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Credit: N. Azizan and B. Hassibi

• Large models
• Massive datasets
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Credit: N. Azizan and B. Hassibi

• Edge devices capable of data collection and processing 
for machine learning task

• Preferrable to keep data locally
• Wireless channels

Lossy, unreliable and have limited bandwidth
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The server
<latexit sha1_base64="Oaaly4qG8hFiK3hobejuiFN7gkI="></latexit>

KBMBKBx2
x2Rd

1

n

nX

i=1

fi(x)

Each worker
q local objective ,
q stochastic gradient

§ unbiased:

<latexit sha1_base64="1EPGQGA8AECdyOwa1P3uvF/0YMg="></latexit>

fi(x)
<latexit sha1_base64="R8S4Kq85U1qR+efWWD6KjKlRHKA="></latexit>

gi(x)
<latexit sha1_base64="3mrrXSGldZ2RR3TQ2NySFroz3zc="></latexit>

E[gi(x)] = rfi(x)

<latexit sha1_base64="IZwexX5+SoL64UjqEB5LMF7zw70="></latexit>

x 2 Rd

Communication links
q broadcasting q uploading



A Common Approach
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Server:
Randomly choose m workers
Broadcast x(t)

Each chosen worker:
Query stochastic gradient
Upload

<latexit sha1_base64="UvaNjffmDla19TbJ2+8T/gyZCo8="></latexit>

gi(t) = gi(x(t))
<latexit sha1_base64="0T5UPbeetshWdzdIv/n6RU6izN4="></latexit>

gi(t) 2 Rd

Server:
Aggregate

<latexit sha1_base64="LdekF7rffQJvHJAp/wlthcbYtEQ="></latexit>

g(t) =
1

m

X
i
gi(t)

Update
<latexit sha1_base64="HVpnOEnCThq/UvTX+nFOLz/BK1c="></latexit>

x(t+1) = x(t)� ⌘g(t)
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Server:
Randomly choose m workers
Broadcast x(t)

Each chosen worker:
Query stochastic gradient
Upload

<latexit sha1_base64="UvaNjffmDla19TbJ2+8T/gyZCo8="></latexit>

gi(t) = gi(x(t))
<latexit sha1_base64="0T5UPbeetshWdzdIv/n6RU6izN4="></latexit>

gi(t) 2 Rd

Server:
Aggregate

<latexit sha1_base64="LdekF7rffQJvHJAp/wlthcbYtEQ="></latexit>

g(t) =
1

m

X
i
gi(t)

Update
<latexit sha1_base64="HVpnOEnCThq/UvTX+nFOLz/BK1c="></latexit>

x(t+1) = x(t)� ⌘g(t)

§ Collecting local gradients can
be costly when d is large

§ Reducing m does not help:
Smaller m requires more
iterations.
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Local SGD/FedAvg Gradient Compression
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Local SGD/FedAvg Gradient Compression

Server:
Randomly choose m workers
Broadcast x(t)

Each chosen worker:
Initialize
Run multiple SGD iterations
Upload

Server:
Aggregate
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Local SGD/FedAvg Gradient Compression

• Application in federated learning [McMahan 2017]

• Convergence for i.i.d. case (identical local objectives/stochastic gradients)
[Stich 2018a] [Wang 2018] [Yu 2019]

• Convergence for non-i.i.d. case (heterogeneous objectives/stochastic gradients)
[Li 2018] [Khaled 2019] [Li 2019] [Wang 2020]

• Requires bounded dissimilarities of local objectives/gradients



Communication-Efficient SGD

Communication-Efficient SGD with Compressed Sensing 13

Local SGD/FedAvg Gradient Compression

• Quantization
[Seide 2014] [Alistarh 2017] [Bernstein 2018]

• Sparsification
[Alistarh 2018] [Wangni 2018]

• Error feedback
[Stich 2018b] [Karimireddy 2019]

ü Can handle bias
ü Comparable convergence rate with

vanilla SGD

Server:
Randomly choose m workers
Broadcast x(t)

Each chosen worker:

Server:
Decompress and aggregate

Update

Query stochastic gradient
Compress
Upload

<latexit sha1_base64="UvaNjffmDla19TbJ2+8T/gyZCo8="></latexit>

gi(t) = gi(x(t))
<latexit sha1_base64="oqd6iRt2u4Hv85Y5k17WZTotXPc="></latexit>

yi(t) = C(gi(t))
<latexit sha1_base64="WpixAed6qVJtW1pxRpucb/aX5cU="></latexit>

yi(t)

<latexit sha1_base64="mSErbSJR/4xo7p+W261uGV6t1T8="></latexit>

ĝ(t) = U({yi(t)})
<latexit sha1_base64="l2CIrF79bS4d+7pVmWFJe1kMu3g="></latexit>

x(t+1) = x(t)− ηĝ(t)
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Local SGD/FedAvg Gradient Compression

• Quantization & sparsification
are nonlinear

• First decompress, then aggregate

• Harder to control the error

• Error-feedback requires full
participation of workers for each
iteration.

