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• 梯度下降与随机梯度下降
Gradient Descent & Stochastic Gradient Descent

• 零阶优化
Zeroth-Order Optimization

• 强化学习
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• 梯度下降与随机梯度下降
Gradient Descent & Stochastic Gradient Descent

• 零阶优化
Zeroth-Order Optimization

• 强化学习
Reinforcement Learning



梯度下降 Gradient Descent

<latexit sha1_base64="VShb7ZzOgPKpuMX5eiyzzUSSBPc="></latexit>

xk+1 = xk � ⌘krf(xk)梯度下降：

• 是局域上看函数值下降最快的⽅向

• 当 f 可导时，只要梯度不为零，那么取步⻓⾜够⼩，即有

• 单调有界收敛定理 à 只要 f 有下界，则 f(xk) 收敛

<latexit sha1_base64="2U9BUDDxild/bm5J2WZWMm1Ec34="></latexit>

�rf(x)

<latexit sha1_base64="1olSeC5U5Gw//T4UeCCyBga7rAg="></latexit>

f(xk+1) = f(xk � ⌘krf(xk))

= f(xk)� ⌘kkrf(xk)k2 + o(⌘k) < f(xk)

Source: machine-learning.paperspace.com/wiki/gradient-descent

<latexit sha1_base64="L34mQV/0NaIvUwiWgDGRFQ13cbE="></latexit>

min
x2Rn

f(x)



梯度下降 Gradient Descent

<latexit sha1_base64="L34mQV/0NaIvUwiWgDGRFQ13cbE="></latexit>

min
x2Rn

f(x)

<latexit sha1_base64="VShb7ZzOgPKpuMX5eiyzzUSSBPc="></latexit>

xk+1 = xk � ⌘krf(xk)梯度下降：

• 更强的收敛性保证：

• xk 的梯度是否收敛于 0、收敛速度

• f(xk) 是否收敛于 f 的最⼩值（下确界）、收敛速度

• xk 是否收敛到最优解（集）、收敛速度

• 更强的收敛性保证需要对 f 施加更强的条件

Source: machine-learning.paperspace.com/wiki/gradient-descent



• 凸函数 Convex function

• µ-强凸函数 µ-strongly convex function

• L-光滑函数 L-smooth function

<latexit sha1_base64="yoMrvRh+YZX+R1Q3ZywK57Qa4Vs="></latexit>

f(y) � f(x) + hrf(x), y � xi

<latexit sha1_base64="trIP1Ofo0q1GCleiSQeL42JP/R0="></latexit>

krf(x)�rf(y)k  Lkx� yk

设 f 在 上连续可微.
<latexit sha1_base64="Zu9ortMsMVLUvN12Z8YXLn7kil4=">AAACEnicbVDLSsNAFJ3UV62vqks3wSK4kJJI0S4LblxWsQ9oYplMJ+3QyUyYuRFK6F+IW/0Od+LWH/Az/AMnbRa29cAMh3PuixPEnGlwnG+rsLa+sblV3C7t7O7tH5QPj9paJorQFpFcqm6ANeVM0BYw4LQbK4qjgNNOML7J/M4TVZpJ8QCTmPoRHgoWMoLBSJ4XYRgFQXo/fRT9csWpOjPYq8TNSQXlaPbLP95AkiSiAgjHWvdcJwY/xQoY4XRa8hJNY0zGeEh7hgocUe2ns5un9plRBnYolXkC7Jn6tyPFkdaTKDCV2Y162cvE/7xeAmHdT5mIE6CCzBeFCbdB2lkA9oApSoBPDMFEMXOrTUZYYQImptLCGkFINv8i+0BKrqcmI3c5kVXSvqy6V9XaXa3SqOdpFdEJOkXnyEXXqIFuURO1EEExekGv6M16tt6tD+tzXlqw8p5jtADr6xfnCZ7n</latexit>

Rn

<latexit sha1_base64="3DxqJXNdXSmpgIYIRO5hYKv2UGc="></latexit>

f(y) � f(x) + hrf(x), y � xi+ µ

2
ky � xk2

<latexit sha1_base64="Jiae7BcIvGXm1iIf96r+gChpNMY="></latexit>

hrf(y)�rf(x), y � xi � µkx� yk2

<latexit sha1_base64="pIMsYKXntWAmHuoaIPDPggdEYSo="></latexit>

|f(y)� f(x)� hrf(x), y � xi|  L

2
ky � xk2<latexit sha1_base64="kEyQr7hPvmsQmKsOGpdOaXRyR6A=">AAACF3icbVDLSsNAFJ34rPXRqEs3wSK4kJJI0S4Lbly4qGAf0IYymU7aoZOZMHOjlNAPEbf6He7ErUs/wz9w0mZhWw/McDjnvjhBzJkG1/221tY3Nre2CzvF3b39g5J9eNTSMlGENonkUnUCrClngjaBAaedWFEcBZy2g/FN5rcfqdJMigeYxNSP8FCwkBEMRurbpd6dFEPFhiPASsmnvl12K+4MzirxclJGORp9+6c3kCSJqADCsdZdz43BT7ECRjidFnuJpjEmYzykXUMFjqj209nhU+fMKAMnlMo8Ac5M/duR4kjrSRSYygjDSC97mfif100grPkpE3ECVJD5ojDhDkgnS8EZMEUJ8IkhmChmbnXICCtMwGRVXFgjCMnmX2QfSMn11GTkLSeySlqXFe+qUr2vluu1PK0COkGn6Bx56BrV0S1qoCYiKEEv6BW9Wc/Wu/Vhfc5L16y85xgtwPr6BQ94oIs=</latexit>=)



梯度下降 Gradient Descent

<latexit sha1_base64="VShb7ZzOgPKpuMX5eiyzzUSSBPc="></latexit>

xk+1 = xk � ⌘krf(xk)

定理. 假设 f 是 L-光滑的. 取 ，则有
<latexit sha1_base64="Yt6z+yv8pbZIzbuCtN/Y8PmUBcY="></latexit>

⌘k = ⌘ 2 (0, 2/L)
<latexit sha1_base64="SMYrwVNfTMiYy53eZ3cFdCVlGVw="></latexit>

min
0jk�1

krf(xj)k2  f(x0)� f
⇤

⌘(1� ⌘L/2)
· 1
k
= O

✓
1

k

◆

若 f 还是凸的且存在最⼩值点，则
<latexit sha1_base64="WbxCTcrKKIIeEB5cxUhngTkArNc="></latexit>

f(xk)� f
⇤  (f(x0)� f

⇤)kx0 � x
⇤k2

kx0 � x⇤k2 + ⌘k(1� ⌘L/2)(f(x0)� f⇤)
= O

✓
1

k

◆

若 f 还是 µ-强凸的，则
<latexit sha1_base64="qvmHtIKklZVtdx3Ox8m579npafg="></latexit>

kxk � x
⇤k2 

✓
1� 2⌘µL

µ+ L

◆k
kx0 � x

⇤k2 = O

 ✓
1� 2⌘µL

µ+ L

◆k!

<latexit sha1_base64="L34mQV/0NaIvUwiWgDGRFQ13cbE="></latexit>

min
x2Rn

f(x)



• What if we can only obtain noisy versions of the gradients?

• Example: Stochastic programming

We can only sample            and compute

• A more specific example: Supervised learning

We don’t know      but we can obtain samples

<latexit sha1_base64="7sh90OVydmaXwg2BIWHSzmiFyik="></latexit>

min
x2Rn

E⇠⇠⇢[F (x; ⇠)]

<latexit sha1_base64="DakM9x23wbLFCaleFBmqBaB2Pkk="></latexit>

⇠ ⇠ ⇢
<latexit sha1_base64="gN1FfsCLWx99naVnQTQf9lcG0Cw="></latexit>

rxF (x; ⇠)

<latexit sha1_base64="dvadOidGvCsGSNEhAtf3hOYWIHE="></latexit>

min
✓2Rn

E(x,y)⇠P [L(✓;x, y)]

<latexit sha1_base64="5GGcilnfA5g/KE0pHKzSkeFzvi0="></latexit>

P
<latexit sha1_base64="xR5jHKdb+YHulIh7nbJx3jB4xdE="></latexit>

(x, y) ⇠ P

<latexit sha1_base64="L34mQV/0NaIvUwiWgDGRFQ13cbE="></latexit>

min
x2Rn

f(x)



• 通常假设

随机梯度下降 Stochastic Gradient Descent

随机梯度下降: <latexit sha1_base64="1f0tJ+zSALUwjW7MnlcqQpy+B5k="></latexit>xk+1 = xk � ⌘k · gk

<latexit sha1_base64="xIUsmTJdhoazYXScjzr7JN4gs6U="></latexit>

E[ gk | x0:k ] = rf(xk)
<latexit sha1_base64="lL7jEPlFOkYMotIsKJ00ORZZREM="></latexit>

E
⇥
kgkk2 | x0:k

⇤
 �2 + �krf(xk)k2

bounded second momentunbiased

GD SGD

<latexit sha1_base64="L34mQV/0NaIvUwiWgDGRFQ13cbE="></latexit>

min
x2Rn

f(x)



• 通常假设

随机梯度下降 Stochastic Gradient Descent

<latexit sha1_base64="L34mQV/0NaIvUwiWgDGRFQ13cbE="></latexit>

min
x2Rn

f(x)

• 收敛性： 设 f 是 L-光滑的. 假设 SGD 共迭代 K 步，取 ，则
<latexit sha1_base64="7yJiogp3sCzHuKiZM3flpN6pJFQ="></latexit>

⌘k = ⌘ = O(1/
p
K)

<latexit sha1_base64="bVaOxkSNKrlHC03bkmlVpWPwWD8="></latexit>

min
0kK�1

E
⇥
krf(xk)k2

⇤
 O

✓
1p
K

◆

<latexit sha1_base64="xIUsmTJdhoazYXScjzr7JN4gs6U="></latexit>

E[ gk | x0:k ] = rf(xk)
<latexit sha1_base64="lL7jEPlFOkYMotIsKJ00ORZZREM="></latexit>

E
⇥
kgkk2 | x0:k

⇤
 �2 + �krf(xk)k2

<latexit sha1_base64="1f0tJ+zSALUwjW7MnlcqQpy+B5k="></latexit>xk+1 = xk � ⌘k · gk

<latexit sha1_base64="diN24iQigdc2j+1W7QYzcXZaF7Q="></latexit>

E[f(x̄K)� f
⇤]  O

✓
1p
K

◆若 f 还是凸的，则

随机梯度下降:



• 梯度下降与随机梯度下降
Gradient Descent & Stochastic Gradient Descent

• 零阶优化
Zeroth-Order Optimization

• 强化学习
Reinforcement Learning



• 如果只能获取 f 在有限个点的取值，⽆法获取 f 的梯度，该怎么办？

• ⽆梯度（gradient-free）优化⽅法

• 元启发算法（metaheuristics）：模拟退⽕、遗传算法、……

• 零阶优化（zeroth-order optimization）

基本思想：在 x 附近随机探索 f 的取值，进⽽构造 f 在 x 处的⼀个随机梯度

<latexit sha1_base64="L34mQV/0NaIvUwiWgDGRFQ13cbE="></latexit>

min
x2Rn

f(x)



• 令 ¸ 为 上⼀满⾜如下性质的概率分布：

1. 具有旋转与反射不变性

2.
<latexit sha1_base64="fd8rmA1k9+MtQO0SEx4ggTcWjiM="></latexit>

Ez⇠�

⇥
kzk2

⇤
= 1

<latexit sha1_base64="6ktgSNiJEllY7ooNDEQ2+vENkbU="></latexit>

Rn Examples:

<latexit sha1_base64="bJrNb9qEISBomcTPT/v4hVvB0Dk=">AAACHnicbVDLSsNAFJ3UV62vqODGTbAIFWpJpGiXBTe6kQr2AW0sk+mkHTqZCTMTocT8i7jV73AnbvUz/AMnbRa2emCGwzn3xfFCSqSy7S8jt7S8srqWXy9sbG5t75i7ey3JI4FwE3HKRceDElPCcFMRRXEnFBgGHsVtb3yZ+u0HLCTh7E5NQuwGcMiITxBUWuqbB70AqhGCNL5JSnaZ3cenTnJ90jeLdsWewvpLnIwUQYZG3/zuDTiKAswUolDKrmOHyo2hUARRnBR6kcQhRGM4xF1NGQywdOPp/Yl1rJWB5XOhH1PWVP3dEcNAykng6cr0WrnopeJ/XjdSfs2NCQsjhRmaLfIjailupWFYAyIwUnSiCUSC6FstNIICIqUjK8ytYQil88vppzinMtEZOYuJ/CWts4pzXqneVov1WpZWHhyCI1ACDrgAdXAFGqAJEHgEz+AFvBpPxpvxbnzMSnNG1rMP5mB8/gB/UaIw</latexit>

N (0, n�1I)
<latexit sha1_base64="TCenZAAGohkyyjVCLQuNVCxPkM0="></latexit>

Unif(Sn�1)

<latexit sha1_base64="LaTVj7Nd5CNCB+FC8BwFAhmAIw8="></latexit>

nEz⇠�[hrf(x), ziz] = nEz⇠�

⇥
zz>rf(x)

⇤
= rf(x)

从⽽

• 我们有
<latexit sha1_base64="NoBqU+vZLsveuYkJyP31bEpU+Zs="></latexit>

Ez⇠�

⇥
zz>

⇤
=

1

n
I

注意到当 r ⾜够⼩时，有
<latexit sha1_base64="nRin+Fzj1KDHndNgjgCegrqRTZE="></latexit>

hrf(x), zi ⇡ f(x+ rz)� f(x)

r
⇡ f(x+ rz)� f(x� rz)

