXvwVLx4U8eonePNv7EkiuBY0FFX1eP3KiziTyrLejZnZufmFxdRSenlldW09s7FZk2EsKFRpyEPR8IgEzgKoKqY4NCIBxPc41L3+SeLXb0BIFgYVNYjA9Uk3YB1GidJSK7NznrvIVVqn+fy+ZlcOkSrvcLh2IJKMJ4msZdrFY6tg4d/ENq0xsmiKcivz5rRDGvsQKMqJlE3bipQ7JEIxymGUdmIJEaF90oWmpgHxQbrD8SEjvKeVNu6EQr9A4bH6dWJIfCkHvqeTPlE9+dNLxL+8Zqw6R+6QBVGsIKCTRZ2YYxXipBXcZgKo4gNNCBVM/xXTHhGEKt1dWpfweSn+n9QKpn1gFi+L2VJhWkcKbaNdlEM2OkQldIbKqIooukX36BE9GXfGg/FsvEyiM8Z0Zgt9g/H6AUpemEQ=</latexit>

J(K(TG))� J(K⇤)  ✏
<latexit sha1_base64="yWSMVgq5lquCrdY+WDy8HXQSKBk="></latexit>

1
TG

PTG

s=1 krJ(K(s))k2  ✏

Y

Multiple connected components

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
-1.5
-1.0
-0.5
0.0

0.5

1.0

1.5

[Feng & Lavaei 2019]

Domain Nonconvex, connected



Comparison with Centralized LQR
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Optimality

Stability Y
<latexit sha1_base64="sIbmyy9kaut8202FsIwIsDyRBnQ=">AAACCHicdVDJSgNBFOxxjXGLevRgYxCSg8NMCC63gAdFLxGyQWYMPZ2XpEnPYnePEEKOXvwVLx4U8eonePNv7EkiuBY0FFX1eP3KiziTyrLejZnZufmFxdRSenlldW09s7FZk2EsKFRpyEPR8IgEzgKoKqY4NCIBxPc41L3+SeLXb0BIFgYVNYjA9Uk3YB1GidJSK7NznrvIVVqn+fy+ZlcOkSrvcLh2IJKMJ4msZdrFY6tg4d/ENq0xsmiKcivz5rRDGvsQKMqJlE3bipQ7JEIxymGUdmIJEaF90oWmpgHxQbrD8SEjvKeVNu6EQr9A4bH6dWJIfCkHvqeTPlE9+dNLxL+8Zqw6R+6QBVGsIKCTRZ2YYxXipBXcZgKo4gNNCBVM/xXTHhGEKt1dWpfweSn+n9QKpn1gFi+L2VJhWkcKbaNdlEM2OkQldIbKqIooukX36BE9GXfGg/FsvEyiM8Z0Zgt9g/H6AUpemEQ=</latexit>

J(K(TG))� J(K⇤)  ✏
<latexit sha1_base64="yWSMVgq5lquCrdY+WDy8HXQSKBk="></latexit>

1
TG

PTG

s=1 krJ(K(s))k2  ✏

Y

Domain Nonconvex, connected Multiple connected components

J(K)
• Coercive
• Gradient dominance
• Unique stationary point

• Coercive
• Not gradient dominance
• Multiple stationary points
• Lacks good properties

[Fazel et al. 2018] [Malik et al. 2019] [Mohammadi et al. 2019] [Bu et al. 2019] [Feng & Lavaei 2019]

Centralized LQR Decentralized LQ control



Comparison with Centralized LQR
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Single-agent, partial measurement, 
u(t)=K y(t)

Optimality

Stability Y
<latexit sha1_base64="sIbmyy9kaut8202FsIwIsDyRBnQ=">AAACCHicdVDJSgNBFOxxjXGLevRgYxCSg8NMCC63gAdFLxGyQWYMPZ2XpEnPYnePEEKOXvwVLx4U8eonePNv7EkiuBY0FFX1eP3KiziTyrLejZnZufmFxdRSenlldW09s7FZk2EsKFRpyEPR8IgEzgKoKqY4NCIBxPc41L3+SeLXb0BIFgYVNYjA9Uk3YB1GidJSK7NznrvIVVqn+fy+ZlcOkSrvcLh2IJKMJ4msZdrFY6tg4d/ENq0xsmiKcivz5rRDGvsQKMqJlE3bipQ7JEIxymGUdmIJEaF90oWmpgHxQbrD8SEjvKeVNu6EQr9A4bH6dWJIfCkHvqeTPlE9+dNLxL+8Zqw6R+6QBVGsIKCTRZ2YYxXipBXcZgKo4gNNCBVM/xXTHhGEKt1dWpfweSn+n9QKpn1gFi+L2VJhWkcKbaNdlEM2OkQldIbKqIooukX36BE9GXfGg/FsvEyiM8Z0Zgt9g/H6AUpemEQ=</latexit>

J(K(TG))� J(K⇤)  ✏
<latexit sha1_base64="yWSMVgq5lquCrdY+WDy8HXQSKBk="></latexit>

1
TG

PTG

s=1 krJ(K(s))k2  ✏

Y

Domain Nonconvex, connected Multiple connected components

J(K)
• Coercive
• Gradient dominance
• Unique stationary point

• Coercive
• Not gradient dominance
• Multiple stationary points
• Lacks good properties

[Fazel et al. 2018] [Malik et al. 2019] [Mohammadi et al. 2019] [Bu et al. 2019] [Feng & Lavaei 2019]