<latexit sha1_base64="xmx6eF5UgrmFEBPmvDf6ozANOEs="></latexit>

‖ĝ(t)− 1
m

∑
i gi(t)‖

Server:
Randomly choose m workers
Broadcast x(t)

Each chosen worker:

Server:
Decompress and aggregate

Update

Query stochastic gradient
Compress
Upload

<latexit sha1_base64="UvaNjffmDla19TbJ2+8T/gyZCo8="></latexit>

gi(t) = gi(x(t))
<latexit sha1_base64="oqd6iRt2u4Hv85Y5k17WZTotXPc="></latexit>

yi(t) = C(gi(t))
<latexit sha1_base64="WpixAed6qVJtW1pxRpucb/aX5cU="></latexit>

yi(t)

<latexit sha1_base64="ly695+DNl+5TSBeFYHSBNFMTQXE="></latexit>

ĝ(t) =
1

m

X
i
U(yi(t))

<latexit sha1_base64="l2CIrF79bS4d+7pVmWFJe1kMu3g="></latexit>

x(t+1) = x(t)− ηĝ(t)
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Local SGD/FedAvg Gradient Compression

• Count Sketch
[Ivkin 2019] [Rothchild 2020]

• is a linear operator

• recovers the top-K entries
of

• Incorporates error feedback

• Replies on approximate sparsity
of (error-corrected) aggregated SG

<latexit sha1_base64="6VPCI6s5UCs8p8TvM0Bks7J8Q2w="></latexit>

C
<latexit sha1_base64="B2qEoFNYFwP1xM7col+FNNoJjCI="></latexit>

U
<latexit sha1_base64="XyAebnv0NkpARKyBykN/odsN+UQ="></latexit>

1
m

∑
i gi(t)

Server:
Randomly choose m workers
Broadcast x(t)

Each chosen worker:

Server:
Aggregate and decompress

Update

Query stochastic gradient
Compress
Upload

<latexit sha1_base64="UvaNjffmDla19TbJ2+8T/gyZCo8="></latexit>

gi(t) = gi(x(t))
<latexit sha1_base64="oqd6iRt2u4Hv85Y5k17WZTotXPc="></latexit>

yi(t) = C(gi(t))
<latexit sha1_base64="WpixAed6qVJtW1pxRpucb/aX5cU="></latexit>

yi(t)

<latexit sha1_base64="ImZWu0m8w9vasIhXX/CMAR1aLgE="></latexit>

ĝ(t) = U
⇣

1

m

X
i
yi(t)

⌘

<latexit sha1_base64="l2CIrF79bS4d+7pVmWFJe1kMu3g="></latexit>

x(t+1) = x(t)− ηĝ(t)
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Local SGD/FedAvg Gradient Compression

• Count Sketch
[Ivkin 2019] [Rothchild 2020]

v First aggregate, then decompress

v Error feedback carried out by the
server

v Allows partial participation of
workers

v Inconsistency in its theoretical
foundation

Server:
Randomly choose m workers
Broadcast x(t)

Each chosen worker:

Server:
Aggregate and decompress

Update

Query stochastic gradient
Compress
Upload

<latexit sha1_base64="UvaNjffmDla19TbJ2+8T/gyZCo8="></latexit>

gi(t) = gi(x(t))
<latexit sha1_base64="oqd6iRt2u4Hv85Y5k17WZTotXPc="></latexit>

yi(t) = C(gi(t))
<latexit sha1_base64="WpixAed6qVJtW1pxRpucb/aX5cU="></latexit>

yi(t)

<latexit sha1_base64="ImZWu0m8w9vasIhXX/CMAR1aLgE="></latexit>

ĝ(t) = U
⇣

1

m

X
i
yi(t)

⌘

<latexit sha1_base64="l2CIrF79bS4d+7pVmWFJe1kMu3g="></latexit>

x(t+1) = x(t)− ηĝ(t)
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Preliminaries
Algorithm Design

Convergence

§ Undetermined noisy linear measurement

§ How to design
Ø sensing matrix
Ø reconstruction algorithm
to recover the original signal x from y and ?

§ Two schemes: for-each and for-all

<latexit sha1_base64="pJoFKCHtTO6UCJGlE/T5jEizd5o="></latexit>

y = Φx+ w
approximately sparse

d entries

measurement
Q entries

sensing matrix
<latexit sha1_base64="mIcYV0a+xxS48tUbonBT/OPEoeg="></latexit>

Q× d
<latexit sha1_base64="4owzQN2RpQ7wzgvNKmwoR0rmfXA="></latexit>

Q < d

<latexit sha1_base64="y2bQ8eZ2kjKUHEBZSQBuvc4hlr0="></latexit>

Φ

<latexit sha1_base64="y2bQ8eZ2kjKUHEBZSQBuvc4hlr0="></latexit>

Φ
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For-each scheme
§ Construct a probability distribution over sensing matrices
§ Sample a new every time a new signal x is to be measured and

reconstructed
§ Theoretical guarantees of reconstruction algorithms:

<latexit sha1_base64="j3hyDm3NhFEYnBxVXK4RGHrEB1Q="></latexit>

D
<latexit sha1_base64="mIcYV0a+xxS48tUbonBT/OPEoeg="></latexit>

Q× d
<latexit sha1_base64="wCGaNARyGwwnucKAqn5I0Iidyfk="></latexit>

Φ ∼ D

Given Q and d, suppose                       . Then there exist       
and          depending on K, Q and d, such that for any           
that is deterministic/independent of ,

<latexit sha1_base64="qxLsrVxmnAiDSYSIj6H86j5+xA0="></latexit>

K  O(Q/ log d)
<latexit sha1_base64="2Wu6+wZPgzIsnlBZuAae6kxvktw="></latexit>

✏ > 0
<latexit sha1_base64="i2fxNbJFgpIH7O8fjGPzWrGaA7I="></latexit>

↵ > 0
<latexit sha1_base64="ERtssc+5dfYLdeqIZBDNlCyxmXs="></latexit>

x 2 Rd

<latexit sha1_base64="DxQlbzGGJkPnV3ba120E05SHE5M="></latexit>

�

reconstructed
signal

best K-sparse
approximation of x

Preliminaries
Algorithm Design

Convergence



§ Construct a probability distribution over sensing matrices
§ Sample a new every time a new signal x is to be measured and

reconstructed
§ Theoretical guarantees of reconstruction algorithms:

§ Examples: Count Sketch [Charikar 2002], Count-min Sketch [Cormode 2005]

Given Q and d, suppose                       . Then there exist       
and          depending on K, Q and d, such that for any           
that is deterministic/independent of ,

Two Schemes of Compressed Sensing
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For-each scheme
<latexit sha1_base64="j3hyDm3NhFEYnBxVXK4RGHrEB1Q="></latexit>

D
<latexit sha1_base64="mIcYV0a+xxS48tUbonBT/OPEoeg="></latexit>

Q× d
<latexit sha1_base64="wCGaNARyGwwnucKAqn5I0Iidyfk="></latexit>

Φ ∼ D

<latexit sha1_base64="qxLsrVxmnAiDSYSIj6H86j5+xA0="></latexit>

K  O(Q/ log d)
<latexit sha1_base64="2Wu6+wZPgzIsnlBZuAae6kxvktw="></latexit>

✏ > 0
<latexit sha1_base64="i2fxNbJFgpIH7O8fjGPzWrGaA7I="></latexit>

↵ > 0
<latexit sha1_base64="ERtssc+5dfYLdeqIZBDNlCyxmXs="></latexit>

x 2 Rd

<latexit sha1_base64="DxQlbzGGJkPnV3ba120E05SHE5M="></latexit>

�

reconstruction error best K-sparse
approximation error

w.h.p.

Preliminaries
Algorithm Design

Convergence
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For-all scheme
§ Construct a single                  that satisfies restricted isometry property
§ Use this sensing matrix for measuring and reconstructing all possible x

<latexit sha1_base64="D+8ujXkn061jNY67iOTmZt4VYV8="></latexit>

� 2 RQ⇥d

A matrix                is said to satisfy           -restricted isometry 
property (RIP) for some           and               , if

for any x that has at most K nonzero entries.

<latexit sha1_base64="fDCMMisBfIenCXQLtbjBbWP7pqw="></latexit>

(1� �K)kxk22  k�xk22  (1 + �K)kxk22

<latexit sha1_base64="D+8ujXkn061jNY67iOTmZt4VYV8="></latexit>

� 2 RQ⇥d
<latexit sha1_base64="hwHKnNTpx2iqoZUfqLkTxgjD2DM="></latexit>

(K, �K)
<latexit sha1_base64="7kp7e7zKnYXaYpaR2XBTQrxgZm8="></latexit>

K < d
<latexit sha1_base64="xoLrcg7WJHAepWWLCmPr66o3Lds="></latexit>

�K 2 (0, 1)

-RIP
<latexit sha1_base64="Q+Xl5v0ZklgtDX6Mgw9EbUDnZWE="></latexit>

(2K, �2K)
for any u, v that 

have at most K nonzero entries.

<latexit sha1_base64="xp4dxbOGBVQzDHcFTGfendfLJkA="></latexit>

k�u��vk2 �
p

1��2Kku�vk2

linear measurement               can discriminate sparse signals
<latexit sha1_base64="7cZg2KK8Q+x8pItOBR1jLM+zyVI="></latexit>

x 7! �x

Preliminaries
Algorithm Design

Convergence
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For-all scheme
§ Construct a single                  that satisfies restricted isometry property
§ Use this sensing matrix for measuring and reconstructing all possible x

§ How to generate RIP matrices?
ü Randomized methods (will be explained later)

<latexit sha1_base64="D+8ujXkn061jNY67iOTmZt4VYV8="></latexit>

� 2 RQ⇥d

A matrix                is said to satisfy           -restricted isometry 
property (RIP) for some           and               , if

for any x that has at most K nonzero entries.

<latexit sha1_base64="fDCMMisBfIenCXQLtbjBbWP7pqw="></latexit>

(1� �K)kxk22  k�xk22  (1 + �K)kxk22

<latexit sha1_base64="D+8ujXkn061jNY67iOTmZt4VYV8="></latexit>

� 2 RQ⇥d
<latexit sha1_base64="hwHKnNTpx2iqoZUfqLkTxgjD2DM="></latexit>

(K, �K)
<latexit sha1_base64="7kp7e7zKnYXaYpaR2XBTQrxgZm8="></latexit>

K < d
<latexit sha1_base64="xoLrcg7WJHAepWWLCmPr66o3Lds="></latexit>

�K 2 (0, 1)

Preliminaries
Algorithm Design

Convergence
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For-all scheme
§ Construct a single                  that satisfies restricted isometry property
§ Use this sensing matrix for measuring and reconstructing all possible x

§ Examples:     minimization [Candès 2005], CoSaMP [Needell 2009], 
Fast Iterative Hard Thresholding [Wei 2014]

<latexit sha1_base64="D+8ujXkn061jNY67iOTmZt4VYV8="></latexit>

� 2 RQ⇥d

A matrix                is said to satisfy           -restricted isometry 
property (RIP) for some           and               , if

for any x that has at most K nonzero entries.