2r
故

<latexit sha1_base64="lrMO3J5f49mJWolYof5SBNoUmy8="></latexit>

rf(x) ⇡ Ez⇠�

hn
r
(f(x+ rz)� f(x))z

i
⇡ Ez⇠�

h n

2r
(f(x+ rz)� f(x� rz))z

i



零阶梯度估计

• 双点梯度估计器 Two-point gradient estimator
<latexit sha1_base64="L1SWvOEvlYtW+V6CZMMX/C8l+O4="></latexit>

G(2)
f (x; r, z) =

n

r
(f(x+ rz)� f(x))z

<latexit sha1_base64="Sye0yCWa3RAJaJZlCpgYhOEvckg="></latexit>

G̃(2)
f (x; r, z) =

n

2r
(f(x+ rz)� f(x� rz))z

n - ⾃变量维数 dimension of x

r -平滑半径 smoothing radius

z -随机扰动 random perturbation
<latexit sha1_base64="bJrNb9qEISBomcTPT/v4hVvB0Dk=">AAACHnicbVDLSsNAFJ3UV62vqODGTbAIFWpJpGiXBTe6kQr2AW0sk+mkHTqZCTMTocT8i7jV73AnbvUz/AMnbRa2emCGwzn3xfFCSqSy7S8jt7S8srqWXy9sbG5t75i7ey3JI4FwE3HKRceDElPCcFMRRXEnFBgGHsVtb3yZ+u0HLCTh7E5NQuwGcMiITxBUWuqbB70AqhGCNL5JSnaZ3cenTnJ90jeLdsWewvpLnIwUQYZG3/zuDTiKAswUolDKrmOHyo2hUARRnBR6kcQhRGM4xF1NGQywdOPp/Yl1rJWB5XOhH1PWVP3dEcNAykng6cr0WrnopeJ/XjdSfs2NCQsjhRmaLfIjailupWFYAyIwUnSiCUSC6FstNIICIqUjK8ytYQil88vppzinMtEZOYuJ/CWts4pzXqneVov1WpZWHhyCI1ACDrgAdXAFGqAJEHgEz+AFvBpPxpvxbnzMSnNG1rMP5mB8/gB/UaIw</latexit>

N (0, n�1I)
<latexit sha1_base64="TCenZAAGohkyyjVCLQuNVCxPkM0="></latexit>

Unif(Sn�1)



零阶梯度估计

• 双点梯度估计器 Two-point gradient estimator

• 单点梯度估计器 Single-point gradient estimator
<latexit sha1_base64="XH5dvtxC4Aqhewpx5jFI4uKSRkM="></latexit>

G(1)
f (x; r, z) =

n

r
f(x+ rz)z

<latexit sha1_base64="L1SWvOEvlYtW+V6CZMMX/C8l+O4="></latexit>

G(2)
f (x; r, z) =

n

r
(f(x+ rz)� f(x))z

<latexit sha1_base64="Sye0yCWa3RAJaJZlCpgYhOEvckg="></latexit>

G̃(2)
f (x; r, z) =

n

2r
(f(x+ rz)� f(x� rz))z

由 ¸ 的对称性可知，以上三种梯度估计器的期望相等



零阶优化算法
<latexit sha1_base64="WE5wa7re4oiTFdlUTVAIiWutF+0="></latexit>

xk+1 = xk � ⌘ · G(2)
f (xk; r, zk)

<latexit sha1_base64="rAp3rsUPYv5+2y6hKGHaWOHDDFM="></latexit>

zk ⇠ N (0, n�1I) or
<latexit sha1_base64="I16+Q7ixCsBjvGWUp5uiIaXiL/4="></latexit>

zk ⇠ Unif(Sn�1)

• Which distribution should I choose?
<latexit sha1_base64="ADeFNktjdirLrA2nB2rt1BgYdJc="></latexit>

N (0, n�1I) o Independent entries, easy for parallel/distributed computation

o Unbounded exploration, may cause problems if f is defined only on a compact set

<latexit sha1_base64="1lJaKcrFq8CU/HXWFjX9fP6gFok="></latexit>

Unif(Sn�1) o Bounded exploration, easy to be adapted to bounded feasible region

o Entries are dependent, not that easy to be adapted for distributed computation

<latexit sha1_base64="L1SWvOEvlYtW+V6CZMMX/C8l+O4="></latexit>

G(2)
f (x; r, z) =

n

r
(f(x+ rz)� f(x))z



零阶梯度估计: Bias

假设 或 . 则

其中

<latexit sha1_base64="Le4XCJCNcDs3RNietIDT7DGtzjI=">AAACI3icbVDLSgMxFM3UV62vUZfdDBahQi0zUrTLghvdSAX7gM5YMmnahmaSIckIdZiFHyNu9TvciRsXfoR/YKbtwrYeSDicc2/uzfFDSqSy7S8js7K6tr6R3cxtbe/s7pn7B03JI4FwA3HKRduHElPCcEMRRXE7FBgGPsUtf3SZ+q0HLCTh7E6NQ+wFcMBInyCotNQ184+uJIEbQDVEkMY3SdEusfv41EmuT7pmwS7bE1jLxJmRApih3jV/3B5HUYCZQhRK2XHsUHkxFIogipOcG0kcQjSCA9zRlMEASy+efCKxjrXSs/pc6MOUNVH/dsQwkHIc+Loy3VYueqn4n9eJVL/qxYSFkcIMTQf1I2opbqWJWD0iMFJ0rAlEguhdLTSEAiKlc8vNjWEIpe+X0ktxTmWiM3IWE1kmzbOyc16u3FYKteosrSzIgyNQBA64ADVwBeqgARB4Ai/gFbwZz8a78WF8TkszxqznEMzB+P4F5c+kgQ==</latexit>

z ⇠ N (0, n�1I)
<latexit sha1_base64="u0cO1tqO8q+A2lnEwTOE/UTt6XA="></latexit>

E
h
G(1)
f (x; r, z)

i
= rfr(x)

<latexit sha1_base64="urKpae/wS9qIaY2MkbzP5Bwx+F0="></latexit>

z ⇠ Unif(Sn�1)引理.

<latexit sha1_base64="2y9czmFA+X2E8ylZmyerDUpxY0w="></latexit>

y ⇠
(
N (0, n�1I), if z ⇠ N (0, n�1I)

Unif(Bn), if z ⇠ Unif(Sn�1)

<latexit sha1_base64="zz7QbMwSyOoLfZEKn0J9/wzEGw0=">AAACJHicbVDLSgMxFM3UV62vqktdBIvQopQZKdqNUBDBZQX7gHYomTTThmaSIclIy9CNHyNu9TvciQs3/oN/YKbtwrYeSDicc2/uzfFCRpW27S8rtbK6tr6R3sxsbe/s7mX3D+pKRBKTGhZMyKaHFGGUk5qmmpFmKAkKPEYa3uAm8RuPRCoq+IMehcQNUI9Tn2KkjdTJHvsdmR8W4DVsB0j3PS++Hbf8/PBMjgpuJ5uzi/YEcJk4M5IDM1Q72Z92V+AoIFxjhpRqOXao3RhJTTEj40w7UiREeIB6pGUoRwFRbjz5xRieGqULfSHN4RpO1L8dMQqUGgWeqUxWVYteIv7ntSLtl92Y8jDShOPpID9iUAuYRAK7VBKs2cgQhCU1u0LcRxJhbYLLzI3hGCfvnyeXFoKpscnIWUxkmdQvis5lsXRfylXKs7TS4AicgDxwwBWogDtQBTWAwRN4Aa/gzXq23q0P63NamrJmPYdgDtb3L63JpFk=</latexit>

fr(x) = E[f(x+ ry)]

有偏的随机梯度

平滑化的 f

• Zeroth-order gradient estimation is in general biased
• How large is the bias?



<latexit sha1_base64="zCj40s2zVvZLBbNjwvV8430kC1M="></latexit>

fr(x)� f(x) = E[f(x+ ry)� f(x)]
<latexit sha1_base64="T+X3ysq/yfgPf3N8ZdIZycPihhg="></latexit>

= E[hrf(x), ryi+R(x, y)]

f is L-smooth

<latexit sha1_base64="tAuWcNhpOGx36KbYYTFGJTttthE="></latexit>

= rhrf(x),E[y]i+ E[R(x, y)]

<latexit sha1_base64="5Wn9uf6H2aftdlAZs3PXXRq3MMo=">AAACG3icbVDLSsNAFJ3UV62vaJdugkWoUEoiRbsRCiK4rGIfkIYymU7boZOZMDMRQ+iniFv9Dnfi1oWf4R84abOwrQdmOJxzXxw/pEQq2/42cmvrG5tb+e3Czu7e/oF5eNSWPBIItxCnXHR9KDElDLcUURR3Q4Fh4FPc8SfXqd95xEISzh5UHGIvgCNGhgRBpaW+WbzqBVCNfT+5mbr35adKfOb1zZJdtWewVomTkRLI0OybP70BR1GAmUIUSuk6dqi8BApFEMXTQi+SOIRoAkfY1ZTBAEsvmR0/tU61MrCGXOjHlDVT/3YkMJAyDnxdmV4ql71U/M9zIzWsewlhYaQwQ/NFw4hailtpEtaACIwUjTWBSBB9q4XGUECkdF6FhTUMoXR+Jf0U51ROdUbOciKrpH1edS6qtbtaqVHP0sqDY3ACysABl6ABbkETtAACMXgBr+DNeDbejQ/jc16aM7KeIliA8fULltKhOg==</latexit>

= E[R(x, y)]

<latexit sha1_base64="aGq/2YPGf/F/+TeD98cN6epc2pk="></latexit>

|fr(x)� f(x)|  E[|R(x, y)|]
<latexit sha1_base64="8i4IwO50pySmzxcK0Mdb9njG4JU="></latexit>

 E

L

2
kryk2

� <latexit sha1_base64="vHef9nbL5yX3s3IItOSnD7sk5og=">AAACGnicbVC7TsMwFHXKq5RXKCNLRIXEgKqkqqBjJRYGhiLRh9SEynGd1qpjB9tBVFH+BLHCd7AhVhY+gz/AaTPQliPZOjrnvnT8iBKpbPvbKKytb2xuFbdLO7t7+wfmYbkjeSwQbiNOuej5UGJKGG4roijuRQLD0Ke460+uMr/7iIUknN2paYS9EI4YCQiCSksDs+xS/OAGAqLkJk1qqbivDcyKXbVnsFaJk5MKyNEamD/ukKM4xEwhCqXsO3akvAQKRRDFacmNJY4gmsAR7mvKYIill8xuT61TrQytgAv9mLJm6t+OBIZSTkNfV4ZQjeWyl4n/ef1YBQ0vISyKFWZoviiIqaW4lQVhDYnASNGpJhAJom+10BjqIJSOq7SwhiGUzT/PPsU5lanOyFlOZJV0alXnolq/rVeajTytIjgGJ+AMOOASNME1aIE2QOAJvIBX8GY8G+/Gh/E5Ly0Yec8RWIDx9Qvo3KF6</latexit>
 L

2
r2

<latexit sha1_base64="vehDBp9dMDbpQBnBuDpF6s06PpM="></latexit>

krfr(x)�rf(x)k  krE[f(x+ ry)� f(x)]k
<latexit sha1_base64="gRSMJxkitUrtslwIFk8eZIu8wVs="></latexit>

= kE[rxf(x+ ry)�rxf(x)]k
<latexit sha1_base64="7NkFjRppBVCJBCJTUYHwIyz9LbU="></latexit>

 E[krxf(x+ ry)�rxf(x)k]
<latexit sha1_base64="AUcrf5c61DuMq8pW4/3cxJ0ztOQ="></latexit>

 E[Lkryk] f is L-smooth<latexit sha1_base64="0ubFCT0PYvpcCCKfFn6ErDUSYfM=">AAACDXicbVDLSgMxFL1TX7W+qi7dBIvgQsqMFO2y4MaFiwr2Ae1QMmnahmaSMckIZeg3iFv9Dnfi1m/wM/wDM+0sbOuBhMM59+benCDiTBvX/XZya+sbm1v57cLO7t7+QfHwqKllrAhtEMmlagdYU84EbRhmOG1HiuIw4LQVjG9Sv/VElWZSPJhJRP0QDwUbMIKNlVpdTh/RneoVS27ZnQGtEi8jJchQ7xV/un1J4pAKQzjWuuO5kfETrAwjnE4L3VjTCJMxHtKOpQKHVPvJbN0pOrNKHw2kskcYNFP/diQ41HoSBrYyxGakl71U/M/rxGZQ9RMmothQQeaDBjFHRqL076jPFCWGTyzBRDG7KyIjrDAxNqHCwhhBSPr+RXoZKbme2oy85URWSfOy7F2VK/eVUq2apZWHEziFc/DgGmpwC3VoAIExvMArvDnPzrvz4XzOS3NO1nMMC3C+fgEw8pxR</latexit> Lr

交换求期望与求梯度
(控制收敛定理)



零阶梯度估计: Bias

假设 或 .

其中

<latexit sha1_base64="Le4XCJCNcDs3RNietIDT7DGtzjI=">AAACI3icbVDLSgMxFM3UV62vUZfdDBahQi0zUrTLghvdSAX7gM5YMmnahmaSIckIdZiFHyNu9TvciRsXfoR/YKbtwrYeSDicc2/uzfFDSqSy7S8js7K6tr6R3cxtbe/s7pn7B03JI4FwA3HKRduHElPCcEMRRXE7FBgGPsUtf3SZ+q0HLCTh7E6NQ+wFcMBInyCotNQ184+uJIEbQDVEkMY3SdEusfv41EmuT7pmwS7bE1jLxJmRApih3jV/3B5HUYCZQhRK2XHsUHkxFIogipOcG0kcQjSCA9zRlMEASy+efCKxjrXSs/pc6MOUNVH/dsQwkHIc+Loy3VYueqn4n9eJVL/qxYSFkcIMTQf1I2opbqWJWD0iMFJ0rAlEguhdLTSEAiKlc8vNjWEIpe+X0ktxTmWiM3IWE1kmzbOyc16u3FYKteosrSzIgyNQBA64ADVwBeqgARB4Ai/gFbwZz8a78WF8TkszxqznEMzB+P4F5c+kgQ==</latexit>

z ⇠ N (0, n�1I)
<latexit sha1_base64="u0cO1tqO8q+A2lnEwTOE/UTt6XA="></latexit>

E
h
G(1)
f (x; r, z)

i
= rfr(x)

<latexit sha1_base64="urKpae/wS9qIaY2MkbzP5Bwx+F0="></latexit>

z ⇠ Unif(Sn�1)

引理.