Centralized LQR



Extension to Other Linear Quadratic Control Problems
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Part I
Distributed Reinforcement Learning 

for Decentralized LQ Control

Linear system

Agent 1

<latexit sha1_base64="nI0I4zaMO+KmkRq0Cxs+nd0Vw6s=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/SpLtn6K4RwpBf8OJBEa/+kDf/xp4kguuDgsd7VVTVCxPBDXjeu1NYWV1b3yhulra2d3b3yvsHbROnmrIWjUWsuyExTHDFWsBBsG6iGZGhYJ1wcpX7nTumDY/VLUwTFkgyUjzilEAupVU4HZQrnuvXL72ah38T3/XmqKAlmoPyW38Y01QyBVQQY3q+l0CQEQ2cCjYr9VPDEkInZMR6lioimQmy+a0zfGKVIY5ibUsBnqtfJzIijZnK0HZKAmPz08vFv7xeCtFFkHGVpMAUXSyKUoEhxvnjeMg1oyCmlhCqub0V0zHRhIKNp2RD+PwU/0/aNdc/c+s39UrDW8ZRREfoGFWRj85RA12jJmohisboHj2iJ0c6D86z87JoLTjLmUP0Dc7rB8BOjgM=</latexit>

u(t)

Agent i

Agent N

<latexit sha1_base64="I3JFrNUttHXVIRTd4HxN3Q1O4bE="></latexit>

y1(t)

<latexit sha1_base64="0tOKnP0H6S6CfnaH0ri+MFODB7c="></latexit>

yi(t)

<latexit sha1_base64="JEJSFVeAEbJgZyBxg/4FO37Eh7k="></latexit>

yN (t)

<latexit sha1_base64="e2ub9PsErNNUrxCD3N599nL92mA="></latexit>

u1(t)

<latexit sha1_base64="W+H6DgXODeF6tEYBhPGjHfsKT0k="></latexit>

ui(t)

<latexit sha1_base64="3zJKle8HtNOgLHd8GDrPWwFoec8="></latexit>

uN (t)

Part II
Optimization Landscape Analysis of 
Linear Quadratic Gaussian (LQG)

Linear system

Dynamic 
controller

MeasurementControl 
input

<latexit sha1_base64="nI0I4zaMO+KmkRq0Cxs+nd0Vw6s=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/SpLtn6K4RwpBf8OJBEa/+kDf/xp4kguuDgsd7VVTVCxPBDXjeu1NYWV1b3yhulra2d3b3yvsHbROnmrIWjUWsuyExTHDFWsBBsG6iGZGhYJ1wcpX7nTumDY/VLUwTFkgyUjzilEAupVU4HZQrnuvXL72ah38T3/XmqKAlmoPyW38Y01QyBVQQY3q+l0CQEQ2cCjYr9VPDEkInZMR6lioimQmy+a0zfGKVIY5ibUsBnqtfJzIijZnK0HZKAmPz08vFv7xeCtFFkHGVpMAUXSyKUoEhxvnjeMg1oyCmlhCqub0V0zHRhIKNp2RD+PwU/0/aNdc/c+s39UrDW8ZRREfoGFWRj85RA12jJmohisboHj2iJ0c6D86z87JoLTjLmUP0Dc7rB8BOjgM=</latexit>

u(t)
<latexit sha1_base64="y4cx1BqQdojqQelJAFKr4QW1SCI=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDES5gJweUW8OIxglkgGUJPpydp0t0zdNcIw5Bf8OJBEa/+kDf/xp4kguuDgsd7VVTVC2LBDbjuu1NYWV1b3yhulra2d3b3yvsHHRMlmrI2jUSkewExTHDF2sBBsF6sGZGBYN1gepX73TumDY/ULaQx8yUZKx5ySiCX0iqcDssVt+Y1Lt26i38Tr+bOUUFLtIblt8EooolkCqggxvQ9NwY/Ixo4FWxWGiSGxYROyZj1LVVEMuNn81tn+MQqIxxG2pYCPFe/TmREGpPKwHZKAhPz08vFv7x+AuGFn3EVJ8AUXSwKE4EhwvnjeMQ1oyBSSwjV3N6K6YRoQsHGU7IhfH6K/yedes07qzVuGpWmu4yjiI7QMaoiD52jJrpGLdRGFE3QPXpET450Hpxn52XRWnCWM4foG5zXD8Zqjgc=</latexit>

y(t)

Ø Swarm robotics, autonomous vehicles, 
mobile sensor networks

<latexit sha1_base64="GvGhUgUQuex/jLAW0fayYNrN3qo="></latexit>

w(t), v(t)

<latexit sha1_base64="51f+T2w8FxdH8K218gok5kuLfws="></latexit>

ẋ(t) = Ax(t)+Bu(t)+w(t)

y(t) = Cx(t) + v(t)

How does partial/imperfect measurement 
affect the problem structure?