<latexit sha1_base64="fDCMMisBfIenCXQLtbjBbWP7pqw="></latexit>

(1� �K)kxk22  k�xk22  (1 + �K)kxk22

<latexit sha1_base64="D+8ujXkn061jNY67iOTmZt4VYV8="></latexit>

� 2 RQ⇥d
<latexit sha1_base64="hwHKnNTpx2iqoZUfqLkTxgjD2DM="></latexit>

(K, �K)
<latexit sha1_base64="7kp7e7zKnYXaYpaR2XBTQrxgZm8="></latexit>

K < d
<latexit sha1_base64="xoLrcg7WJHAepWWLCmPr66o3Lds="></latexit>

�K 2 (0, 1)

<latexit sha1_base64="fK7C3GU4sbzm+PRJbfS1lwI6V1s="></latexit>

`1

Approximately solve
<latexit sha1_base64="0F5gLse4zeZ/nNnMW1WNjGd3Tqo="></latexit>

minz2Rd
1
2ky � �zk22 bXiX kzk0  K

<latexit sha1_base64="vHOJUNFwrb7gN5RjN9fjAS23aRE="></latexit>

minz2Rd kzk0 bXiX y = �z

Preliminaries
Algorithm Design

Convergence

or



Two Schemes of Compressed Sensing

Communication-Efficient SGD with Compressed Sensing 24

For-all scheme
§ Construct a single                  that satisfies restricted isometry property
§ Use this sensing matrix for measuring and reconstructing all possible x

§ Examples:     minimization [Candès 2005], CoSaMP [Needell 2009], 
Fast Iterative Hard Thresholding [Wei 2014]

ü Theoretical guarantees on reconstruction error when satisfies RIP.

<latexit sha1_base64="D+8ujXkn061jNY67iOTmZt4VYV8="></latexit>

� 2 RQ⇥d

A matrix                is said to satisfy           -restricted isometry 
property (RIP) for some           and               , if

for any x that has at most K nonzero entries.

<latexit sha1_base64="fDCMMisBfIenCXQLtbjBbWP7pqw="></latexit>

(1� �K)kxk22  k�xk22  (1 + �K)kxk22

<latexit sha1_base64="D+8ujXkn061jNY67iOTmZt4VYV8="></latexit>

� 2 RQ⇥d
<latexit sha1_base64="hwHKnNTpx2iqoZUfqLkTxgjD2DM="></latexit>

(K, �K)
<latexit sha1_base64="7kp7e7zKnYXaYpaR2XBTQrxgZm8="></latexit>

K < d
<latexit sha1_base64="xoLrcg7WJHAepWWLCmPr66o3Lds="></latexit>

�K 2 (0, 1)

<latexit sha1_base64="fK7C3GU4sbzm+PRJbfS1lwI6V1s="></latexit>

`1

<latexit sha1_base64="lEc03SjZC2RQ7/4je+kQOPF1KtA="></latexit>

Φ

Preliminaries
Algorithm Design

Convergence



Ø How to quantify the sparsity of a signal x?

§ norm:
• Not continuous, not robust to small perturbations
• Cannot characterize approximate sparsity

§ An alternative metric [Lopes 2016]:

• Continuous, robust to small perturbations
• Schur concave:

• Can characterize approximate sparsity

If                     and
for all                    , then

Metric of Sparsity

Communication-Efficient SGD with Compressed Sensing 25

<latexit sha1_base64="CLXifffWcBuyjMtV5NtbPHdn/Oo="></latexit>

!0
<latexit sha1_base64="SmS7Tkb7wDwhPJ3MG11i3hR5hZY="></latexit>

‖x‖0 := MmK#2` Q7 MQMx2`Q 2Mi`B2b Q7 x

<latexit sha1_base64="cR1KyRuTOctaybMWkZQD0qXmGp0="></latexit>

sp(x) :=
kxk21

kxk22 · d

<latexit sha1_base64="ZTOFFCl9wJO+sPq8rJ07YejJWcA="></latexit>

kuk1 = kvk1
<latexit sha1_base64="V4RBlKfsb3YGcSQM3ddBINkIBEA="></latexit>

ku� u[K]k1  kv � v[K]k1
<latexit sha1_base64="QPWotTItXYjNLCk40hZufctyEKo="></latexit>

K = 1, . . . , d
<latexit sha1_base64="o0oM75nx29wHpDq3d6lQTIPvPWE="></latexit>

sp(u)  sp(v)

<latexit sha1_base64="M0LjJX64j5dT0uRWkGnPQSiUXBw="></latexit>

2 (0, 1)

Preliminaries
Algorithm Design

Convergence
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<latexit sha1_base64="cR1KyRuTOctaybMWkZQD0qXmGp0="></latexit>

sp(x) :=
kxk21

kxk22 · d

For-each scheme
§ Construct a probability distribution over sensing matrices
§ Sample a new every time a new signal x is to be measured and

reconstructed

For-all scheme
§ Construct a single                  that satisfies restricted isometry property
§ Use this sensing matrix for measuring and reconstructing all possible x

<latexit sha1_base64="D+8ujXkn061jNY67iOTmZt4VYV8="></latexit>

� 2 RQ⇥d

<latexit sha1_base64="j3hyDm3NhFEYnBxVXK4RGHrEB1Q="></latexit>

D
<latexit sha1_base64="mIcYV0a+xxS48tUbonBT/OPEoeg="></latexit>

Q× d
<latexit sha1_base64="wCGaNARyGwwnucKAqn5I0Iidyfk="></latexit>

Φ ∼ D

Sparsity metric
§ Continuous & Schur concave
§ Can characterize approximate sparsity

Preliminaries
Algorithm Design

Convergence
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Preliminaries
Algorithm Design