<latexit sha1_base64="zz7QbMwSyOoLfZEKn0J9/wzEGw0=">AAACJHicbVDLSgMxFM3UV62vqktdBIvQopQZKdqNUBDBZQX7gHYomTTThmaSIclIy9CNHyNu9TvciQs3/oN/YKbtwrYeSDicc2/uzfFCRpW27S8rtbK6tr6R3sxsbe/s7mX3D+pKRBKTGhZMyKaHFGGUk5qmmpFmKAkKPEYa3uAm8RuPRCoq+IMehcQNUI9Tn2KkjdTJHvsdmR8W4DVsB0j3PS++Hbf8/PBMjgpuJ5uzi/YEcJk4M5IDM1Q72Z92V+AoIFxjhpRqOXao3RhJTTEj40w7UiREeIB6pGUoRwFRbjz5xRieGqULfSHN4RpO1L8dMQqUGgWeqUxWVYteIv7ntSLtl92Y8jDShOPpID9iUAuYRAK7VBKs2cgQhCU1u0LcRxJhbYLLzI3hGCfvnyeXFoKpscnIWUxkmdQvis5lsXRfylXKs7TS4AicgDxwwBWogDtQBTWAwRN4Aa/gzXq23q0P63NamrJmPYdgDtb3L63JpFk=</latexit>

fr(x) = E[f(x+ ry)]

设 f 是 L-光滑的. 则

引理.

<latexit sha1_base64="uWq7stcNuPJ5z6AK1lXw6qS6dCw="></latexit>

|fr(x)� f(x)|  L

2
r2

<latexit sha1_base64="RHg0ZHO1llzFjgN5QYFOxJhlb04="></latexit>

krfr(x)�rf(x)k  Lr
偏差由 r 控制

若 f 还是凸的, 则

且 也是凸函数.

<latexit sha1_base64="ZDIW0qGyU3YUVa34Cq70fHCxEp0="></latexit>

fr(x)� f(x) � 0
<latexit sha1_base64="a4F33qBNyFfLjikXLjYmOg2Q2dU=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4kGFGyrTdFdy4rGgf0A4lk2ba0EwyJBmhDP0Ccavf4U7c+hV+hn9gph3Bih5IOJxzb+7NCWJGlXacD6uwtr6xuVXcLu3s7u0flA+POkokEpM2FkzIXoAUYZSTtqaakV4sCYoCRrrB9Crzu/dEKir4nZ7FxI/QmNOQYqSNdBsO5bBccWxnAejYXsNxG54hjarr1jzo5lYF5GgNy5+DkcBJRLjGDCnVd51Y+ymSmmJG5qVBokiM8BSNSd9QjiKi/HSx6hyeGWUEQyHN4Rou1J8dKYqUmkWBqYyQnqjfXib+5fUTHdb9lPI40YTj5aAwYVALmP0bjqgkWLOZIQhLanaFeIIkwtqkU1oZwzHO3r/ILi0EU3OT0XcQ8H/SubRdz67eVCvNep5WEZyAU3AOXFADTXANWqANMBiDR/AEnq0H68V6td6WpQUr7zkGK7DevwDdsZsf</latexit>

fr

<latexit sha1_base64="2y9czmFA+X2E8ylZmyerDUpxY0w="></latexit>

y ⇠
(
N (0, n�1I), if z ⇠ N (0, n�1I)

Unif(Bn), if z ⇠ Unif(Sn�1)

Summary:
<latexit sha1_base64="Svyylb9I3VHNsOYWek0qziJ31a8="></latexit>

G(1)
f (x; r, z) =

n

r
f(x+ rz)z给出了⼀个有偏的梯度估计器（biased gradient estimator）

偏差可由平滑半径（smoothing radius）r 控制



零阶梯度估计: Variance / 2nd Moment

• 单点梯度估计：
<latexit sha1_base64="XH5dvtxC4Aqhewpx5jFI4uKSRkM="></latexit>

G(1)
f (x; r, z) =

n

r
f(x+ rz)z

<latexit sha1_base64="ClPUiHmDBrw+qn/VSt0ayb3uZ60="></latexit>

E
h��G(1)

f (x; r, z)
��2

i
⇠ r�2 Large variance



零阶梯度估计: Variance / 2nd Moment

引理. 设 f 是 L-光滑的. 则
<latexit sha1_base64="e6wn4Rk2g/foRFrtDRY68yM/3e0="></latexit>

E
h��G(2)

f (x; r, z)
��2

i


8
>><

>>:

2(n+2)krf(x)k2 + L2r2n2

2

✓
n+6

n

◆2

, z ⇠ N (0, n�1I)

2nkrf(x)k2 + L2r2n2

2
, z ⇠ Unif(Sn�1)

Some observations:

1. The bound is monotonically increasing in r and is finite when <latexit sha1_base64="CrevBuC/+vfIRQp9qF2KPiTXuYY="></latexit>r ! 0

In practice, r should not be too small due to numerical errors in computing
<latexit sha1_base64="jfPkyXWHwdL7NtMWu7vsMKU9aUE="></latexit>

f(x+rz)� f(x)

2. As x approaches a stationary point, the bound can be made arbitrarily small. 
Perhaps faster convergence than standard SGD?

• 双点梯度估计：
<latexit sha1_base64="L1SWvOEvlYtW+V6CZMMX/C8l+O4="></latexit>

G(2)
f (x; r, z) =

n

r
(f(x+ rz)� f(x))z

<latexit sha1_base64="Sye0yCWa3RAJaJZlCpgYhOEvckg="></latexit>

G̃(2)
f (x; r, z) =

n

2r
(f(x+ rz)� f(x� rz))z



Convergence Rate

定理. 设 f 是 L-光滑且凸的，且存在最⼩值点 x¤. 考虑零阶优化迭代
<latexit sha1_base64="4fJ6PYBIk+N0qXkhIHwcUOn4l7M="></latexit>

xk+1 = xk � ⌘ · G(2)
f (xk; rk, zk)

<latexit sha1_base64="I16+Q7ixCsBjvGWUp5uiIaXiL/4="></latexit>

zk ⇠ Unif(Sn�1)
<latexit sha1_base64="G6rgR2Fq+PBCNL3+DCtwdPixLY8="></latexit>

= xk � ⌘ · n
r
(f(xk + rkzk)� f(xk))zk

令 ，其中 ，并令 rk 满⾜
<latexit sha1_base64="L8PIlTrLw0iZmEgBvEkewZJd70M="></latexit>

⌘ =
c

2nL

<latexit sha1_base64="PvW617TNx14+gnA3pRKJ1tKDYSY="></latexit>

c 2 (0, 1)
<latexit sha1_base64="trSkhY9UJLf6p5xIq4moLRVqYkA="></latexit>X1

k=0
r2k = R2 < +1

则
<latexit sha1_base64="PHGmaPWUniWA6cNYQsGCIq7LDDk="></latexit>

E[f(x̄K)� f(x⇤)]  n

K

✓
Lkx0 � x

⇤k2

c(1� c)
+

R
2
L(c+ 4/n)

8(1� c)

◆

= O

⇣
n

K

⌘

其中
<latexit sha1_base64="kUurjggWe8uigf/BgMtjprzN+fY="></latexit>

x̄K =
1

K

XK�1

k=0
xk



Comparison with First-Order Methods

Two-point zeroth-order First-order GD First-order SGD

<latexit sha1_base64="pwmEoLRbbz0pT1jRGpBDGt1Eqps="></latexit>

E[f(x̄K)�f(x⇤)]  O

⇣
n

K

⌘ <latexit sha1_base64="A9OG7zNwWrHQbdIA0efhUri53WE="></latexit>
f(xK)�f(x⇤)  O

✓
1

K

◆ <latexit sha1_base64="7acRBWWZzGehhvYSuAlLVxCuOIQ="></latexit>
E[f(x̄K)�f(x⇤)]  O

✓
1p
K

◆



Extensions
• Noisy function values

• Stochastic problems

• Escaping saddle points

• Connection with extremum seeking control

• Distributed zeroth-order optimization

• …

<latexit sha1_base64="K0U5gNeSViGXkgi6OFDGq76XsQ8="></latexit>

min
x

E⇠[F (x; ⇠)]



Summary
• 双点梯度估计器 Two-point gradient estimator

<latexit sha1_base64="L1SWvOEvlYtW+V6CZMMX/C8l+O4="></latexit>

G(2)
f (x; r, z) =

n

r
(f(x+ rz)� f(x))z

<latexit sha1_base64="Sye0yCWa3RAJaJZlCpgYhOEvckg="></latexit>

G̃(2)
f (x; r, z) =

n

2r
(f(x+ rz)� f(x� rz))z

n -⾃变量维数 dimension of x

r -平滑半径 smoothing radius

z -随机扰动 random perturbation

<latexit sha1_base64="bJrNb9qEISBomcTPT/v4hVvB0Dk=">AAACHnicbVDLSsNAFJ3UV62vqODGTbAIFWpJpGiXBTe6kQr2AW0sk+mkHTqZCTMTocT8i7jV73AnbvUz/AMnbRa2emCGwzn3xfFCSqSy7S8jt7S8srqWXy9sbG5t75i7ey3JI4FwE3HKRceDElPCcFMRRXEnFBgGHsVtb3yZ+u0HLCTh7E5NQuwGcMiITxBUWuqbB70AqhGCNL5JSnaZ3cenTnJ90jeLdsWewvpLnIwUQYZG3/zuDTiKAswUolDKrmOHyo2hUARRnBR6kcQhRGM4xF1NGQywdOPp/Yl1rJWB5XOhH1PWVP3dEcNAykng6cr0WrnopeJ/XjdSfs2NCQsjhRmaLfIjailupWFYAyIwUnSiCUSC6FstNIICIqUjK8ytYQil88vppzinMtEZOYuJ/CWts4pzXqneVov1WpZWHhyCI1ACDrgAdXAFGqAJEHgEz+AFvBpPxpvxbnzMSnNG1rMP5mB8/gB/UaIw</latexit>

N (0, n�1I)
<latexit sha1_base64="TCenZAAGohkyyjVCLQuNVCxPkM0="></latexit>

Unif(Sn�1)

Expectation:
<latexit sha1_base64="136vTs3I98atMTO9VkUWId6VmxQ="></latexit>

E
h
G(2)
f (x; r, z)

i
= rfr(x)

2nd moment:
<latexit sha1_base64="FMlLlIyg84pyu/PVcWF3eLnUGCs="></latexit>

E
h��G(2)

f (x; r, z)
��2

i
 C

�
nkrf(x)k2 + L2r2n2

�

Convergence for convex & smooth f:
<latexit sha1_base64="pwmEoLRbbz0pT1jRGpBDGt1Eqps="></latexit>

E[f(x̄K)�f(x⇤)]  O

⇣
n

K

⌘

<latexit sha1_base64="WE5wa7re4oiTFdlUTVAIiWutF+0="></latexit>

xk+1 = xk � ⌘ · G(2)
f (xk; r, zk)

<latexit sha1_base64="rAp3rsUPYv5+2y6hKGHaWOHDDFM="></latexit>

zk ⇠ N (0, n�1I) or
<latexit sha1_base64="I16+Q7ixCsBjvGWUp5uiIaXiL/4="></latexit>

zk ⇠ Unif(Sn�1)



• 梯度下降与随机梯度下降
Gradient Descent & Stochastic Gradient Descent

• 零阶优化
Zeroth-Order Optimization

• 强化学习
Reinforcement Learning



什么是强化学习？

• Data-driven optimization of a Markov Decision Process



⻢尔可夫决策过程 Markov Decision Process

• 四元组

• - 状态空间 State space

• - 动作空间 Action space

• P - 转移概率 Transition probability

• - 奖励分布 Reward distribution

<latexit sha1_base64="HcPKNpr2OM2LFtq2DdDoSQCk5p8="></latexit>

(S,A, P,R)

<latexit sha1_base64="kWR7Wyd0eM/kb7Q9R38Qd1jyt0c=">AAACGnicbVC7TsMwFHXKq5RXgZElokJiQFWCKuhYiYWxCFoqpVHluE5r1bEj+wapivoZbAj+hQ2xsvArTDhpBtpyJVtH59zre3yCmDMNjvNtldbWNza3ytuVnd29/YPq4VFXy0QR2iGSS9ULsKacCdoBBpz2YkVxFHD6GExuMv3xiSrNpHiAaUz9CI8ECxnBYCivH2EYE8zT+9mgWnPqTl72KnALUENFtQfVn/5QkiSiAgjHWnuuE4OfYgWMcDqr9BNNY0wmeEQ9AwWOqPbT3PLMPjPM0A6lMkeAnbN/J1IcaT2NAtOZWdTLWkb+p3kJhE0/ZSJOgAoyXxQm3AZpZ/+3h0xRAnxqACaKGa82GWOFCZiUKgtrBCHZ+xfZBVJynSOlQ52F5S5Hswq6l3X3qt64a9RazSK2MjpBp+gcuegatdAtaqMOIkiiZ/SK3qwX6936sD7nrSWrmDlGC2V9/QL4xKJI</latexit>