<latexit sha1_base64="DVH4jxKQiGfRv5sT8r4B3RAmTzc="></latexit>

J(K) = lim
T!1

1

T

TX

t=1

E
⇥
x(t)>Qx(t) + u(t)>Ru(t)

⇤

Optimization Landscape of LQG

29

Linear Quadratic Gaussian (LQG) An optimization viewpoint:

§ Control strategy: 
§ Accumulated cost:

Stage cost

Linear system

Feedback 
controller

MeasurementControl 
input

<latexit sha1_base64="nI0I4zaMO+KmkRq0Cxs+nd0Vw6s=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/SpLtn6K4RwpBf8OJBEa/+kDf/xp4kguuDgsd7VVTVCxPBDXjeu1NYWV1b3yhulra2d3b3yvsHbROnmrIWjUWsuyExTHDFWsBBsG6iGZGhYJ1wcpX7nTumDY/VLUwTFkgyUjzilEAupVU4HZQrnuvXL72ah38T3/XmqKAlmoPyW38Y01QyBVQQY3q+l0CQEQ2cCjYr9VPDEkInZMR6lioimQmy+a0zfGKVIY5ibUsBnqtfJzIijZnK0HZKAmPz08vFv7xeCtFFkHGVpMAUXSyKUoEhxvnjeMg1oyCmlhCqub0V0zHRhIKNp2RD+PwU/0/aNdc/c+s39UrDW8ZRREfoGFWRj85RA12jJmohisboHj2iJ0c6D86z87JoLTjLmUP0Dc7rB8BOjgM=</latexit>

u(t)
<latexit sha1_base64="y4cx1BqQdojqQelJAFKr4QW1SCI=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDES5gJweUW8OIxglkgGUJPpydp0t0zdNcIw5Bf8OJBEa/+kDf/xp4kguuDgsd7VVTVC2LBDbjuu1NYWV1b3yhulra2d3b3yvsHHRMlmrI2jUSkewExTHDF2sBBsF6sGZGBYN1gepX73TumDY/ULaQx8yUZKx5ySiCX0iqcDssVt+Y1Lt26i38Tr+bOUUFLtIblt8EooolkCqggxvQ9NwY/Ixo4FWxWGiSGxYROyZj1LVVEMuNn81tn+MQqIxxG2pYCPFe/TmREGpPKwHZKAhPz08vFv7x+AuGFn3EVJ8AUXSwKE4EhwvnjeMQ1oyBSSwjV3N6K6YRoQsHGU7IhfH6K/yedes07qzVuGpWmu4yjiI7QMaoiD52jJrpGLdRGFE3QPXpET450Hpxn52XRWnCWM4foG5zXD8Zqjgc=</latexit>

y(t)

<latexit sha1_base64="GvGhUgUQuex/jLAW0fayYNrN3qo="></latexit>

w(t), v(t)

<latexit sha1_base64="51f+T2w8FxdH8K218gok5kuLfws="></latexit>

ẋ(t) = Ax(t)+Bu(t)+w(t)

y(t) = Cx(t) + v(t)

Optimization Landscape Analysis

§ Properties of the domain (set of stabilizing 
controllers)
• convexity, connectivity, open/closed

§ Properties of the accumulated cost J
• convexity, differentiability, coercivity
• set of stationary points/local minima/global 

minima

<latexit sha1_base64="xvT31OqMM78gxRnZc2AHdUBBvbA=">AAACAXicdVDLSsNAFL3xWesr6kZwM1gEVyEpxcfKghvBTQX7gDaUyXTSDp1MwsxEKKFu/BU3LhRx61+48xP8C6epgs8DA+eecy9z7wkSzpR23VdrZnZufmGxsFRcXlldW7c3NhsqTiWhdRLzWLYCrChngtY105y2EklxFHDaDIanE795RaVisbjUo4T6Ee4LFjKCtZG69nYnwnqgwux83GEiLwjmpuraJdfxKsdu2UW/iee4OUonb2GOWtd+6fRikkZUaMKxUm3PTbSfYakZ4XRc7KSKJpgMcZ+2DRU4osrP8gvGaM8oPRTG0jyhUa5+nchwpNQoCkxnvu9PbyL+5bVTHR75GRNJqqkg04/ClCMdo0kcqMckJZqPDMFEMrMrIgMsMdEmtKIJ4fNS9D9plB3vwKlceKVqGaYowA7swj54cAhVOIMa1IHANdzCPTxYN9ad9Wg9TVtnrI+ZLfgG6/kdUyWbGw==</latexit>

K 2 K

<latexit sha1_base64="RoBD2hPt91MBK+R6ophTHZHet2s="></latexit>

min
K2K

J(K)

s.t. K stabilizes the system

Gaussian white



Existing Work: Optimization Landscape of LQR
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ü Fast convergence to
global optimum for
gradient-based methods

[Fazel et al. 2018] [Malik et al. 2019] [Mohammadi et al. 2019] [Bu et al. 2019]
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Possibly nonconvex, 
connected,

Coercive, gradient dominance, 
unique stationary point



Our Focus: Optimization Landscape of LQG

§ Extension from LQR to LQG is highly nontrivial
• LQG control theory is more sophisticated
• Some results of LQR may not hold for LQG anymore
• The domain consists of dynamic controllers, leading to more complex

landscape structure

31
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Dynamic Controllers

Gaussian white

Linear system

Feedback controller

<latexit sha1_base64="nI0I4zaMO+KmkRq0Cxs+nd0Vw6s=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/SpLtn6K4RwpBf8OJBEa/+kDf/xp4kguuDgsd7VVTVCxPBDXjeu1NYWV1b3yhulra2d3b3yvsHbROnmrIWjUWsuyExTHDFWsBBsG6iGZGhYJ1wcpX7nTumDY/VLUwTFkgyUjzilEAupVU4HZQrnuvXL72ah38T3/XmqKAlmoPyW38Y01QyBVQQY3q+l0CQEQ2cCjYr9VPDEkInZMR6lioimQmy+a0zfGKVIY5ibUsBnqtfJzIijZnK0HZKAmPz08vFv7xeCtFFkHGVpMAUXSyKUoEhxvnjeMg1oyCmlhCqub0V0zHRhIKNp2RD+PwU/0/aNdc/c+s39UrDW8ZRREfoGFWRj85RA12jJmohisboHj2iJ0c6D86z87JoLTjLmUP0Dc7rB8BOjgM=</latexit>