Convergence Server:
Randomly choose m workers
Broadcast x(t)

Each chosen worker:

Server:
Aggregate and decompress

Update

Query SG
Compress
Upload

<latexit sha1_base64="UvaNjffmDla19TbJ2+8T/gyZCo8="></latexit>

gi(t) = gi(x(t))
<latexit sha1_base64="oqd6iRt2u4Hv85Y5k17WZTotXPc="></latexit>

yi(t) = C(gi(t))
<latexit sha1_base64="WpixAed6qVJtW1pxRpucb/aX5cU="></latexit>

yi(t)

<latexit sha1_base64="mSErbSJR/4xo7p+W261uGV6t1T8="></latexit>

ĝ(t) = U({yi(t)})
<latexit sha1_base64="l2CIrF79bS4d+7pVmWFJe1kMu3g="></latexit>

x(t+1) = x(t)− ηĝ(t)
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Preliminaries
Algorithm Design

Convergence

Query SG
Compress
Upload

<latexit sha1_base64="uHpJYB/isqsJWxd3zwOGlPj/SK4="></latexit>

yi(t) = Φgi(t)

Server:
Randomly choose m workers
Broadcast x(t)

Each chosen worker:

Server:
Aggregate and decompress

Update

<latexit sha1_base64="UvaNjffmDla19TbJ2+8T/gyZCo8="></latexit>

gi(t) = gi(x(t))
<latexit sha1_base64="uHpJYB/isqsJWxd3zwOGlPj/SK4="></latexit>

yi(t) = Φgi(t)

<latexit sha1_base64="o1DnOK9wukagtMYkwZzwHiCOmt4="></latexit>

ĝ(t) = A
(

1

m

∑
i yi(t);Φ

)

<latexit sha1_base64="l2CIrF79bS4d+7pVmWFJe1kMu3g="></latexit>

x(t+1) = x(t)− ηĝ(t)

generates and
broadcasts it to all workers

<latexit sha1_base64="88y2D90bFHWe3mfOe4tKvo6Ex0c="></latexit>

Φ ∈ RQ×dServer

§ : reconstruction algorithm

§ Why can we average before
reconstruction?
ü Compression is linear

ü

<latexit sha1_base64="YjKo8R3YM6jA5/+NvddvqY03+Es="></latexit>

A

<latexit sha1_base64="JTP0gZMGe5OT6TytPPMhjtITdo8="></latexit>

ĝ(t) ≈ 1
m

∑
i gi(t)
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§ A single for all iterations
üFor-all scheme

v Inconsistency in the work
[Rothchild 2020]:

A single for compression
and reconstruction in all
iterations

Count Sketch for generation
of and reconstruction
(for-each scheme)

<latexit sha1_base64="y2bQ8eZ2kjKUHEBZSQBuvc4hlr0="></latexit>

Φ

<latexit sha1_base64="y2bQ8eZ2kjKUHEBZSQBuvc4hlr0="></latexit>

Φ

<latexit sha1_base64="y2bQ8eZ2kjKUHEBZSQBuvc4hlr0="></latexit>

Φ
<latexit sha1_base64="YjKo8R3YM6jA5/+NvddvqY03+Es="></latexit>

A
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Query SG
Compress
Upload

<latexit sha1_base64="uHpJYB/isqsJWxd3zwOGlPj/SK4="></latexit>

yi(t) = Φgi(t)

Server:
Randomly choose m workers
Broadcast x(t)

Each chosen worker:

Server:
Aggregate and decompress

Update

<latexit sha1_base64="UvaNjffmDla19TbJ2+8T/gyZCo8="></latexit>

gi(t) = gi(x(t))
<latexit sha1_base64="uHpJYB/isqsJWxd3zwOGlPj/SK4="></latexit>

yi(t) = Φgi(t)

<latexit sha1_base64="o1DnOK9wukagtMYkwZzwHiCOmt4="></latexit>

ĝ(t) = A
(

1

m

∑
i yi(t);Φ

)

<latexit sha1_base64="l2CIrF79bS4d+7pVmWFJe1kMu3g="></latexit>

x(t+1) = x(t)− ηĝ(t)

generates and
broadcasts it to all workers

<latexit sha1_base64="88y2D90bFHWe3mfOe4tKvo6Ex0c="></latexit>

Φ ∈ RQ×dServer
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§ A single for all iterations
üFor-all scheme

v Our algorithm
: Subsampled Fourier
matrix
: Fast Iterative Hard
Thresholding (FIHT)

<latexit sha1_base64="y2bQ8eZ2kjKUHEBZSQBuvc4hlr0="></latexit>

Φ

<latexit sha1_base64="y2bQ8eZ2kjKUHEBZSQBuvc4hlr0="></latexit>

Φ

<latexit sha1_base64="YjKo8R3YM6jA5/+NvddvqY03+Es="></latexit>

A
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Query SG
Compress
Upload

<latexit sha1_base64="uHpJYB/isqsJWxd3zwOGlPj/SK4="></latexit>

yi(t) = Φgi(t)

Server:
Randomly choose m workers
Broadcast x(t)

Each chosen worker:

Server:
Aggregate and decompress

Update

<latexit sha1_base64="UvaNjffmDla19TbJ2+8T/gyZCo8="></latexit>

gi(t) = gi(x(t))
<latexit sha1_base64="uHpJYB/isqsJWxd3zwOGlPj/SK4="></latexit>

yi(t) = Φgi(t)

<latexit sha1_base64="o1DnOK9wukagtMYkwZzwHiCOmt4="></latexit>

ĝ(t) = A
(

1

m

∑
i yi(t);Φ

)