S
<latexit sha1_base64="kD7j6ESmf8XSuvS7c4PuFwN+LI4=">AAACGnicbVC7TsMwFHXKq5RXgZElokJiQFWCKuhYxMJYJFoqpVHluE5r1bEj+wapivoZbAj+hQ2xsvArTDhpBtpyJVtH59zre3yCmDMNjvNtldbWNza3ytuVnd29/YPq4VFXy0QR2iGSS9ULsKacCdoBBpz2YkVxFHD6GExuM/3xiSrNpHiAaUz9CI8ECxnBYCivH2EYE8zTm9mgWnPqTl72KnALUENFtQfVn/5QkiSiAgjHWnuuE4OfYgWMcDqr9BNNY0wmeEQ9AwWOqPbT3PLMPjPM0A6lMkeAnbN/J1IcaT2NAtOZWdTLWkb+p3kJhE0/ZSJOgAoyXxQm3AZpZ/+3h0xRAnxqACaKGa82GWOFCZiUKgtrBCHZ+xfZBVJynSOlQ52F5S5Hswq6l3X3qt64b9RazSK2MjpBp+gcuegatdAdaqMOIkiiZ/SK3qwX6936sD7nrSWrmDlGC2V9/QLamqI2</latexit>

A

<latexit sha1_base64="rNq63ykDKCdtaMd+6Jc0bMaW1aA=">AAACGnicbVC7TsMwFHXKq5RXgZElokJiQFWCKuhYiYWxIFoqpVHl3DqtVceObAepivoZbAj+hQ2xsvArTDhpBtpyJVtH59zre3yCmFGlHefbKq2tb2xulbcrO7t7+wfVw6OuEokE0gHBhOwFWBFGOeloqhnpxZLgKGDkMZjcZPrjE5GKCv6gpzHxIzziNKSAtaG8foT1WIFM72eDas2pO3nZq8AtQA0V1R5Uf/pDAUlEuAaGlfJcJ9Z+iqWmwMis0k8UiTFM8Ih4BnIcEeWnueWZfWaYoR0KaQ7Xds7+nUhxpNQ0CkxnbnFZy8j/NC/RYdNPKY8TTTjMF4UJs7Wws//bQyoJaDY1AIOkxqsNYywxaJNSZWENB8jev8guLQRTOZIqVFlY7nI0q6B7WXev6o27Rq3VLGIroxN0is6Ri65RC92iNuogQAI9o1f0Zr1Y79aH9TlvLVnFzDFaKOvrFx+wol8=</latexit>

R
<latexit sha1_base64="4Kt3aVEqSIDrxBAo1c1qKohhVUo=">AAACJ3icbVDLSgMxFM34rPVVFdy4GSyCQikzUtSl4MZlFVsLbSmZ24wNzSRDckco0/6MO9F/cSe69DdcmZl24etAwuGc++IEseAGPe/dmZtfWFxaLqwUV9fWNzZLW9tNoxINrAFKKN0KqGGCS9ZAjoK1Ys1oFAh2GwwvMv/2nmnDlbzBUcy6Eb2TPORA0Uq90m4nojgwoNPryWEH+grHpkKPeqWyV/VyuH+JPyNlMkO9V/rs9BUkEZMIghrT9r0YuynVyEGwSbGTGBZTGNI71rZU0oiZbprfP3EPrNJ3Q6Xtk+jm6veOlEbGjKLAVubX/vYy8T+vnWB41k25jBNkEqaLwkS4qNwsDLfPNQMUI0soaG5vdWFANQW0kRV/rJEA2fxK9qFSwuRMm9BMbFj+72j+kuZx1T+p1q5q5fOzWWwFskf2ySHxySk5J5ekThoEyJg8kCfy7Dw6L86r8zYtnXNmPTvkB5yPL+EoptE=</latexit>

R(·|s, a) is a probability distribution on <latexit sha1_base64="6lbdrpv2/6p1wWD+6wMq7HJmOq4=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiQFWCKuhYiYWxIPoQbVQ5rtNadezIvkGqov4FG4J/YUOsTPwKE06agbZcydbROff6Hh8/4kyD43xbhbX1jc2t4nZpZ3dv/6B8eNTWMlaEtojkUnV9rClngraAAafdSFEc+px2/MlNqneeqNJMigeYRtQL8UiwgBEMhnrshxjGvp/czwblilN1srJXgZuDCsqrOSj/9IeSxCEVQDjWuuc6EXgJVsAIp7NSP9Y0wmSCR7RnoMAh1V6SOZ7ZZ4YZ2oFU5giwM/bvRIJDraehbzpTh3pZS8n/tF4MQd1LmIhioILMFwUxt0Ha6fftIVOUAJ8agIlixqtNxlhhAiak0sIaQUj6/kV6gZRcZ0jpQKdhucvRrIL2ZdW9qtbuapVGPY+tiE7QKTpHLrpGDXSLmqiFCBLoGb2iN+vFerc+rM95a8HKZ47RQllfvxlaodE=</latexit>R

<latexit sha1_base64="jpL2+hJox+6isiktSFx/RaPGySk=">AAACG3icbVDLSgMxFM3UV62vqks3g0WoUMqMFO2y4MZlBfuATimZNNOGZpIhuSOU2t9wJ/ov7sStC3/FlZnpLGzrgYTDOffF8SPONDjOt5Xb2Nza3snvFvb2Dw6PiscnbS1jRWiLSC5V18eaciZoCxhw2o0UxaHPacef3CZ+55EqzaR4gGlE+yEeCRYwgsFIXrPskaGEJ13Bl4Niyak6Kex14makhDI0B8UfbyhJHFIBhGOte64TQX+GFTDC6bzgxZpGmEzwiPYMFTikuj9Lb57bF0YZ2oFU5gmwU/VvxwyHWk9D31SGGMZ61UvE/7xeDEG9P2MiioEKslgUxNwGaScB2EOmKAE+NQQTxcytNhljhQmYmApLawQhyfxK8oGUXKdM6UDPTVjuajTrpH1Vda+rtftaqVHPYsujM3SOyshFN6iB7lATtRBBEXpGr+jNerHerQ/rc1Gas7KeU7QE6+sXgZuh9A==</latexit>

P (·|s, a) is a probability distribution on <latexit sha1_base64="kWR7Wyd0eM/kb7Q9R38Qd1jyt0c=">AAACGnicbVC7TsMwFHXKq5RXgZElokJiQFWCKuhYiYWxCFoqpVHluE5r1bEj+wapivoZbAj+hQ2xsvArTDhpBtpyJVtH59zre3yCmDMNjvNtldbWNza3ytuVnd29/YPq4VFXy0QR2iGSS9ULsKacCdoBBpz2YkVxFHD6GExuMv3xiSrNpHiAaUz9CI8ECxnBYCivH2EYE8zT+9mgWnPqTl72KnALUENFtQfVn/5QkiSiAgjHWnuuE4OfYgWMcDqr9BNNY0wmeEQ9AwWOqPbT3PLMPjPM0A6lMkeAnbN/J1IcaT2NAtOZWdTLWkb+p3kJhE0/ZSJOgAoyXxQm3AZpZ/+3h0xRAnxqACaKGa82GWOFCZiUKgtrBCHZ+xfZBVJynSOlQ52F5S5Hswq6l3X3qt64a9RazSK2MjpBp+gcuegatdAtaqMOIkiiZ/SK3qwX6936sD7nrSWrmDlGC2V9/QL4xKJI</latexit>S
状态 State

st
<latexit sha1_base64="PF0Ihzg1vn80K6SPqyJiNp5djE0="></latexit>

P (· |st, at)
st+1

动作 Actionat

<latexit sha1_base64="KsMInYspS1UKWOTbu6xNOh+jK0k="></latexit>

R(· |st, at)

奖励 Rewardrt



⻢尔可夫决策过程 Markov Decision Process

• 四元组

• - 状态空间 State space

• - 动作空间 Action space

• P - 转移概率 Transition probability

• - 奖励分布 Reward distribution

<latexit sha1_base64="HcPKNpr2OM2LFtq2DdDoSQCk5p8="></latexit>

(S,A, P,R)

<latexit sha1_base64="kWR7Wyd0eM/kb7Q9R38Qd1jyt0c=">AAACGnicbVC7TsMwFHXKq5RXgZElokJiQFWCKuhYiYWxCFoqpVHluE5r1bEj+wapivoZbAj+hQ2xsvArTDhpBtpyJVtH59zre3yCmDMNjvNtldbWNza3ytuVnd29/YPq4VFXy0QR2iGSS9ULsKacCdoBBpz2YkVxFHD6GExuMv3xiSrNpHiAaUz9CI8ECxnBYCivH2EYE8zT+9mgWnPqTl72KnALUENFtQfVn/5QkiSiAgjHWnuuE4OfYgWMcDqr9BNNY0wmeEQ9AwWOqPbT3PLMPjPM0A6lMkeAnbN/J1IcaT2NAtOZWdTLWkb+p3kJhE0/ZSJOgAoyXxQm3AZpZ/+3h0xRAnxqACaKGa82GWOFCZiUKgtrBCHZ+xfZBVJynSOlQ52F5S5Hswq6l3X3qt64a9RazSK2MjpBp+gcuegatdAtaqMOIkiiZ/SK3qwX6936sD7nrSWrmDlGC2V9/QL4xKJI</latexit>

S
<latexit sha1_base64="kD7j6ESmf8XSuvS7c4PuFwN+LI4=">AAACGnicbVC7TsMwFHXKq5RXgZElokJiQFWCKuhYxMJYJFoqpVHluE5r1bEj+wapivoZbAj+hQ2xsvArTDhpBtpyJVtH59zre3yCmDMNjvNtldbWNza3ytuVnd29/YPq4VFXy0QR2iGSS9ULsKacCdoBBpz2YkVxFHD6GExuM/3xiSrNpHiAaUz9CI8ECxnBYCivH2EYE8zTm9mgWnPqTl72KnALUENFtQfVn/5QkiSiAgjHWnuuE4OfYgWMcDqr9BNNY0wmeEQ9AwWOqPbT3PLMPjPM0A6lMkeAnbN/J1IcaT2NAtOZWdTLWkb+p3kJhE0/ZSJOgAoyXxQm3AZpZ/+3h0xRAnxqACaKGa82GWOFCZiUKgtrBCHZ+xfZBVJynSOlQ52F5S5Hswq6l3X3qt64b9RazSK2MjpBp+gcuegatdAdaqMOIkiiZ/SK3qwX6936sD7nrSWrmDlGC2V9/QLamqI2</latexit>

A

<latexit sha1_base64="rNq63ykDKCdtaMd+6Jc0bMaW1aA=">AAACGnicbVC7TsMwFHXKq5RXgZElokJiQFWCKuhYiYWxIFoqpVHl3DqtVceObAepivoZbAj+hQ2xsvArTDhpBtpyJVtH59zre3yCmFGlHefbKq2tb2xulbcrO7t7+wfVw6OuEokE0gHBhOwFWBFGOeloqhnpxZLgKGDkMZjcZPrjE5GKCv6gpzHxIzziNKSAtaG8foT1WIFM72eDas2pO3nZq8AtQA0V1R5Uf/pDAUlEuAaGlfJcJ9Z+iqWmwMis0k8UiTFM8Ih4BnIcEeWnueWZfWaYoR0KaQ7Xds7+nUhxpNQ0CkxnbnFZy8j/NC/RYdNPKY8TTTjMF4UJs7Wws//bQyoJaDY1AIOkxqsNYywxaJNSZWENB8jev8guLQRTOZIqVFlY7nI0q6B7WXev6o27Rq3VLGIroxN0is6Ri65RC92iNuogQAI9o1f0Zr1Y79aH9TlvLVnFzDFaKOvrFx+wol8=</latexit>

R
<latexit sha1_base64="4Kt3aVEqSIDrxBAo1c1qKohhVUo=">AAACJ3icbVDLSgMxFM34rPVVFdy4GSyCQikzUtSl4MZlFVsLbSmZ24wNzSRDckco0/6MO9F/cSe69DdcmZl24etAwuGc++IEseAGPe/dmZtfWFxaLqwUV9fWNzZLW9tNoxINrAFKKN0KqGGCS9ZAjoK1Ys1oFAh2GwwvMv/2nmnDlbzBUcy6Eb2TPORA0Uq90m4nojgwoNPryWEH+grHpkKPeqWyV/VyuH+JPyNlMkO9V/rs9BUkEZMIghrT9r0YuynVyEGwSbGTGBZTGNI71rZU0oiZbprfP3EPrNJ3Q6Xtk+jm6veOlEbGjKLAVubX/vYy8T+vnWB41k25jBNkEqaLwkS4qNwsDLfPNQMUI0soaG5vdWFANQW0kRV/rJEA2fxK9qFSwuRMm9BMbFj+72j+kuZx1T+p1q5q5fOzWWwFskf2ySHxySk5J5ekThoEyJg8kCfy7Dw6L86r8zYtnXNmPTvkB5yPL+EoptE=</latexit>

R(·|s, a) is a probability distribution on <latexit sha1_base64="6lbdrpv2/6p1wWD+6wMq7HJmOq4=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiQFWCKuhYiYWxIPoQbVQ5rtNadezIvkGqov4FG4J/YUOsTPwKE06agbZcydbROff6Hh8/4kyD43xbhbX1jc2t4nZpZ3dv/6B8eNTWMlaEtojkUnV9rClngraAAafdSFEc+px2/MlNqneeqNJMigeYRtQL8UiwgBEMhnrshxjGvp/czwblilN1srJXgZuDCsqrOSj/9IeSxCEVQDjWuuc6EXgJVsAIp7NSP9Y0wmSCR7RnoMAh1V6SOZ7ZZ4YZ2oFU5giwM/bvRIJDraehbzpTh3pZS8n/tF4MQd1LmIhioILMFwUxt0Ha6fftIVOUAJ8agIlixqtNxlhhAiak0sIaQUj6/kV6gZRcZ0jpQKdhucvRrIL2ZdW9qtbuapVGPY+tiE7QKTpHLrpGDXSLmqiFCBLoGb2iN+vFerc+rM95a8HKZ47RQllfvxlaodE=</latexit>R