u(t)
<latexit sha1_base64="y4cx1BqQdojqQelJAFKr4QW1SCI=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDES5gJweUW8OIxglkgGUJPpydp0t0zdNcIw5Bf8OJBEa/+kDf/xp4kguuDgsd7VVTVC2LBDbjuu1NYWV1b3yhulra2d3b3yvsHHRMlmrI2jUSkewExTHDF2sBBsF6sGZGBYN1gepX73TumDY/ULaQx8yUZKx5ySiCX0iqcDssVt+Y1Lt26i38Tr+bOUUFLtIblt8EooolkCqggxvQ9NwY/Ixo4FWxWGiSGxYROyZj1LVVEMuNn81tn+MQqIxxG2pYCPFe/TmREGpPKwHZKAhPz08vFv7x+AuGFn3EVJ8AUXSwKE4EhwvnjeMQ1oyBSSwjV3N6K6YRoQsHGU7IhfH6K/yedes07qzVuGpWmu4yjiI7QMaoiD52jJrpGLdRGFE3QPXpET450Hpxn52XRWnCWM4foG5zXD8Zqjgc=</latexit>

y(t)

<latexit sha1_base64="GvGhUgUQuex/jLAW0fayYNrN3qo="></latexit>

w(t), v(t)

<latexit sha1_base64="51f+T2w8FxdH8K218gok5kuLfws="></latexit>

ẋ(t) = Ax(t)+Bu(t)+w(t)

y(t) = Cx(t) + v(t)



33

<latexit sha1_base64="r1DWgjL5PT4IIk/d6xqqd6L/c0M="></latexit>

dim ⇠(t) order of the controller

reduced-order
full-order

<latexit sha1_base64="NUcONvE5QEqpIjn0aQ2QUcR/+uE="></latexit>

dim ⇠(t) = dimx(t)
<latexit sha1_base64="OsdjFQTfb+Aqcr3D3DQdY/zEDo0="></latexit>

dim ⇠(t) < dimx(t)

dynamic controller

<latexit sha1_base64="LJJRbX2bHhgNQ4A/bz3P+1PnSqc="></latexit>

⇠(t) internal state of the controller

Dynamic Controllers

<latexit sha1_base64="q7nPOskqSZGQHCdCIP/jffj+KNA="></latexit>

K = (AK, BK, CK)

Linear system
<latexit sha1_base64="nI0I4zaMO+KmkRq0Cxs+nd0Vw6s=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/SpLtn6K4RwpBf8OJBEa/+kDf/xp4kguuDgsd7VVTVCxPBDXjeu1NYWV1b3yhulra2d3b3yvsHbROnmrIWjUWsuyExTHDFWsBBsG6iGZGhYJ1wcpX7nTumDY/VLUwTFkgyUjzilEAupVU4HZQrnuvXL72ah38T3/XmqKAlmoPyW38Y01QyBVQQY3q+l0CQEQ2cCjYr9VPDEkInZMR6lioimQmy+a0zfGKVIY5ibUsBnqtfJzIijZnK0HZKAmPz08vFv7xeCtFFkHGVpMAUXSyKUoEhxvnjeMg1oyCmlhCqub0V0zHRhIKNp2RD+PwU/0/aNdc/c+s39UrDW8ZRREfoGFWRj85RA12jJmohisboHj2iJ0c6D86z87JoLTjLmUP0Dc7rB8BOjgM=</latexit>

u(t)
<latexit sha1_base64="y4cx1BqQdojqQelJAFKr4QW1SCI=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDES5gJweUW8OIxglkgGUJPpydp0t0zdNcIw5Bf8OJBEa/+kDf/xp4kguuDgsd7VVTVC2LBDbjuu1NYWV1b3yhulra2d3b3yvsHHRMlmrI2jUSkewExTHDF2sBBsF6sGZGBYN1gepX73TumDY/ULaQx8yUZKx5ySiCX0iqcDssVt+Y1Lt26i38Tr+bOUUFLtIblt8EooolkCqggxvQ9NwY/Ixo4FWxWGiSGxYROyZj1LVVEMuNn81tn+MQqIxxG2pYCPFe/TmREGpPKwHZKAhPz08vFv7x+AuGFn3EVJ8AUXSwKE4EhwvnjeMQ1oyBSSwjV3N6K6YRoQsHGU7IhfH6K/yedes07qzVuGpWmu4yjiI7QMaoiD52jJrpGLdRGFE3QPXpET450Hpxn52XRWnCWM4foG5zXD8Zqjgc=</latexit>

y(t)

<latexit sha1_base64="GvGhUgUQuex/jLAW0fayYNrN3qo="></latexit>

w(t), v(t)

<latexit sha1_base64="51f+T2w8FxdH8K218gok5kuLfws="></latexit>

ẋ(t) = Ax(t)+Bu(t)+w(t)

y(t) = Cx(t) + v(t)

<latexit sha1_base64="XKZVsqRudfWDYGIFL5AyUMjWxQM="></latexit>

⇠̇(t) = AK⇠(t) +BKy(t)

u(t) = CK⇠(t)