<latexit sha1_base64="l2CIrF79bS4d+7pVmWFJe1kMu3g="></latexit>

x(t+1) = x(t)− ηĝ(t)

generates and
broadcasts it to all workers

<latexit sha1_base64="88y2D90bFHWe3mfOe4tKvo6Ex0c="></latexit>

Φ ∈ RQ×dServer
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: Subsampled Fourier matrix
: Fast Iterative Hard Thresholding (FIHT)

<latexit sha1_base64="y2bQ8eZ2kjKUHEBZSQBuvc4hlr0="></latexit>

Φ

1. Let B be the discrete cosine transform (DCT) matrix
or Walsh-Hadamard transform (WHT) matrix
• B is orthogonal
•

• and for any u and v can be computed by O(d log d) algorithms

<latexit sha1_base64="ZAUfB3Jk35xHlrn5WP3VsEtlxuU="></latexit>

d× d

<latexit sha1_base64="foW/QwFVwujL9brofEIdHHBVftg="></latexit>

|Bij |  O(1/
p
d)

<latexit sha1_base64="pUnwqp9jJUZq3mYVRKX7Ip1ukcc="></latexit>

B =









<latexit sha1_base64="6yzc2/AoJyJ0c1PfVEcRjMdC9zE="></latexit>

Bu
<latexit sha1_base64="1iFQhNa/qdHjMUoeeCl/H4Nal6k="></latexit>

B!v
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1. Let B be the discrete cosine transform (DCT) matrix
or Walsh-Hadamard transform (WHT) matrix

2. Randomly choose Q rows of B to form a submatrix

<latexit sha1_base64="ZAUfB3Jk35xHlrn5WP3VsEtlxuU="></latexit>

d× d

<latexit sha1_base64="mIcYV0a+xxS48tUbonBT/OPEoeg="></latexit>

Q× d

<latexit sha1_base64="pUnwqp9jJUZq3mYVRKX7Ip1ukcc="></latexit>

B =









<latexit sha1_base64="1yQu4Yg2lXLM+6/bJfPe368w5n0="></latexit>

Φ̃ =









<latexit sha1_base64="ITELgaURY/cnhpHhiod/maunSs8="></latexit>

Φ̃

Preliminaries
Algorithm Design

Convergence

: Subsampled Fourier matrix
: Fast Iterative Hard Thresholding (FIHT)

<latexit sha1_base64="y2bQ8eZ2kjKUHEBZSQBuvc4hlr0="></latexit>

Φ



<latexit sha1_base64="RDuygx2sK69430SStQz5H2ZACrg="></latexit>

Φ =

√
d

Q








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1. Let B be the discrete cosine transform (DCT) matrix
or Walsh-Hadamard transform (WHT) matrix

2. Randomly choose Q rows of B to form a submatrix

3. Normalize by

<latexit sha1_base64="ZAUfB3Jk35xHlrn5WP3VsEtlxuU="></latexit>

d× d

<latexit sha1_base64="mIcYV0a+xxS48tUbonBT/OPEoeg="></latexit>

Q× d
<latexit sha1_base64="ITELgaURY/cnhpHhiod/maunSs8="></latexit>

Φ̃
<latexit sha1_base64="KZcBjTmz1f8n3PzozUusf1roNOA="></latexit>

Φ =

√
d

Q
· Φ̃

<latexit sha1_base64="pUnwqp9jJUZq3mYVRKX7Ip1ukcc="></latexit>

B =









Preliminaries
Algorithm Design

Convergence

: Subsampled Fourier matrix
: Fast Iterative Hard Thresholding (FIHT)

<latexit sha1_base64="y2bQ8eZ2kjKUHEBZSQBuvc4hlr0="></latexit>

Φ
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1. Let B be the discrete cosine transform (DCT) matrix
or Walsh-Hadamard transform (WHT) matrix

2. Randomly choose Q rows of B to form a submatrix

3. Normalize by

<latexit sha1_base64="ZAUfB3Jk35xHlrn5WP3VsEtlxuU="></latexit>

d× d

<latexit sha1_base64="mIcYV0a+xxS48tUbonBT/OPEoeg="></latexit>

Q× d
<latexit sha1_base64="ITELgaURY/cnhpHhiod/maunSs8="></latexit>

Φ̃
<latexit sha1_base64="KZcBjTmz1f8n3PzozUusf1roNOA="></latexit>

Φ =

√
d

Q
· Φ̃

Theorem. [Haviv 2017] satisfies -RIP with high probability
when

<latexit sha1_base64="lEc03SjZC2RQ7/4je+kQOPF1KtA="></latexit>

Φ
<latexit sha1_base64="utKYKnbFtskV0D7t6uBBANyqWEw="></latexit>

(K, δK)
<latexit sha1_base64="gfBvCK6CRY9LrSFge7qNNNfV1hQ="></latexit>

Q ≥ Õ(K log2 K log d · δ−2
K )

ü Broadcasting is easy: Just send the row indices of B
ü Matrix-vector multiplications and are fast

<latexit sha1_base64="yQ1l7qkpVIXgXkkK/GmMmpvcOx0="></latexit>

Φu
<latexit sha1_base64="WWK1Sgv9zPz7mKCEgr2dRTV6h3E="></latexit>

Φ!v

<latexit sha1_base64="lEc03SjZC2RQ7/4je+kQOPF1KtA="></latexit>

Φ
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: Subsampled Fourier matrix
: Fast Iterative Hard Thresholding (FIHT)

<latexit sha1_base64="y2bQ8eZ2kjKUHEBZSQBuvc4hlr0="></latexit>

Φ
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Fast Iterative Hard Thresholding (FIHT) [Wei 2014]

§ Greedy algorithm that approximately solves

§ Returns a sparse vector with at most K nonzero entries (K tunable)

§ Theoretical guarantees on the reconstruction error if satisfies
-RIP.