<latexit sha1_base64="jpL2+hJox+6isiktSFx/RaPGySk=">AAACG3icbVDLSgMxFM3UV62vqks3g0WoUMqMFO2y4MZlBfuATimZNNOGZpIhuSOU2t9wJ/ov7sStC3/FlZnpLGzrgYTDOffF8SPONDjOt5Xb2Nza3snvFvb2Dw6PiscnbS1jRWiLSC5V18eaciZoCxhw2o0UxaHPacef3CZ+55EqzaR4gGlE+yEeCRYwgsFIXrPskaGEJ13Bl4Niyak6Kex14makhDI0B8UfbyhJHFIBhGOte64TQX+GFTDC6bzgxZpGmEzwiPYMFTikuj9Lb57bF0YZ2oFU5gmwU/VvxwyHWk9D31SGGMZ61UvE/7xeDEG9P2MiioEKslgUxNwGaScB2EOmKAE+NQQTxcytNhljhQmYmApLawQhyfxK8oGUXKdM6UDPTVjuajTrpH1Vda+rtftaqVHPYsujM3SOyshFN6iB7lATtRBBEXpGr+jNerHerQ/rc1Gas7KeU7QE6+sXgZuh9A==</latexit>

P (·|s, a) is a probability distribution on <latexit sha1_base64="kWR7Wyd0eM/kb7Q9R38Qd1jyt0c=">AAACGnicbVC7TsMwFHXKq5RXgZElokJiQFWCKuhYiYWxCFoqpVHluE5r1bEj+wapivoZbAj+hQ2xsvArTDhpBtpyJVtH59zre3yCmDMNjvNtldbWNza3ytuVnd29/YPq4VFXy0QR2iGSS9ULsKacCdoBBpz2YkVxFHD6GExuMv3xiSrNpHiAaUz9CI8ECxnBYCivH2EYE8zT+9mgWnPqTl72KnALUENFtQfVn/5QkiSiAgjHWnuuE4OfYgWMcDqr9BNNY0wmeEQ9AwWOqPbT3PLMPjPM0A6lMkeAnbN/J1IcaT2NAtOZWdTLWkb+p3kJhE0/ZSJOgAoyXxQm3AZpZ/+3h0xRAnxqACaKGa82GWOFCZiUKgtrBCHZ+xfZBVJynSOlQ52F5S5Hswq6l3X3qt64a9RazSK2MjpBp+gcuegatdAtaqMOIkiiZ/SK3qwX6936sD7nrSWrmDlGC2V9/QL4xKJI</latexit>S
状态 State

st
<latexit sha1_base64="PF0Ihzg1vn80K6SPqyJiNp5djE0="></latexit>

P (· |st, at)
st+1

动作 Actionat

<latexit sha1_base64="KsMInYspS1UKWOTbu6xNOh+jK0k="></latexit>

R(· |st, at)

奖励 Rewardrt

假设为

有限集合



⻢尔可夫决策过程 Markov Decision Process

• 四元组

• - 状态空间 State space

• - 动作空间 Action space

• P - 转移概率 Transition probability

• - 奖励分布 Reward distribution

<latexit sha1_base64="HcPKNpr2OM2LFtq2DdDoSQCk5p8="></latexit>

(S,A, P,R)

<latexit sha1_base64="kWR7Wyd0eM/kb7Q9R38Qd1jyt0c=">AAACGnicbVC7TsMwFHXKq5RXgZElokJiQFWCKuhYiYWxCFoqpVHluE5r1bEj+wapivoZbAj+hQ2xsvArTDhpBtpyJVtH59zre3yCmDMNjvNtldbWNza3ytuVnd29/YPq4VFXy0QR2iGSS9ULsKacCdoBBpz2YkVxFHD6GExuMv3xiSrNpHiAaUz9CI8ECxnBYCivH2EYE8zT+9mgWnPqTl72KnALUENFtQfVn/5QkiSiAgjHWnuuE4OfYgWMcDqr9BNNY0wmeEQ9AwWOqPbT3PLMPjPM0A6lMkeAnbN/J1IcaT2NAtOZWdTLWkb+p3kJhE0/ZSJOgAoyXxQm3AZpZ/+3h0xRAnxqACaKGa82GWOFCZiUKgtrBCHZ+xfZBVJynSOlQ52F5S5Hswq6l3X3qt64a9RazSK2MjpBp+gcuegatdAtaqMOIkiiZ/SK3qwX6936sD7nrSWrmDlGC2V9/QL4xKJI</latexit>

S
<latexit sha1_base64="kD7j6ESmf8XSuvS7c4PuFwN+LI4=">AAACGnicbVC7TsMwFHXKq5RXgZElokJiQFWCKuhYxMJYJFoqpVHluE5r1bEj+wapivoZbAj+hQ2xsvArTDhpBtpyJVtH59zre3yCmDMNjvNtldbWNza3ytuVnd29/YPq4VFXy0QR2iGSS9ULsKacCdoBBpz2YkVxFHD6GExuM/3xiSrNpHiAaUz9CI8ECxnBYCivH2EYE8zTm9mgWnPqTl72KnALUENFtQfVn/5QkiSiAgjHWnuuE4OfYgWMcDqr9BNNY0wmeEQ9AwWOqPbT3PLMPjPM0A6lMkeAnbN/J1IcaT2NAtOZWdTLWkb+p3kJhE0/ZSJOgAoyXxQm3AZpZ/+3h0xRAnxqACaKGa82GWOFCZiUKgtrBCHZ+xfZBVJynSOlQ52F5S5Hswq6l3X3qt64b9RazSK2MjpBp+gcuegatdAdaqMOIkiiZ/SK3qwX6936sD7nrSWrmDlGC2V9/QLamqI2</latexit>

A

<latexit sha1_base64="rNq63ykDKCdtaMd+6Jc0bMaW1aA=">AAACGnicbVC7TsMwFHXKq5RXgZElokJiQFWCKuhYiYWxIFoqpVHl3DqtVceObAepivoZbAj+hQ2xsvArTDhpBtpyJVtH59zre3yCmFGlHefbKq2tb2xulbcrO7t7+wfVw6OuEokE0gHBhOwFWBFGOeloqhnpxZLgKGDkMZjcZPrjE5GKCv6gpzHxIzziNKSAtaG8foT1WIFM72eDas2pO3nZq8AtQA0V1R5Uf/pDAUlEuAaGlfJcJ9Z+iqWmwMis0k8UiTFM8Ih4BnIcEeWnueWZfWaYoR0KaQ7Xds7+nUhxpNQ0CkxnbnFZy8j/NC/RYdNPKY8TTTjMF4UJs7Wws//bQyoJaDY1AIOkxqsNYywxaJNSZWENB8jev8guLQRTOZIqVFlY7nI0q6B7WXev6o27Rq3VLGIroxN0is6Ri65RC92iNuogQAI9o1f0Zr1Y79aH9TlvLVnFzDFaKOvrFx+wol8=</latexit>

R
<latexit sha1_base64="4Kt3aVEqSIDrxBAo1c1qKohhVUo=">AAACJ3icbVDLSgMxFM34rPVVFdy4GSyCQikzUtSl4MZlFVsLbSmZ24wNzSRDckco0/6MO9F/cSe69DdcmZl24etAwuGc++IEseAGPe/dmZtfWFxaLqwUV9fWNzZLW9tNoxINrAFKKN0KqGGCS9ZAjoK1Ys1oFAh2GwwvMv/2nmnDlbzBUcy6Eb2TPORA0Uq90m4nojgwoNPryWEH+grHpkKPeqWyV/VyuH+JPyNlMkO9V/rs9BUkEZMIghrT9r0YuynVyEGwSbGTGBZTGNI71rZU0oiZbprfP3EPrNJ3Q6Xtk+jm6veOlEbGjKLAVubX/vYy8T+vnWB41k25jBNkEqaLwkS4qNwsDLfPNQMUI0soaG5vdWFANQW0kRV/rJEA2fxK9qFSwuRMm9BMbFj+72j+kuZx1T+p1q5q5fOzWWwFskf2ySHxySk5J5ekThoEyJg8kCfy7Dw6L86r8zYtnXNmPTvkB5yPL+EoptE=</latexit>

R(·|s, a) is a probability distribution on <latexit sha1_base64="6lbdrpv2/6p1wWD+6wMq7HJmOq4=">AAACGXicbVC7TsMwFHXKq5RXgZElokJiQFWCKuhYiYWxIPoQbVQ5rtNadezIvkGqov4FG4J/YUOsTPwKE06agbZcydbROff6Hh8/4kyD43xbhbX1jc2t4nZpZ3dv/6B8eNTWMlaEtojkUnV9rClngraAAafdSFEc+px2/MlNqneeqNJMigeYRtQL8UiwgBEMhnrshxjGvp/czwblilN1srJXgZuDCsqrOSj/9IeSxCEVQDjWuuc6EXgJVsAIp7NSP9Y0wmSCR7RnoMAh1V6SOZ7ZZ4YZ2oFU5giwM/bvRIJDraehbzpTh3pZS8n/tF4MQd1LmIhioILMFwUxt0Ha6fftIVOUAJ8agIlixqtNxlhhAiak0sIaQUj6/kV6gZRcZ0jpQKdhucvRrIL2ZdW9qtbuapVGPY+tiE7QKTpHLrpGDXSLmqiFCBLoGb2iN+vFerc+rM95a8HKZ47RQllfvxlaodE=</latexit>R

状态 State

st
<latexit sha1_base64="PF0Ihzg1vn80K6SPqyJiNp5djE0="></latexit>

P (· |st, at)
st+1

动作 Actionat

<latexit sha1_base64="KsMInYspS1UKWOTbu6xNOh+jK0k="></latexit>

R(· |st, at)

奖励 Rewardrt

假设为

有限集合

<latexit sha1_base64="6zX3cvKOq/EZT2d5sfwYgE2qhuM="></latexit>

P (s0|s, a) � 0,
X

s02S
P (s0|s, a) = 1



⻢尔可夫决策过程 Markov Decision Process

• 四元组

• - 状态空间 State space

• - 动作空间 Action space

• P - 转移概率 Transition probability

• r - 奖励函数 Reward function

<latexit sha1_base64="kWR7Wyd0eM/kb7Q9R38Qd1jyt0c=">AAACGnicbVC7TsMwFHXKq5RXgZElokJiQFWCKuhYiYWxCFoqpVHluE5r1bEj+wapivoZbAj+hQ2xsvArTDhpBtpyJVtH59zre3yCmDMNjvNtldbWNza3ytuVnd29/YPq4VFXy0QR2iGSS9ULsKacCdoBBpz2YkVxFHD6GExuMv3xiSrNpHiAaUz9CI8ECxnBYCivH2EYE8zT+9mgWnPqTl72KnALUENFtQfVn/5QkiSiAgjHWnuuE4OfYgWMcDqr9BNNY0wmeEQ9AwWOqPbT3PLMPjPM0A6lMkeAnbN/J1IcaT2NAtOZWdTLWkb+p3kJhE0/ZSJOgAoyXxQm3AZpZ/+3h0xRAnxqACaKGa82GWOFCZiUKgtrBCHZ+xfZBVJynSOlQ52F5S5Hswq6l3X3qt64a9RazSK2MjpBp+gcuegatdAtaqMOIkiiZ/SK3qwX6936sD7nrSWrmDlGC2V9/QL4xKJI</latexit>

S
<latexit sha1_base64="kD7j6ESmf8XSuvS7c4PuFwN+LI4=">AAACGnicbVC7TsMwFHXKq5RXgZElokJiQFWCKuhYxMJYJFoqpVHluE5r1bEj+wapivoZbAj+hQ2xsvArTDhpBtpyJVtH59zre3yCmDMNjvNtldbWNza3ytuVnd29/YPq4VFXy0QR2iGSS9ULsKacCdoBBpz2YkVxFHD6GExuM/3xiSrNpHiAaUz9CI8ECxnBYCivH2EYE8zTm9mgWnPqTl72KnALUENFtQfVn/5QkiSiAgjHWnuuE4OfYgWMcDqr9BNNY0wmeEQ9AwWOqPbT3PLMPjPM0A6lMkeAnbN/J1IcaT2NAtOZWdTLWkb+p3kJhE0/ZSJOgAoyXxQm3AZpZ/+3h0xRAnxqACaKGa82GWOFCZiUKgtrBCHZ+xfZBVJynSOlQ52F5S5Hswq6l3X3qt64b9RazSK2MjpBp+gcuegatdAdaqMOIkiiZ/SK3qwX6936sD7nrSWrmDlGC2V9/QLamqI2</latexit>

A

<latexit sha1_base64="6zX3cvKOq/EZT2d5sfwYgE2qhuM="></latexit>

P (s0|s, a) � 0,
X

s02S
P (s0|s, a) = 1

<latexit sha1_base64="e3Zd+eYuZ+UQmp6KmWFpuCCh+vc="></latexit>

r : S ⇥A ! R

假设为

有限集合

假设 r(s,a)属于 [0,1]

<latexit sha1_base64="80nFbrA2VHfqWvXmb9IyOGdyGwU=">AAACLnicbZDLSgMxFIYz9VbrbdSlCINFqDCUGSnaZcWNy4r2Au1QMmmmDc0kQ5IRyjArn8ad6LsILsStz+DKTFvEth5I+PjPOTknvx9RIpXjvBu5ldW19Y38ZmFre2d3z9w/aEoeC4QbiFMu2j6UmBKGG4ooituRwDD0KW75o+ss33rAQhLO7tU4wl4IB4wEBEGlpZ55XOqGUA0RpMldav/yVWrXbXHWM4tO2ZmEtQzuDIpgFvWe+d3tcxSHmClEoZQd14mUl0ChCKI4LXRjiSOIRnCAOxoZDLH0ksk3UutUK30r4EIfpqyJ+rcjgaGU49DXldmecjGXif/lOrEKql5CWBQrzNB0UBBTS3Er88TqE4GRomMNEAmid7XQEAqIlHauMDeGIZS9b2eX4pzKCQkZyFSb5S5aswzN87J7Ua7cVoq16sy2PDgCJ6AEXHAJauAG1EEDIPAInsALeDWejTfjw/icluaMWc8hmAvj6weplKkz</latexit>