Gaussian white

Theorem. The optimal control policy for 

LQG is a full-order dynamic controller.
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<latexit sha1_base64="r1DWgjL5PT4IIk/d6xqqd6L/c0M="></latexit>

dim ⇠(t) order of the controller

reduced-order
full-order

<latexit sha1_base64="NUcONvE5QEqpIjn0aQ2QUcR/+uE="></latexit>

dim ⇠(t) = dimx(t)
<latexit sha1_base64="OsdjFQTfb+Aqcr3D3DQdY/zEDo0="></latexit>

dim ⇠(t) < dimx(t)

minimal controller
The input-output behavior cannot be 
replicated by a lower order controller.

dynamic controller

<latexit sha1_base64="LJJRbX2bHhgNQ4A/bz3P+1PnSqc="></latexit>

⇠(t) internal state of the controller

*                    controllable and observable
<latexit sha1_base64="/t5ksPlJcPMBxCZCQKNZrGUxWQE="></latexit>

(AK, BK, CK)

Dynamic Controllers

<latexit sha1_base64="q7nPOskqSZGQHCdCIP/jffj+KNA="></latexit>

K = (AK, BK, CK)

Linear system
<latexit sha1_base64="nI0I4zaMO+KmkRq0Cxs+nd0Vw6s=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/SpLtn6K4RwpBf8OJBEa/+kDf/xp4kguuDgsd7VVTVCxPBDXjeu1NYWV1b3yhulra2d3b3yvsHbROnmrIWjUWsuyExTHDFWsBBsG6iGZGhYJ1wcpX7nTumDY/VLUwTFkgyUjzilEAupVU4HZQrnuvXL72ah38T3/XmqKAlmoPyW38Y01QyBVQQY3q+l0CQEQ2cCjYr9VPDEkInZMR6lioimQmy+a0zfGKVIY5ibUsBnqtfJzIijZnK0HZKAmPz08vFv7xeCtFFkHGVpMAUXSyKUoEhxvnjeMg1oyCmlhCqub0V0zHRhIKNp2RD+PwU/0/aNdc/c+s39UrDW8ZRREfoGFWRj85RA12jJmohisboHj2iJ0c6D86z87JoLTjLmUP0Dc7rB8BOjgM=</latexit>

u(t)
<latexit sha1_base64="y4cx1BqQdojqQelJAFKr4QW1SCI=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDES5gJweUW8OIxglkgGUJPpydp0t0zdNcIw5Bf8OJBEa/+kDf/xp4kguuDgsd7VVTVC2LBDbjuu1NYWV1b3yhulra2d3b3yvsHHRMlmrI2jUSkewExTHDF2sBBsF6sGZGBYN1gepX73TumDY/ULaQx8yUZKx5ySiCX0iqcDssVt+Y1Lt26i38Tr+bOUUFLtIblt8EooolkCqggxvQ9NwY/Ixo4FWxWGiSGxYROyZj1LVVEMuNn81tn+MQqIxxG2pYCPFe/TmREGpPKwHZKAhPz08vFv7x+AuGFn3EVJ8AUXSwKE4EhwvnjeMQ1oyBSSwjV3N6K6YRoQsHGU7IhfH6K/yedes07qzVuGpWmu4yjiI7QMaoiD52jJrpGLdRGFE3QPXpET450Hpxn52XRWnCWM4foG5zXD8Zqjgc=</latexit>

y(t)

<latexit sha1_base64="GvGhUgUQuex/jLAW0fayYNrN3qo="></latexit>

w(t), v(t)

<latexit sha1_base64="51f+T2w8FxdH8K218gok5kuLfws="></latexit>

ẋ(t) = Ax(t)+Bu(t)+w(t)

y(t) = Cx(t) + v(t)

<latexit sha1_base64="XKZVsqRudfWDYGIFL5AyUMjWxQM="></latexit>

⇠̇(t) = AK⇠(t) +BKy(t)

u(t) = CK⇠(t)

Gaussian white



Linear system
<latexit sha1_base64="nI0I4zaMO+KmkRq0Cxs+nd0Vw6s=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/SpLtn6K4RwpBf8OJBEa/+kDf/xp4kguuDgsd7VVTVCxPBDXjeu1NYWV1b3yhulra2d3b3yvsHbROnmrIWjUWsuyExTHDFWsBBsG6iGZGhYJ1wcpX7nTumDY/VLUwTFkgyUjzilEAupVU4HZQrnuvXL72ah38T3/XmqKAlmoPyW38Y01QyBVQQY3q+l0CQEQ2cCjYr9VPDEkInZMR6lioimQmy+a0zfGKVIY5ibUsBnqtfJzIijZnK0HZKAmPz08vFv7xeCtFFkHGVpMAUXSyKUoEhxvnjeMg1oyCmlhCqub0V0zHRhIKNp2RD+PwU/0/aNdc/c+s39UrDW8ZRREfoGFWRj85RA12jJmohisboHj2iJ0c6D86z87JoLTjLmUP0Dc7rB8BOjgM=</latexit>

u(t)
<latexit sha1_base64="y4cx1BqQdojqQelJAFKr4QW1SCI=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDES5gJweUW8OIxglkgGUJPpydp0t0zdNcIw5Bf8OJBEa/+kDf/xp4kguuDgsd7VVTVC2LBDbjuu1NYWV1b3yhulra2d3b3yvsHHRMlmrI2jUSkewExTHDF2sBBsF6sGZGBYN1gepX73TumDY/ULaQx8yUZKx5ySiCX0iqcDssVt+Y1Lt26i38Tr+bOUUFLtIblt8EooolkCqggxvQ9NwY/Ixo4FWxWGiSGxYROyZj1LVVEMuNn81tn+MQqIxxG2pYCPFe/TmREGpPKwHZKAhPz08vFv7x+AuGFn3EVJ8AUXSwKE4EhwvnjeMQ1oyBSSwjV3N6K6YRoQsHGU7IhfH6K/yedes07qzVuGpWmu4yjiI7QMaoiD52jJrpGLdRGFE3QPXpET450Hpxn52XRWnCWM4foG5zXD8Zqjgc=</latexit>

y(t)