§ Empirically, it achieves a good balance between reconstruction
error and computation time.

<latexit sha1_base64="0F5gLse4zeZ/nNnMW1WNjGd3Tqo="></latexit>

minz2Rd
1
2ky � �zk22 bXiX kzk0  K

<latexit sha1_base64="lEc03SjZC2RQ7/4je+kQOPF1KtA="></latexit>

Φ
<latexit sha1_base64="ZqeJQVuSYMkgvC8BSmcOaPwq9qY="></latexit>

(4K, δ4K)
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: Subsampled Fourier matrix
: Fast Iterative Hard Thresholding (FIHT)

<latexit sha1_base64="YjKo8R3YM6jA5/+NvddvqY03+Es="></latexit>

A
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§ Reconstruction by is
biased
ü Incorporate error-feedback

<latexit sha1_base64="YjKo8R3YM6jA5/+NvddvqY03+Es="></latexit>

A
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Query SG
Compress
Upload

<latexit sha1_base64="uHpJYB/isqsJWxd3zwOGlPj/SK4="></latexit>

yi(t) = Φgi(t)

Server:
Randomly choose m workers
Broadcast x(t)

Each chosen worker:

Server:
Aggregate and decompress

Update

<latexit sha1_base64="UvaNjffmDla19TbJ2+8T/gyZCo8="></latexit>

gi(t) = gi(x(t))
<latexit sha1_base64="uHpJYB/isqsJWxd3zwOGlPj/SK4="></latexit>

yi(t) = Φgi(t)

<latexit sha1_base64="o1DnOK9wukagtMYkwZzwHiCOmt4="></latexit>

ĝ(t) = A
(

1

m

∑
i yi(t);Φ

)

<latexit sha1_base64="l2CIrF79bS4d+7pVmWFJe1kMu3g="></latexit>

x(t+1) = x(t)− ηĝ(t)

generates and
broadcasts it to all workers

<latexit sha1_base64="88y2D90bFHWe3mfOe4tKvo6Ex0c="></latexit>

Φ ∈ RQ×dServer § A single for all iterations
üFor-all scheme

v Our algorithm
: Subsampled Fourier
matrix
: Fast Iterative Hard
Thresholding (FIHT)

<latexit sha1_base64="y2bQ8eZ2kjKUHEBZSQBuvc4hlr0="></latexit>

Φ

<latexit sha1_base64="y2bQ8eZ2kjKUHEBZSQBuvc4hlr0="></latexit>

Φ

<latexit sha1_base64="YjKo8R3YM6jA5/+NvddvqY03+Es="></latexit>

A
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Error-feedback [Stich 2018b] [Karimireddy 2019]

<latexit sha1_base64="iE9OGmwBq236mkQGjM3XIBq/heQ="></latexit>

g(t) = g(x(t))
<latexit sha1_base64="ENv0IYL4VQHfofhhDYgsILBqs08="></latexit>

ĝ(t) = A(Φg(t);Φ)
<latexit sha1_base64="5BQN0SOcnOo085PBBRSomGZLN0g="></latexit>

x(t+1) = x(t)− ηĝ(t)

Ø error feedback

Ø error update

Suppose there exists such that
for all t. Then SGD with error-feedback converges with rate

where does not depend on .

<latexit sha1_base64="9KarY9/GnmWvczsmPPgz2iUnmyU="></latexit>

k�(t)� p(t)k2  �kp(t)k2

<latexit sha1_base64="651kt1hjk3h3w8PKqMoG0zJXz1Y="></latexit>

1

T

XT

t=1
E[krf(x(t))k22] 

C1p
T
+

C2(�)

T

<latexit sha1_base64="lhooNfv35uoHfyk0zRC6I2epoog="></latexit>

� < 1

<latexit sha1_base64="1h0TPyZlyvG7j9aYlV/ICPhr1b8="></latexit>

C1

<latexit sha1_base64="lhooNfv35uoHfyk0zRC6I2epoog="></latexit>

� < 1

ü Leading term is not affected by compression
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Server:
Randomly choose m workers
Broadcast x(t)

generates as a subsampled Fourier matrix
and broadcasts it to all workers

<latexit sha1_base64="88y2D90bFHWe3mfOe4tKvo6Ex0c="></latexit>

Φ ∈ RQ×dServer

Each chosen worker:
Query stochastic gradient
Compress
Upload

<latexit sha1_base64="UvaNjffmDla19TbJ2+8T/gyZCo8="></latexit>

gi(t) = gi(x(t))
<latexit sha1_base64="Jh3aDMWNegdwE7m1eXC2mSaRdog="></latexit>

yi(t) = �gi(t)
<latexit sha1_base64="JrKJrSoEv+fPS3EJ0Aew4k4yZcQ="></latexit>

yi(t) 2 RQ

Server:

<latexit sha1_base64="Sdo203zQUx3mcEp7aHmWdrty81Y="></latexit>

z(t) = ⌘ y(t) + "(t)

<latexit sha1_base64="hsyjZXCjVpqh70ZLFR/wibEdwBU="></latexit>

y(t) = 1
m

∑
i yi(t)