(S,A, P, r)

<latexit sha1_base64="PF0Ihzg1vn80K6SPqyJiNp5djE0="></latexit>

P (· |st, at)

<latexit sha1_base64="vzZRx6L6Pu9GO2/Pp6pi4ywMLu0="></latexit>

r(st, at)

动作 Action

状态 State

奖励 Reward

st st+1

at

rt



⻢尔可夫决策过程 Markov Decision Process

• 四元组

• 两类任务

<latexit sha1_base64="80nFbrA2VHfqWvXmb9IyOGdyGwU=">AAACLnicbZDLSgMxFIYz9VbrbdSlCINFqDCUGSnaZcWNy4r2Au1QMmmmDc0kQ5IRyjArn8ad6LsILsStz+DKTFvEth5I+PjPOTknvx9RIpXjvBu5ldW19Y38ZmFre2d3z9w/aEoeC4QbiFMu2j6UmBKGG4ooituRwDD0KW75o+ss33rAQhLO7tU4wl4IB4wEBEGlpZ55XOqGUA0RpMldav/yVWrXbXHWM4tO2ZmEtQzuDIpgFvWe+d3tcxSHmClEoZQd14mUl0ChCKI4LXRjiSOIRnCAOxoZDLH0ksk3UutUK30r4EIfpqyJ+rcjgaGU49DXldmecjGXif/lOrEKql5CWBQrzNB0UBBTS3Er88TqE4GRomMNEAmid7XQEAqIlHauMDeGIZS9b2eX4pzKCQkZyFSb5S5aswzN87J7Ua7cVoq16sy2PDgCJ6AEXHAJauAG1EEDIPAInsALeDWejTfjw/icluaMWc8hmAvj6weplKkz</latexit>

(S,A, P, r)

<latexit sha1_base64="PF0Ihzg1vn80K6SPqyJiNp5djE0="></latexit>

P (· |st, at)

<latexit sha1_base64="vzZRx6L6Pu9GO2/Pp6pi4ywMLu0="></latexit>

r(st, at)

动作 Action

状态 State

奖励 Reward

st st+1

at

rt

2) Continuing tasks
Otherwise

There is a set of terminal states such that

for all            and

<latexit sha1_base64="8rogujDAXmS8RNrrrGP86tC3rxQ="></latexit>

T

1) Episodic tasks

<latexit sha1_base64="/8LXJI/NZKpFSH6mHaQU1r6A9Zo="></latexit> X

s02T
P (s0|s, a) = 1 and r(s, a) = 0

<latexit sha1_base64="aCJ59g53r1ABtpFoX0Pb2OsSqWU="></latexit>

s 2 T
<latexit sha1_base64="zLipOcAwFzWiK1M9X3hbsJSHR8E="></latexit>

a 2 A



• 四元组

• 回报（Return）

• 有限时域

• ⽆限时域

• 平均回报

• 折扣回报

⻢尔可夫决策过程 Markov Decision Process

<latexit sha1_base64="80nFbrA2VHfqWvXmb9IyOGdyGwU=">AAACLnicbZDLSgMxFIYz9VbrbdSlCINFqDCUGSnaZcWNy4r2Au1QMmmmDc0kQ5IRyjArn8ad6LsILsStz+DKTFvEth5I+PjPOTknvx9RIpXjvBu5ldW19Y38ZmFre2d3z9w/aEoeC4QbiFMu2j6UmBKGG4ooituRwDD0KW75o+ss33rAQhLO7tU4wl4IB4wEBEGlpZ55XOqGUA0RpMldav/yVWrXbXHWM4tO2ZmEtQzuDIpgFvWe+d3tcxSHmClEoZQd14mUl0ChCKI4LXRjiSOIRnCAOxoZDLH0ksk3UutUK30r4EIfpqyJ+rcjgaGU49DXldmecjGXif/lOrEKql5CWBQrzNB0UBBTS3Er88TqE4GRomMNEAmid7XQEAqIlHauMDeGIZS9b2eX4pzKCQkZyFSb5S5aswzN87J7Ua7cVoq16sy2PDgCJ6AEXHAJauAG1EEDIPAInsALeDWejTfjw/icluaMWc8hmAvj6weplKkz</latexit>

(S,A, P, r)

- 折扣因子 discount factor

<latexit sha1_base64="2v1dSAO9W5Ewi2bWDDfNN9914yI="></latexit>XT

t=0
rt

<latexit sha1_base64="lJ4lRkluHtjSC0IqdK/Ha+TAkoU="></latexit>

lim sup
T!1

1

T

XT�1

t=0
rt

<latexit sha1_base64="H7yld9cbJ+sNAkbH9PdzB2GcN+Y="></latexit>X1

t=0
�t rt

<latexit sha1_base64="PF0Ihzg1vn80K6SPqyJiNp5djE0="></latexit>

P (· |st, at)

<latexit sha1_base64="vzZRx6L6Pu9GO2/Pp6pi4ywMLu0="></latexit>

r(st, at)

动作 Action

状态 State

奖励 Reward

st st+1

at

rt



策略 ¼ 下的 MDP

<latexit sha1_base64="ZiL2Z4PZa2O+Oy/6JJlT4zRA0uQ="></latexit>

ht = (s0, a0, r0, . . . , st�1, at�1, rt�1, st)

<latexit sha1_base64="41pwPyJbDDq1kIsx/Oo/8yU72Fk="></latexit>

P(at = a |ht) = ⇡t(a|ht)

• 四元组

• 回报

• 策略 Policy

⻢尔可夫决策过程 Markov Decision Process

<latexit sha1_base64="80nFbrA2VHfqWvXmb9IyOGdyGwU=">AAACLnicbZDLSgMxFIYz9VbrbdSlCINFqDCUGSnaZcWNy4r2Au1QMmmmDc0kQ5IRyjArn8ad6LsILsStz+DKTFvEth5I+PjPOTknvx9RIpXjvBu5ldW19Y38ZmFre2d3z9w/aEoeC4QbiFMu2j6UmBKGG4ooituRwDD0KW75o+ss33rAQhLO7tU4wl4IB4wEBEGlpZ55XOqGUA0RpMldav/yVWrXbXHWM4tO2ZmEtQzuDIpgFvWe+d3tcxSHmClEoZQd14mUl0ChCKI4LXRjiSOIRnCAOxoZDLH0ksk3UutUK30r4EIfpqyJ+rcjgaGU49DXldmecjGXif/lOrEKql5CWBQrzNB0UBBTS3Er88TqE4GRomMNEAmid7XQEAqIlHauMDeGIZS9b2eX4pzKCQkZyFSb5S5aswzN87J7Ua7cVoq16sy2PDgCJ6AEXHAJauAG1EEDIPAInsALeDWejTfjw/icluaMWc8hmAvj6weplKkz</latexit>

(S,A, P, r)

<latexit sha1_base64="lLwFTFVlVnkarYrULvzsqROo304="></latexit>

⇡ = (⇡0,⇡1,⇡2, . . .) = (⇡t)t�0

<latexit sha1_base64="NM9eTSdTm8cyRRQMBBJxYs68/Bo="></latexit>

Ht = {(s0, a0, r0, . . . , st�1, at�1, rt�1, st)}

所有可能的直到 t 时刻的完整历史

<latexit sha1_base64="hoPW0wBKkSKAOngUQVeFVoSrXm8="></latexit>

⇡t : Ht ! �(A) 动作空间上的概率分布

动作 Action

状态 State

奖励 Reward

假定状态 St在每个时刻都能被准确观测

<latexit sha1_base64="H7yld9cbJ+sNAkbH9PdzB2GcN+Y="></latexit>X1

t=0
�t rt

<latexit sha1_base64="PF0Ihzg1vn80K6SPqyJiNp5djE0="></latexit>

P (· |st, at)

<latexit sha1_base64="vzZRx6L6Pu9GO2/Pp6pi4ywMLu0="></latexit>

r(st, at)

st st+1

at

rt



⻢尔可夫决策过程 Markov Decision Process

<latexit sha1_base64="80nFbrA2VHfqWvXmb9IyOGdyGwU=">AAACLnicbZDLSgMxFIYz9VbrbdSlCINFqDCUGSnaZcWNy4r2Au1QMmmmDc0kQ5IRyjArn8ad6LsILsStz+DKTFvEth5I+PjPOTknvx9RIpXjvBu5ldW19Y38ZmFre2d3z9w/aEoeC4QbiFMu2j6UmBKGG4ooituRwDD0KW75o+ss33rAQhLO7tU4wl4IB4wEBEGlpZ55XOqGUA0RpMldav/yVWrXbXHWM4tO2ZmEtQzuDIpgFvWe+d3tcxSHmClEoZQd14mUl0ChCKI4LXRjiSOIRnCAOxoZDLH0ksk3UutUK30r4EIfpqyJ+rcjgaGU49DXldmecjGXif/lOrEKql5CWBQrzNB0UBBTS3Er88TqE4GRomMNEAmid7XQEAqIlHauMDeGIZS9b2eX4pzKCQkZyFSb5S5aswzN87J7Ua7cVoq16sy2PDgCJ6AEXHAJauAG1EEDIPAInsALeDWejTfjw/icluaMWc8hmAvj6weplKkz</latexit>

(S,A, P, r)• 四元组

• 回报

• 策略 Policy

• MDP的最优控制问题

给定初始状态的概率分布 ，
求解使得预期回报达到最⼤的策略

<latexit sha1_base64="z9G6m/QsJwxIwJVaTH99uVW8T50="></latexit>s0 ⇠ µ

<latexit sha1_base64="sPGmCcWMFtnAfVUxQwSgnIVdRCk="></latexit>

min
⇡

E⇡
µ

hX1

t=0
�t rt

i

<latexit sha1_base64="H7yld9cbJ+sNAkbH9PdzB2GcN+Y="></latexit>X1

t=0
�t rt

策略 ¼ 下的 MDP

<latexit sha1_base64="ZiL2Z4PZa2O+Oy/6JJlT4zRA0uQ="></latexit>

ht = (s0, a0, r0, . . . , st�1, at�1, rt�1, st)

动作 Action

状态 State

奖励 Reward

<latexit sha1_base64="41pwPyJbDDq1kIsx/Oo/8yU72Fk="></latexit>

P(at = a |ht) = ⇡t(a|ht)

<latexit sha1_base64="PF0Ihzg1vn80K6SPqyJiNp5djE0="></latexit>

P (· |st, at)

<latexit sha1_base64="vzZRx6L6Pu9GO2/Pp6pi4ywMLu0="></latexit>

r(st, at)

st st+1

at

rt



MDP 最优控制问题的解

定理.

<latexit sha1_base64="xaRDZYrXejIpOciiRE2qowNF1/E="></latexit>

⇡t(a|s0, a0 . . . , st) = ⇡⇤(a|st)
<latexit sha1_base64="N94QyK1PlPZv8Il945PbAKqKZ1c="></latexit>

⇡⇤(a|s) =
(
1, a = a⇤(s),

0, otherwise

取回报为⽆限时域折扣回报. 令函数 为如下 Bellman 最优性⽅程
（Bellman Optimality Equation）的解：

<latexit sha1_base64="6kLgcuI070s6/wDYdLhc0JxORX4="></latexit>

V ⇤ : S ! R

<latexit sha1_base64="BjSSj8G5/KKiyAlrBqf3pcnNoDo="></latexit>

V ⇤(s) = max
a2A

 
r(s, a) + �

X

s02S
V ⇤(s0)P (s0|s, a)

!

<latexit sha1_base64="RvvrvwovxcAzs068Me0E/eu5BJY="></latexit>

a⇤(s) = argmax
a2A

 
r(s, a) + �

X

s02S
V ⇤(s0)P (s0|s, a)

!

则下式给出⼀个对任意初始状态分布 µ 均为最优的策略：

时不变、仅取决于当前状态（无记忆）

确定性策略

贪婪策略



MDP 最优控制问题的解

Caveat: 1. 对于有限时域问题，其最优策略⼀般不再是时不变的，但在
状态可准确观测的情况下依然是⽆记忆的.

2. 若状态⽆法准确观测，则最优策略⼀般不再是⽆记忆的. 此
时通常需要⽤部分可观测⻢尔可夫决策过程（Partially 
Observable MDP）建模.

Implication: 在寻找最优策略时，我们只需考虑时不变、⽆记忆的策略.