<latexit sha1_base64="GvGhUgUQuex/jLAW0fayYNrN3qo="></latexit>

w(t), v(t)

<latexit sha1_base64="51f+T2w8FxdH8K218gok5kuLfws="></latexit>

ẋ(t) = Ax(t)+Bu(t)+w(t)

y(t) = Cx(t) + v(t)
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Objective Function and Domain

• Objective function

• When does K stabilize the system?
o Dynamics of the closed-loop system:

<latexit sha1_base64="osCf8uDGRKWzXDtMHDCXauj2uCI="></latexit>

J(K) : Cfull ! R

<latexit sha1_base64="GNFOZTSebz/WDMV303irY70QFPI="></latexit>

d

dt


x
⇠

�
=


A BCK

BKC AK

� 
x
⇠

�
+


I 0
0 BK

� 
w
v

�


y
u

�
=


C 0
0 CK

� 
x
⇠

�
+


v
0

�

Set of full-order,
stabilizing dynamic

controllers

dynamic controller
<latexit sha1_base64="q7nPOskqSZGQHCdCIP/jffj+KNA="></latexit>

K = (AK, BK, CK)

<latexit sha1_base64="XKZVsqRudfWDYGIFL5AyUMjWxQM="></latexit>

⇠̇(t) = AK⇠(t) +BKy(t)

u(t) = CK⇠(t)

Gaussian white



Linear system
<latexit sha1_base64="nI0I4zaMO+KmkRq0Cxs+nd0Vw6s=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/SpLtn6K4RwpBf8OJBEa/+kDf/xp4kguuDgsd7VVTVCxPBDXjeu1NYWV1b3yhulra2d3b3yvsHbROnmrIWjUWsuyExTHDFWsBBsG6iGZGhYJ1wcpX7nTumDY/VLUwTFkgyUjzilEAupVU4HZQrnuvXL72ah38T3/XmqKAlmoPyW38Y01QyBVQQY3q+l0CQEQ2cCjYr9VPDEkInZMR6lioimQmy+a0zfGKVIY5ibUsBnqtfJzIijZnK0HZKAmPz08vFv7xeCtFFkHGVpMAUXSyKUoEhxvnjeMg1oyCmlhCqub0V0zHRhIKNp2RD+PwU/0/aNdc/c+s39UrDW8ZRREfoGFWRj85RA12jJmohisboHj2iJ0c6D86z87JoLTjLmUP0Dc7rB8BOjgM=</latexit>

u(t)
<latexit sha1_base64="y4cx1BqQdojqQelJAFKr4QW1SCI=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDES5gJweUW8OIxglkgGUJPpydp0t0zdNcIw5Bf8OJBEa/+kDf/xp4kguuDgsd7VVTVC2LBDbjuu1NYWV1b3yhulra2d3b3yvsHHRMlmrI2jUSkewExTHDF2sBBsF6sGZGBYN1gepX73TumDY/ULaQx8yUZKx5ySiCX0iqcDssVt+Y1Lt26i38Tr+bOUUFLtIblt8EooolkCqggxvQ9NwY/Ixo4FWxWGiSGxYROyZj1LVVEMuNn81tn+MQqIxxG2pYCPFe/TmREGpPKwHZKAhPz08vFv7x+AuGFn3EVJ8AUXSwKE4EhwvnjeMQ1oyBSSwjV3N6K6YRoQsHGU7IhfH6K/yedes07qzVuGpWmu4yjiI7QMaoiD52jJrpGLdRGFE3QPXpET450Hpxn52XRWnCWM4foG5zXD8Zqjgc=</latexit>

y(t)

<latexit sha1_base64="GvGhUgUQuex/jLAW0fayYNrN3qo="></latexit>

w(t), v(t)

<latexit sha1_base64="51f+T2w8FxdH8K218gok5kuLfws="></latexit>

ẋ(t) = Ax(t)+Bu(t)+w(t)

y(t) = Cx(t) + v(t)
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Objective Function and Domain

• Objective function

• When does K stabilize the system?