<latexit sha1_base64="8N3tyIDmUyBTamtFSSzWAP8iGNU="></latexit>

∆(t) = A(z(t);Φ)
<latexit sha1_base64="KpwDPpmZWz8dTNg9RhckxO8EVm4="></latexit>

x(t+1) = x(t)−∆(t)
<latexit sha1_base64="3wBOk7+f47hL0Ut+NNpEhxDwr4w="></latexit>

ε(t+1) = z(t)− Φ∆(t)

Ø aggregation
Ø error feedback

Ø reconstruction by FIHT
Ø SGD update
Ø error update
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K : # of nonzero entries in the output of FIHT
p(t) : error-corrected aggregated SG

<latexit sha1_base64="/DNoD+Q+0BmTSS+9PVhXy2eCM2I="></latexit>

η · 1
m

∑
i gi(t) + e(t)

Suppose that satisfies -RIP for sufficiently small , and that

for all t. Then for sufficiently large T, by choosing , we have

<latexit sha1_base64="EuR0YKou04ZJv5B03YvC9W2NXPU="></latexit>

sp(p(t))  O

⇣
K

d

⌘

<latexit sha1_base64="DdrJ+AwCCFg5NcA5MOVGQvYQoKI="></latexit>

⌘ = O(1/
p
T )

<latexit sha1_base64="oZ+cuvp+viUBI80ETuJft47Zb7Y="></latexit>

1

T

XT

t=1
E[krf(x(t))k22] 

C
p
T
+O

⇣
1

T

⌘

<latexit sha1_base64="8ze8gHyfbZbfKZBVSsYW/BxXUwE="></latexit>

f(x(t))� f
⇤  C0

p
T
+O

⇣
1

T

⌘
(f is smooth)

(f is smooth & convex)

<latexit sha1_base64="DxQlbzGGJkPnV3ba120E05SHE5M="></latexit>

�
<latexit sha1_base64="FeMKpc4S/sOErsRMDNVIaY57gVY="></latexit>

(4K, �4K)
<latexit sha1_base64="RiKwzluXaJf5SaaXCnMOv5dUTs0="></latexit>

�4K

T : # of iterations : step size<latexit sha1_base64="amP3HgDFu6zMApVUcPDY2daq+6U="></latexit>⌘

Is that the end of the story? No
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K : # of nonzero entries in the output of FIHT

Suppose that satisfies -RIP for sufficiently small , and that

for all t. Then for sufficiently large T, by choosing , we have

<latexit sha1_base64="i/UsNWZ3QP+g4gnpsH0KEoGSr9A="></latexit>

sp(p(t))  O

⇣
K

d

⌘

<latexit sha1_base64="DdrJ+AwCCFg5NcA5MOVGQvYQoKI="></latexit>

⌘ = O(1/
p
T )

<latexit sha1_base64="oZ+cuvp+viUBI80ETuJft47Zb7Y="></latexit>

1

T

XT

t=1
E[krf(x(t))k22] 

C
p
T
+O

⇣
1

T

⌘

<latexit sha1_base64="8ze8gHyfbZbfKZBVSsYW/BxXUwE="></latexit>

f(x(t))� f
⇤  C0

p
T
+O

⇣
1

T

⌘
(f is smooth)

(f is smooth & convex)

<latexit sha1_base64="DxQlbzGGJkPnV3ba120E05SHE5M="></latexit>

�
<latexit sha1_base64="FeMKpc4S/sOErsRMDNVIaY57gVY="></latexit>

(4K, �4K)
<latexit sha1_base64="RiKwzluXaJf5SaaXCnMOv5dUTs0="></latexit>

�4K

T : # of iterations : step size<latexit sha1_base64="amP3HgDFu6zMApVUcPDY2daq+6U="></latexit>⌘

Issues with the condition: § Hard to check
§ Rarely holds in practice
§ Empirically,

seems to be sufficient

<latexit sha1_base64="oTd0HSQuJTo4mGpp6JajObHocws="></latexit>

sp(g(t))  O(K/d)

p(t) : error-corrected aggregated SG
<latexit sha1_base64="/DNoD+Q+0BmTSS+9PVhXy2eCM2I="></latexit>

η · 1
m

∑
i gi(t) + e(t)
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Numerical Experiments

§ Model: ResNet with d = 668426 parameters

v Setting 1: i.i.d. local datasets, 100 workers
• Server queries local gradients from all workers

v Setting 2: non-i.i.d. local datasets, 10000 workers
• Server queries local gradients from 1% of all workers

§ We test two algorithms

1. our algorithm, FIHT + error-feedback

2. Count Sketch + error-feedback
(the algorithm in [Rothchild 2020] without momentum)

for different compression rates d/Q

Communication-Efficient SGD with Compressed Sensing 42

Federated Learning with CIFAR-10 Dataset



Numerical Experiments

v Setting 1: i.i.d. local datasets, 100 workers, full participating, K = 30000
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Federated Learning with CIFAR-10 Dataset



Numerical Experiments

v Setting 2: non-i.i.d. local datasets, 10000 workers, 1% participation, K = 30000
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Federated Learning with CIFAR-10 Dataset
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Summary
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Compress local SG by sensing matrix

Recover a sparse approximation of the aggregated 
gradient from the compressed local gradients

• Sensing matrix: 
Subsample Fourier matrix

• Reconstruction algorithm: 
FIHT

• Error feedback



Future Directions

• Improving theoretical analysis
• Estimation of sparsity of aggregated gradients
• Extension to decentralized setting
• Extension to gradient-free optimization & reinforcement learning
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