• 我们暂不排除随机性策略以及⾮贪婪的策略

策略：
<latexit sha1_base64="dbUFdS1VwuYAi++cprISVD5BP48="></latexit>

⇡ : S ! �(A)
<latexit sha1_base64="x0NpkfP0ZFw6IuAd89Sce5WgsFI="></latexit>

P(at = a |ht) = ⇡(a|st)



Reinforcement Learning Problems

• Some defining features of RL problems:

• The environment is an MDP
• The transition probability of the MDP is not available (either because it is unknown or 

because it is too complicated)
• We can collect data from the environment through sequential interactions

<latexit sha1_base64="80nFbrA2VHfqWvXmb9IyOGdyGwU=">AAACLnicbZDLSgMxFIYz9VbrbdSlCINFqDCUGSnaZcWNy4r2Au1QMmmmDc0kQ5IRyjArn8ad6LsILsStz+DKTFvEth5I+PjPOTknvx9RIpXjvBu5ldW19Y38ZmFre2d3z9w/aEoeC4QbiFMu2j6UmBKGG4ooituRwDD0KW75o+ss33rAQhLO7tU4wl4IB4wEBEGlpZ55XOqGUA0RpMldav/yVWrXbXHWM4tO2ZmEtQzuDIpgFvWe+d3tcxSHmClEoZQd14mUl0ChCKI4LXRjiSOIRnCAOxoZDLH0ksk3UutUK30r4EIfpqyJ+rcjgaGU49DXldmecjGXif/lOrEKql5CWBQrzNB0UBBTS3Er88TqE4GRomMNEAmid7XQEAqIlHauMDeGIZS9b2eX4pzKCQkZyFSb5S5aswzN87J7Ua7cVoq16sy2PDgCJ6AEXHAJauAG1EEDIPAInsALeDWejTfjw/icluaMWc8hmAvj6weplKkz</latexit>

(S,A, P, r)

Sends reward &
next state

<latexit sha1_base64="ClXfbbbbN9/iW4uOEzN9f9wDwRI="></latexit>

r(st, at), st+1 ⇠ P (·|st, at)

<latexit sha1_base64="mpXqk952x7/a77dFvjv03itv6q8="></latexit>

at ⇠ ⇡(·|st)

Takes
action



Further Specifications of the Environment

• The environment has an internal state s, and action input, and a “reset button”

• As long as the reset button is not pushed, whenever an action a is taken, 
the environment will

• Sample
• Output r(s,a) and 
• Set its internal state

• If the reset button is pushed, the environment will

• Reset its internal state s to be a new sample from µ
• Output s

<latexit sha1_base64="v0rM9Jqs3AAMPFDFf9tXtXkBqJM="></latexit>

s0 ⇠ P ( · |s, a)
<latexit sha1_base64="XPyh9evVK55x1+oojqs8zCFwhEw="></latexit>

s0
<latexit sha1_base64="fbGYF50TQ7a8hKCMfHuYgpzsbOM="></latexit>

s s0

Note: The environment doesn’t need to be a real system. It can be a simulator of a real system.



Let’s move on to some fundamental terminologies in RL

• Value function

• Q function and advantage function

• Occupancy measure



值函数 Value Function

• 如何衡量⼀个策略的好坏？

• 给定策略 ¼，定义其值函数 为

• 对于任意初始状态分布 µ ，有

<latexit sha1_base64="/+0hQXJQzsVpnypQY29DRN67mNc="></latexit>

V ⇡ : S ! R
<latexit sha1_base64="8sSSZncc5A0w9xD+sbiOM1J0X78="></latexit>

V ⇡(s) := E⇡

" 1X

t=0

�t rt

����� s0 = s

#

<latexit sha1_base64="PRmoDWOkob4Tl4iNAEkazgYNkBA="></latexit>

=
X

s2S
µ(s)V ⇡(s)

<latexit sha1_base64="YZvVPcQRbYLV5GISmvH3WRG5KRM="></latexit>

=: µV ⇡

<latexit sha1_base64="o0v6jQZKxlJ0OwV9ll8+FWEmkYI="></latexit>

E⇡
µ

" 1X

t=0

�t rt

# <latexit sha1_base64="uNZqz2EctYOfiKvWZNM5fEehA/w="></latexit>

=
X

s2S
Pµ(s0 = s) · E⇡

" 1X

t=0

�t rt

����� s0 = s

#



值函数 Value Function
<latexit sha1_base64="8sSSZncc5A0w9xD+sbiOM1J0X78="></latexit>

V ⇡(s) := E⇡

" 1X

t=0

�t rt

����� s0 = s

# <latexit sha1_base64="LoCxaaFywHuyxKE6icZD9lqA12Y="></latexit>

= E⇡

"
r0 + �

1X

t=1

�t�1 rt

����� s0 = s

#

<latexit sha1_base64="aamgwkw5lzC18xbqXQpmtzjjNLE="></latexit>

� E⇡

" 1X

t=1

�t�1rt

����� s0 = s

# <latexit sha1_base64="y23tNa5NJKv8kurmud83RhpFEik="></latexit>

= � E⇡

"
E⇡

" 1X

t=1

�t�1rt

����� s1

# ����� s0 = s

#

<latexit sha1_base64="9gOZBxxU+HaLhn1TR/ZxX3jIh7M="></latexit>

= � E⇡[V ⇡(s1) | s0 = s]

Bellman ⽅程（Bellman Equation）
<latexit sha1_base64="tcpBK4dFKM390KZRHcoHUVd+pnI="></latexit>

V ⇡(s) = E⇡[r0 + �V ⇡(s1) | s0 = s]



<latexit sha1_base64="0bVgcsnQT/1K2hGk8augnh+non8="></latexit>

V ⇡(s) = E⇡[rt + �V ⇡(st+1) | st = s]

值函数 Value Function
<latexit sha1_base64="8sSSZncc5A0w9xD+sbiOM1J0X78="></latexit>

V ⇡(s) := E⇡

" 1X

t=0

�t rt

����� s0 = s

# <latexit sha1_base64="LoCxaaFywHuyxKE6icZD9lqA12Y="></latexit>

= E⇡

"
r0 + �

1X

t=1

�t�1 rt

����� s0 = s

#

<latexit sha1_base64="aamgwkw5lzC18xbqXQpmtzjjNLE="></latexit>

� E⇡

" 1X

t=1

�t�1rt

����� s0 = s

# <latexit sha1_base64="y23tNa5NJKv8kurmud83RhpFEik="></latexit>

= � E⇡

"
E⇡

" 1X

t=1

�t�1rt

����� s1

# ����� s0 = s

#

<latexit sha1_base64="9gOZBxxU+HaLhn1TR/ZxX3jIh7M="></latexit>

= � E⇡[V ⇡(s1) | s0 = s]

Bellman ⽅程（Bellman Equation）

<latexit sha1_base64="XJRmlEPgjc48znjwsYtmiu0S+7s="></latexit>

=
X

a

⇣
r(s, a) + �

X

s0

V ⇡(s0)P (s0|s, a)
⌘
⇡(a|s)



Q函数与优势函数
<latexit sha1_base64="b5igBpQnxyOVBV+G0iB3is4yQX8="></latexit>

Q⇡(s, a) := r(s, a) + �
X

s02S
V ⇡(s0)P (s0|s, a)

<latexit sha1_base64="pFNruSjiTkpri0L2Q/sBX1JvB/E="></latexit>

= E⇡[rt + �V ⇡(st+1) | st = s, at = a]
<latexit sha1_base64="IpH4I0EwZryqVIPK0ONUOeNWRAM="></latexit>

= E⇡

" 1X

t0=t

�t0�t rt0

����� st = s, at = a

#

• Q 函数

• Q 函数的 Bellman ⽅程
<latexit sha1_base64="SeZlPg6yTVrwFm+nhMZDqbKK9nI="></latexit>

Q⇡(s, a) = r(s, a) + �
X

s0,a0

Q⇡(s0, a0)⇡(a0|s0)P (s0|s, a)

<latexit sha1_base64="Erui1s0b6ZAE6FJjko8IIYK9+Dg="></latexit>

= E⇡[rt + �Q⇡(st+1, at+1) | st = s, at = a]

• 优势函数 Advantage function
<latexit sha1_base64="VGoa0tZ5L6S/V0XLYyO9uV3QH+0="></latexit>

A⇡(s, a) := Q⇡(s, a)� V ⇡(s)



Occupancy Measure
<latexit sha1_base64="9JlvhTFtARK+AM0/x37UfMsBeQU="></latexit>

d⇡µ(s, a) :=
1X

t=0

�t P⇡
µ(st = s, at = a)

<latexit sha1_base64="j3Jt0j1KwfT4iX9qbq8bCgHwtAg="></latexit>

d̃⇡µ(s) :=
X

a2A
d⇡µ(s, a) =

1X

t=0

�t P⇡
µ(St = s)

<latexit sha1_base64="80xr/wIVd73ATO5VKs/ZBaf1TAE="></latexit>

=
1X

t=0

�t P⇡
µ(st = s)

<latexit sha1_base64="2k2qphTmE+DQ2k0KYWOl+3QJrjI="></latexit>X

s,a

d⇡µ(s, a) =
1

1� �

Sometimes also called (discounted) visitation frequencies



Occupancy Measure
<latexit sha1_base64="9JlvhTFtARK+AM0/x37UfMsBeQU="></latexit>

d⇡µ(s, a) :=
1X

t=0

�t P⇡
µ(st = s, at = a)

<latexit sha1_base64="j3Jt0j1KwfT4iX9qbq8bCgHwtAg="></latexit>

d̃⇡µ(s) :=
X

a2A
d⇡µ(s, a) =

1X

t=0

�t P⇡
µ(St = s)

引理. 对任意 ，有
<latexit sha1_base64="qaFWPkK51T2a9dxB73fNooRbkfs="></latexit>

q : S ⇥A ! R
<latexit sha1_base64="7GnOmfve1cUNh6bNRXO9Ag5zS0U="></latexit>

E⇡
µ

" 1X

t=0

�t q(st, at)

#
=

X

s,a

q(s, a) d⇡µ(s, a)

• How to obtain a sample of the quantity                               ?
<latexit sha1_base64="AytYmXSShxzEYmI1ybGVHDY+pv4="></latexit>X

s,a

q(s, a) d⇡µ(s, a)

<latexit sha1_base64="80xr/wIVd73ATO5VKs/ZBaf1TAE="></latexit>

=
1X

t=0

�t P⇡
µ(st = s)

令 T 充分⼤，重置环境并在策略 ¼ 下运⾏ T 步，获取 ，
再构造 <latexit sha1_base64="UhLav7+A+CAY66KmlgmcKd70GN0="></latexit> TX

t=0

�t q(st, at)

<latexit sha1_base64="3g1TcBfGAP2zCyp3ZmYQSmWmDTI="></latexit>s0, a0, . . . , sT , aT



Occupancy Measure

引理.
<latexit sha1_base64="Fl0aaf3mb0SKVGbfwT+4bFdjXuc="></latexit>

d⇡µ(s, a) = ⇡(a|s) d̃⇡µ(s) 策略 ¼ 几乎可由 occupancy measure唯一确定

引理. 若
<latexit sha1_base64="Vy3yKeT9OUkBfy5nPn8AhN+H7mM="></latexit>X

s,a

|⇡1(a|s)� ⇡2(a|s)| d̃⇡2
µ (s)  �，则

<latexit sha1_base64="b0EATe4YPZghTDrPRqjEMNdHpB8="></latexit>��d̃⇡1
µ � d̃⇡2

µ

��
`1

 ��

1� �

若两个策略很接近，那么相应的 occupancy measure of the state 同样也很接近

<latexit sha1_base64="9JlvhTFtARK+AM0/x37UfMsBeQU="></latexit>

d⇡µ(s, a) :=
1X

t=0

�t P⇡
µ(st = s, at = a)

<latexit sha1_base64="j3Jt0j1KwfT4iX9qbq8bCgHwtAg="></latexit>

d̃⇡µ(s) :=
X

a2A
d⇡µ(s, a) =

1X

t=0

�t P⇡
µ(St = s)

<latexit sha1_base64="80xr/wIVd73ATO5VKs/ZBaf1TAE="></latexit>

=
1X

t=0

�t P⇡
µ(st = s)

[arXiv:1705.10528]



Policy Evaluation
• How to estimate the value function of a policy using only samples?

• A fundamental building block for most RL algorithms

• We use a parameterized family of functions                                     , and search for the w
that can best approximate the true value function.

• Q: Why parameterized functions?

• A: To handle situations with enormous 

• Typical examples:

• ， (tabular RL)

• ， (linear parameterization， is a feature mapping)

• ， is a neural network parameterized by w

<latexit sha1_base64="6AikLOMKcEcvoRPYTIEpMtQnIw8="></latexit>

{vw : S ! R | w 2 W}

<latexit sha1_base64="36wBVcjMqt9YnIHDxHzDcBvO1fk="></latexit>

W = RS <latexit sha1_base64="BB3ffhEQ1UZfgJYT+vylCnG4zjw="></latexit>vw(s) = w(s)
<latexit sha1_base64="f27iOQr+PfxDdyB3QGW53Pusa38="></latexit>

W = Rd
<latexit sha1_base64="7SdLcycxySAKbeoFViOd2Z9R1AA="></latexit>

vw(s) = w>�(s)
<latexit sha1_base64="MkFo5LTV5bdrkCapFb4QeRZ/0es="></latexit>

� : S ! Rd

<latexit sha1_base64="f27iOQr+PfxDdyB3QGW53Pusa38="></latexit>

W = Rd
<latexit sha1_base64="jN685HveM6gxp2u9j7dbpXNQwfc="></latexit>

vw(s)

<latexit sha1_base64="pQ/oja3hGHGB9Uv+N07Im61YUlo="></latexit>

|S|



A Slight Digression: Neural Networks

Input Layer Hidden Layers Output Layer
<latexit sha1_base64="aH0WtYlBS2VAATC980t+UoLfyOo="></latexit>

h(1) = �(W (1)x+ b(1))
<latexit sha1_base64="KpjyBV4MG76GFekuLysZUS8+EnQ="></latexit>

h(k) = �(W (k)h(k�1) + b(k))

<latexit sha1_base64="7RVYYD5oW5v6xtZaM8o9mDoe7aI="></latexit>

y = W (L)h(L) + b(L)

The parameters of a neural net:
<latexit sha1_base64="ytfgbfkhrBMs7XHNRyfIkZ5Xkvg="></latexit>

w = (W (1), . . . ,W (L), b(1), . . . , b(L))

¾ : Activation function

The gradient with respect to w: Computed by back propagation



A Slight Digression: Neural Networks

[arXiv:2006.08859] Suppose                         satisfies 

for some                 . Let                                   be arbitrary. Then for any         , 
there exists a neural network                             with ReLU as its activation 
function, satisfying

1) Every hidden layer of fNN has at least w neurons

2) The neural network fNN approximates f in the Lp-norm:

<latexit sha1_base64="NQUngJE2qmNNsp+Fdw/p9FP4wiI="></latexit>

f : Rdx ! Rdy

<latexit sha1_base64="dHyXV0W44JIilKBTdyfNUC5TeJY="></latexit>Z

Rdx

|fi(x)|p dx < +1
<latexit sha1_base64="J/PMgwPJCFkLciUQLmK0+qr70RQ="></latexit>

p 2 [1,1)
<latexit sha1_base64="/uXx+1MQz9liNKlvVirpW/skF0o="></latexit>

w � max{dx + 1, dy}
<latexit sha1_base64="sUrg3lIPacPFbIhx0pUb1Fy80qc="></latexit>

✏ > 0
<latexit sha1_base64="LUHMzUsEuUxnWU2W6+qm04Yc5Rg="></latexit>

fNN : Rdx ! Rdy

<latexit sha1_base64="l37zZibBSW8ApvttpEZWfabZ7bQ="></latexit>

kf(x)� fNN(x)kp =

 Z

Rdx

pX

i=1

|fi(x)� fNN,i(x)|p
!1/p

dx  ✏

Universal Approximation Theorems



Policy Evaluation
• How to estimate the value function of a policy using only samples?