<latexit sha1_base64="osCf8uDGRKWzXDtMHDCXauj2uCI="></latexit>

J(K) : Cfull ! R

Set of full-order,
stabilizing dynamic

controllers

<latexit sha1_base64="cC1hKILTSOk03xplcR1LSUqxjnI="></latexit>

Cfull =
⇢
K
��� K = (AK, BK, CK) Bb 7mHH@Q`/2`-


A BCK

BKC AK

�
Bb >m`rBix bi�#H2

�dynamic controller
<latexit sha1_base64="q7nPOskqSZGQHCdCIP/jffj+KNA="></latexit>

K = (AK, BK, CK)

<latexit sha1_base64="XKZVsqRudfWDYGIFL5AyUMjWxQM="></latexit>

⇠̇(t) = AK⇠(t) +BKy(t)

u(t) = CK⇠(t)

Gaussian white



Linear system
<latexit sha1_base64="nI0I4zaMO+KmkRq0Cxs+nd0Vw6s=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/SpLtn6K4RwpBf8OJBEa/+kDf/xp4kguuDgsd7VVTVCxPBDXjeu1NYWV1b3yhulra2d3b3yvsHbROnmrIWjUWsuyExTHDFWsBBsG6iGZGhYJ1wcpX7nTumDY/VLUwTFkgyUjzilEAupVU4HZQrnuvXL72ah38T3/XmqKAlmoPyW38Y01QyBVQQY3q+l0CQEQ2cCjYr9VPDEkInZMR6lioimQmy+a0zfGKVIY5ibUsBnqtfJzIijZnK0HZKAmPz08vFv7xeCtFFkHGVpMAUXSyKUoEhxvnjeMg1oyCmlhCqub0V0zHRhIKNp2RD+PwU/0/aNdc/c+s39UrDW8ZRREfoGFWRj85RA12jJmohisboHj2iJ0c6D86z87JoLTjLmUP0Dc7rB8BOjgM=</latexit>

u(t)
<latexit sha1_base64="y4cx1BqQdojqQelJAFKr4QW1SCI=">AAAB63icdVDJSgNBEO2JW4xb1KOXxiDES5gJweUW8OIxglkgGUJPpydp0t0zdNcIw5Bf8OJBEa/+kDf/xp4kguuDgsd7VVTVC2LBDbjuu1NYWV1b3yhulra2d3b3yvsHHRMlmrI2jUSkewExTHDF2sBBsF6sGZGBYN1gepX73TumDY/ULaQx8yUZKx5ySiCX0iqcDssVt+Y1Lt26i38Tr+bOUUFLtIblt8EooolkCqggxvQ9NwY/Ixo4FWxWGiSGxYROyZj1LVVEMuNn81tn+MQqIxxG2pYCPFe/TmREGpPKwHZKAhPz08vFv7x+AuGFn3EVJ8AUXSwKE4EhwvnjeMQ1oyBSSwjV3N6K6YRoQsHGU7IhfH6K/yedes07qzVuGpWmu4yjiI7QMaoiD52jJrpGLdRGFE3QPXpET450Hpxn52XRWnCWM4foG5zXD8Zqjgc=</latexit>

y(t)

<latexit sha1_base64="GvGhUgUQuex/jLAW0fayYNrN3qo="></latexit>

w(t), v(t)

<latexit sha1_base64="51f+T2w8FxdH8K218gok5kuLfws="></latexit>

ẋ(t) = Ax(t)+Bu(t)+w(t)

y(t) = Cx(t) + v(t)
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Objective Function and Domain

dynamic controller
<latexit sha1_base64="q7nPOskqSZGQHCdCIP/jffj+KNA="></latexit>

K = (AK, BK, CK)

<latexit sha1_base64="XKZVsqRudfWDYGIFL5AyUMjWxQM="></latexit>

⇠̇(t) = AK⇠(t) +BKy(t)

u(t) = CK⇠(t)

Gaussian white
<latexit sha1_base64="hU0BJJ0y5kgGRy+eI3aEmQFsB3I="></latexit>

min
K

J(K)

bXiX K=(AK, BK, CK) 2 Cfull

<latexit sha1_base64="HJODRawEYoBzDquiIphrq28jtZo="></latexit>

Cfull

Objective: J(K) The accumulated cost

Domain: The set of full-order, stabilizing 
dynamic controllers

<latexit sha1_base64="DVH4jxKQiGfRv5sT8r4B3RAmTzc="></latexit>

J(K) = lim
T!1

1

T

TX

t=1

E
⇥
x(t)>Qx(t) + u(t)>Ru(t)
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The domain is open, unbounded, and can be nonconvex.

Preliminary Results on the Domain
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Proposition.

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
-1.5
-1.0
-0.5
0.0

0.5

1.0

1.5
<latexit sha1_base64="HJODRawEYoBzDquiIphrq28jtZo="></latexit>

Cfull

<latexit sha1_base64="HJODRawEYoBzDquiIphrq28jtZo="></latexit>

Cfull



1) The set can be disconnected, but has at most 2 connected components.

Connectivity of the Domain
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Theorem 1. Under some standard assumptions,
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For gradient-based local search methods,

it makes no difference to search over

either connected component.

1) The set can be disconnected, but has at most 2 connected components.

2) If has 2 connected components, then the mapping

is a bijection between the 2 connected components that does not change the
value of J(K).

Connectivity of the Domain
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J(K) = J(T (K))

Theorem 1. Under some standard assumptions,
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Example 1.
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ẋ(t) = �x(t) + u(t) + w(t)

y(t) = x(t) + v(t)

• open-loop stable

1) is connected if the plant is open-loop stable or there exists a reduced-
order stabilizing controller.

2) The sufficient condition of connectivity in 1) becomes necessary if the plant is 
single-input or single-output.

Connectivity of the Domain
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Theorem 2.
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Under some standard assumptions,
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Cfull1) is connected if the plant is open-loop stable or there exists a reduced-
order stabilizing controller.

2) The sufficient condition of connectivity in 1) becomes necessary if the plant is 
single-input or single-output.

Theorem 2. Under some standard assumptions,

Example 2.
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ẋ(t) = x(t) + u(t) + w(t)

y(t) = x(t) + v(t)

• not open-loop stable
• no reduced-order stabilizing controller
• single-input single-output
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Cfull1) is connected if the plant is open-loop stable or there exists a reduced-
order stabilizing controller.

2) The sufficient condition of connectivity in 1) becomes necessary if the plant is 
single-input or single-output.

Theorem 2. Under some standard assumptions,

Example 2.
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ẋ(t) = x(t) + u(t) + w(t)

y(t) = x(t) + v(t)
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The two connected components:
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Proof idea: Construct a convex set and a continuous mapping such that

<latexit sha1_base64="wrl//yUANbdnMGQ8R+lNAedMy/o="></latexit>

F
<latexit sha1_base64="fQKl9g11ZW4jzkhAY22unT+EJqU="></latexit>

GL
<latexit sha1_base64="lKwj0mZifFbdRMmErmkwfG+zK+k="></latexit>⇥

<latexit sha1_base64="wC1TIfVvlLAYLT0cJUy0ABq0zJg="></latexit>

� <latexit sha1_base64="HJODRawEYoBzDquiIphrq28jtZo="></latexit>

Cfull

<latexit sha1_base64="wC1TIfVvlLAYLT0cJUy0ABq0zJg="></latexit>

�
<latexit sha1_base64="wrl//yUANbdnMGQ8R+lNAedMy/o="></latexit>

F

<latexit sha1_base64="TdOZTw5/Jj3pxp/thR8VD9+mKAQ="></latexit>

surjective
<latexit sha1_base64="q2uJeR2D997PIazjjTEaD+y7e4A="></latexit>����������!

connected

general linear group
2 connected components

2 connected components at most 2 connected components

How to construct and ?
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�

Inspired by convex reformulation
of LQG in control theory
[Scherer et al. 1997]
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LQG as an Optimization Problem
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§ Connectivity of the domain
• Is it connected? Not necessarily.
• If not, how many connected components can it have? Two.

§ Structure of stationary points of J(K)
• Are there spurious (strictly suboptimal) stationary points?
• How to check if a stationary point is globally optimal?
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§ Connectivity of the domain
• Is it connected? Not necessarily.
• If not, how many connected components can it have? Two.

§ Structure of stationary points of J(K)
• Are there spurious (strictly suboptimal) stationary points?
• How to check if a stationary point is globally optimal?
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Structure of Stationary Points
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Proposition.
1) J(K) is a real analytic function over its domain
2) J(K) has non-unique and non-isolated global optima

Similarity transformation
<latexit sha1_base64="lqDjUAKpcV60xfHSvRV1NvlnID8="></latexit>

(AK, BK, CK) 7! (TAKT
�1, TBK, CKT

�1)

Ø J(K) is invariant under similarity transformations.
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Proposition.
1) J(K) is a real analytic function over its domain
2) J(K) has non-unique and non-isolated global optima
3) J(K) will have spurious stationary points if the system is open-loop stable

Ø There may even exist saddle points
with a vanishing Hessian.
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Proposition.
1) J(K) is a real analytic function over its domain
2) J(K) has non-unique and non-isolated global optima
3) J(K) will have spurious stationary points if the system is open-loop stable
4) J(K) is not coercive



Structure of Stationary Points
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Theorem 3.

1) This stationary point is a global optimum of J(K)

2) The set of all global optima forms a manifold with 2 connected components.

Example 1 Example 2

Suppose there exists a stationary point that is a minimal controller. Then
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ẋ(t)=x(t)+u(t)+w(t)

y(t)=x(t)+v(t)
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x(t) 2 R
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Implication.

Consider gradient descent iterations

If the iterates converge to a minimal
controller, then this minimal controller is a
global optimum.
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Kt+1 = Kt � ↵rJ(Kt)

* How to check if a controller is minimal?
Ø Check its controllability and observability.
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LQG as an optimization problem
<latexit sha1_base64="hU0BJJ0y5kgGRy+eI3aEmQFsB3I="></latexit>

min
K

J(K)

bXiX K=(AK, BK, CK) 2 Cfull

Connectivity of domain Stationary points

v At most two connected components

v The two connected components
mirror each other

v Conditions for being connected

v Non-unique global optima,
spurious stationary points

v Minimal stationary points are
globally optimal

More results are presented in arXiv:2102.04393.

Partial & noisy system measurement
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Single-agent, partial measurement, 
u(t)=K y(t)

Domain

Nonconvex, connected Multiple connected components

J(K)

• Coercive
• Gradient dominance
• Unique stationary point

• Coercive
• Not gradient dominance
• Multiple stationary points
• Lacks good properties

Centralized LQR Single-agent, partial & noisy 
measurement, dynamic controller
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[Feng & Lavaei 2019]

Nonconvex, 
at most 2 connected components

• Not coercive
• Spurious stationary points, 

non-strict saddle points
• Sufficient condition for 

checking global optimality



Future Directions

• A comprehensive classification of stationary points

• Conditions for existence of minimal globally optimal controllers

• Saddle points with vanishing Hessians may exist. How to deal with them?

• Alternative model-free parametrization of dynamic controllers
• Better optimization landscape structures, smaller dimension
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Future Directions

• A comprehensive classification of stationary points

• Conditions for existence of minimal globally optimal controllers

• Saddle points with vanishing Hessians may exist. How to deal with them?

• Alternative model-free parametrization of dynamic controllers
• Better optimization landscape structures, smaller dimension

• Extension to multi-agent settings?
• Should agents also exchange their measurements        ?

• Effects of delays?
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