• A fundamental building block for most RL algorithms

• We use a parameterized family of functions                                     , and search for the w
that can best approximate the true value function.

• Typical examples:

• ， (tabular RL)

• ， (linear parameterization， is a feature mapping)

• ， is a neural network parameterized by w

• What does “best approximation’’ mean? 

<latexit sha1_base64="6AikLOMKcEcvoRPYTIEpMtQnIw8="></latexit>

{vw : S ! R | w 2 W}

<latexit sha1_base64="7funmHDd/Rl2OrJ2M0RVEsJym4I="></latexit>

min
w2W

1

2
Es⇠d̃⇡

µ

⇥
(vw(s)� V ⇡(s))2

⇤

<latexit sha1_base64="36wBVcjMqt9YnIHDxHzDcBvO1fk="></latexit>

W = RS <latexit sha1_base64="BB3ffhEQ1UZfgJYT+vylCnG4zjw="></latexit>vw(s) = w(s)
<latexit sha1_base64="f27iOQr+PfxDdyB3QGW53Pusa38="></latexit>

W = Rd
<latexit sha1_base64="7SdLcycxySAKbeoFViOd2Z9R1AA="></latexit>

vw(s) = w>�(s)
<latexit sha1_base64="MkFo5LTV5bdrkCapFb4QeRZ/0es="></latexit>

� : S ! Rd

<latexit sha1_base64="f27iOQr+PfxDdyB3QGW53Pusa38="></latexit>

W = Rd
<latexit sha1_base64="jN685HveM6gxp2u9j7dbpXNQwfc="></latexit>

vw(s)

– Minimize the mean square error



Policy Evaluation
<latexit sha1_base64="7funmHDd/Rl2OrJ2M0RVEsJym4I="></latexit>

min
w2W

1

2
Es⇠d̃⇡

µ

⇥
(vw(s)� V ⇡(s))2

⇤

• Apply stochastic gradient descent

• We don’t know the value function  à Replace it by an estimate (also called the target)

<latexit sha1_base64="ii73KxfhAsd0GyPviv0IqO2hUDM="></latexit>

=
1

2
E⇡
µ

" 1X

t=0

�t (vw(st)� V ⇡(st))
2

#

<latexit sha1_base64="LtCB86nmyJAd6qcHpvdxrZ1xymc="></latexit>

w  w + ↵
X

t�0

�t
�
v̂(⌧ ; t)� vw(st)

�
rwvw(st)

<latexit sha1_base64="96wPLMNSZsBGIBgX5H+i/IVA/A8="></latexit>

w  w + ↵
X

t�0

�t(V ⇡(st)� vw(st))rwvw(st)
<latexit sha1_base64="XXhm/q9igSO7LEHoGEgTLlwSKVM="></latexit>

⌧ = (st, at, rt)t�0 ⇠ P⇡
µ

A randomly sampled trajectory under ¼

<latexit sha1_base64="XXhm/q9igSO7LEHoGEgTLlwSKVM="></latexit>

⌧ = (st, at, rt)t�0 ⇠ P⇡
µ

• Intuitively, should provide a “better” estimate than vw(st)
<latexit sha1_base64="bAR1HT32Rs+CpWW75U9XKFB+q6U="></latexit>

v̂(⌧ ; t)
<latexit sha1_base64="OBjV+oICFRwixhMDzdlpmb4otEo="></latexit>

sups |E⇡[v̂(⌧ ; t)|st = s]� V ⇡(s)| < sups |vw(s)� V ⇡(s)|

should have a smaller “bias” than vw(s)
<latexit sha1_base64="bAR1HT32Rs+CpWW75U9XKFB+q6U="></latexit>

v̂(⌧ ; t)



Policy Evaluation

Opt. 1: Use the return starting from st

• How to choose the target?
<latexit sha1_base64="ZY9ilbMYQ95Jnf9AmdGX+QX5HNo="></latexit>

v̂(⌧ ; t) =
X

t0�t

�t0�t rt0

• Q: Why is it a reasonable option?
<latexit sha1_base64="DrUX4L4wbcUNwAY5mC4sKWj4874="></latexit>

E⇡
µ

" 1X

t0=t

�t0�t rt0

����� st

#
= V ⇡(st)• A: We have unbiased estimation

<latexit sha1_base64="54lUiQSBVjUWYz9eBp+Ylr2cGEI="></latexit>

w  w + ↵
X

t�0

�t

✓X

t0�t

�t0�t rt0 � vw(st)

◆
rwvw(st)

Monte Carlo Method
<latexit sha1_base64="XXhm/q9igSO7LEHoGEgTLlwSKVM="></latexit>

⌧ = (st, at, rt)t�0 ⇠ P⇡
µ

<latexit sha1_base64="LtCB86nmyJAd6qcHpvdxrZ1xymc="></latexit>

w  w + ↵
X

t�0

�t
�
v̂(⌧ ; t)� vw(st)

�
rwvw(st)



Monte Carlo Method in Practice

Reset the environment, observe s0

Loop for sufficiently many iterations:

Record the reward rt and the next state st+1

From OpenAI Spinning Up (simplified ver.):1

1https://github.com/openai/spinningup

For t = 0 to T — 1:

End for

End loop

Take action
<latexit sha1_base64="mpXqk952x7/a77dFvjv03itv6q8="></latexit>

at ⇠ ⇡(·|st)

For t = T — 1 downto 0:
<latexit sha1_base64="2pn3fz9oa5DPm0xqi9FTPKvtJCo="></latexit>

Gt  Rt + �Gt+1

End for

Loop

End loop

<latexit sha1_base64="LFLTs+myorVfN7UnIhGSk5/jT+A="></latexit>

w  w + ↵
X

i

X

t

�
G(i)

t � vw
�
s(i)t

��
rwvw

�
s(i)t

�

Bootstrapping: Update estimates on 
the basis of other estimates



Policy Evaluation

Opt. 2: Use the temporal difference (TD) target

• How to choose the target?
<latexit sha1_base64="5pBVtfMTudvviBsW8PWNlAlOPiA="></latexit>

v̂(⌧ ; t) = rt + � · vwold(st+1)

• Q: Why is it a reasonable option?

biased estimation

• A: Suppose              is sufficiently close to           . Then by the Bellman equation,
<latexit sha1_base64="MtxILbsxDUhRdg12fmK66orc73g="></latexit>

E⇡
µ[rt + � · vwold(st+1) | st] ⇡ E⇡

µ[rt + � · V ⇡(st+1) | st] = V ⇡(st)

<latexit sha1_base64="lgN65ZqHOkP1Y5hcNTPBcqME1Fk="></latexit>

vwold(s)
<latexit sha1_base64="dBavrcVK8MuWeprx9ukYtZ2view="></latexit>

V ⇡(s)

<latexit sha1_base64="LtCB86nmyJAd6qcHpvdxrZ1xymc="></latexit>

w  w + ↵
X

t�0

�t
�
v̂(⌧ ; t)� vw(st)

�
rwvw(st)

bootstrapping

More detailed calculation:
<latexit sha1_base64="RGq1hofym09ul+J6mVe8shUONyc="></latexit>

|E⇡[v̂(⌧ ; t)|st = s]� V ⇡(s)| = �E⇡[vw(st+1)� V ⇡(st+1) | st = s]

 � sup
s0

|vw(s0)� V ⇡(s0)|
smaller “bias” than vw(s)



Policy Evaluation

Opt. 2: Use the temporal difference (TD) target

• How to choose the target?
<latexit sha1_base64="5pBVtfMTudvviBsW8PWNlAlOPiA="></latexit>

v̂(⌧ ; t) = rt + � · vwold(st+1)

• Q: Why is it a reasonable option?
• A: Suppose              is sufficiently close to           . Then by the Bellman equation,

<latexit sha1_base64="MtxILbsxDUhRdg12fmK66orc73g="></latexit>

E⇡
µ[rt + � · vwold(st+1) | st] ⇡ E⇡

µ[rt + � · V ⇡(st+1) | st] = V ⇡(st)

<latexit sha1_base64="lgN65ZqHOkP1Y5hcNTPBcqME1Fk="></latexit>

vwold(s)

biased estimation

<latexit sha1_base64="dBavrcVK8MuWeprx9ukYtZ2view="></latexit>

V ⇡(s)

TD(0) Learning
<latexit sha1_base64="Ndfz2t3qVJbAjv1ka8BajQQEk/c="></latexit>

w  w + ↵
X

t

�t
�
rt + � · vw(st+1)� vw(st)

�
rwvw(st)

temporal difference

<latexit sha1_base64="LtCB86nmyJAd6qcHpvdxrZ1xymc="></latexit>

w  w + ↵
X

t�0

�t
�
v̂(⌧ ; t)� vw(st)

�
rwvw(st)

<latexit sha1_base64="XXhm/q9igSO7LEHoGEgTLlwSKVM="></latexit>

⌧ = (st, at, rt)t�0 ⇠ P⇡
µ

bootstrapping



TD(0) in Practice

Reset the environment, observe s0

Loop for sufficiently many iterations:

Record the reward rt and the next state st+1

From Stable Baselines 3 (simplified ver.):1

1https://github.com/DLR-RM/stable-baselines3

For t = 0 to T — 1:

End for

End loop

<latexit sha1_base64="g53pirPMYuFp+99b9d67gjfv39s="></latexit>

w  w + ↵
X

t

�t ·rwvw(st)

Take action
<latexit sha1_base64="mpXqk952x7/a77dFvjv03itv6q8="></latexit>

at ⇠ ⇡(·|st)

<latexit sha1_base64="EPeOYeVPwQI0V44Qe1vMMqhaaZ0="></latexit>

�t  rt + � vw(st+1)� vw(st)



TD(0) in Practice

Reset the environment, observe s0

Take action

Observe the reward rt and the next state st+1

End for

From Sutton’s book:

• The classical version of TD(0)

• Updates concurrently with the MDP
• Under certain conditions, with properly 

chosen diminishing step sizes, TD(0) 
converges to a neighborhood of the 
optimal solution to

for linear parameterization, where º is 
the stationary distribution of the MDP’s 
state under policy ¼.

For t = 0 to T — 1:
<latexit sha1_base64="mpXqk952x7/a77dFvjv03itv6q8="></latexit>

at ⇠ ⇡(·|st)

<latexit sha1_base64="EPeOYeVPwQI0V44Qe1vMMqhaaZ0="></latexit>

�t  rt + � vw(st+1)� vw(st)
<latexit sha1_base64="OfqXbywU541psP+52FxbY5HTpQg="></latexit>

w  w + ↵ · �trwvw(st)



• ⽤参数化的⼀族函数近似实际的值函数——避免状态数过⼤造成的维数灾难

• 如何近似——最⼩化均⽅误差

• 如何求解——随机梯度下降

• 如何选择 target？

Summary of Policy Evaluation

Opt. 1: 蒙特卡洛⽅法

Opt. 2: 时序差分⽅法

• ⽆偏，⽅差较⼤
• Convergence guarantees by the theory of SGD

• 有偏，⽅差较⼩
• Convergence established for Sutton’s version with linear 

parameterization

其它⽅法: TD(¸), LSTD, LSPE

<latexit sha1_base64="7funmHDd/Rl2OrJ2M0RVEsJym4I="></latexit>

min
w2W

1

2
Es⇠d̃⇡

µ

⇥
(vw(s)� V ⇡(s))2

⇤
<latexit sha1_base64="ii73KxfhAsd0GyPviv0IqO2hUDM="></latexit>

=
1

2
E⇡
µ

" 1X

t=0

�t (vw(st)� V ⇡(st))
2

#

<latexit sha1_base64="LtCB86nmyJAd6qcHpvdxrZ1xymc="></latexit>

w  w + ↵
X

t�0

�t
�
v̂(⌧ ; t)� vw(st)

�
rwvw(st)



强化学习算法

A non-exhaustive, but useful taxonomy of algorithms in modern RL. (from OpenAI Spinning Up)



• 引⼊参数 ，每⼀个参数 µ 对应⼀个策略 ¼µ

• 不⼀定包含所有策略，但最好能任意逼近最优策略.

• 对于离散的动作空间，常⽤如下参数化⽅法：

Parameterized Policies
<latexit sha1_base64="bufv+MKR+9DjpPMhbqYHjvrEMdc="></latexit>

✓ 2 ⇥
<latexit sha1_base64="j7U+FF4qG8o/NWd/SHyi6T4moVU="></latexit>

{⇡✓ : ✓ 2 ⇥}

<latexit sha1_base64="nE9GNYO8yo6EqQ9hsQlO6/8Hb+M="></latexit>

⇡✓(a|s) =
exp(f✓(s, a))P

a02A exp(f✓(s, a0))

• ，即取 ，⽽ 为矩阵 的 (s,a) 号元素
(tabular RL,           should not be very large)

<latexit sha1_base64="7eB13eXzIeRQqVfFLm9phLxvT/A="></latexit>

✓s,a
<latexit sha1_base64="j6d4UzeMz4gAxdO8um6twHXQuiQ="></latexit>

⇥ = RS⇥A <latexit sha1_base64="CRI4GWr6i8COH+aN2YxcjyyQ884="></latexit>f✓(s, a)
<latexit sha1_base64="+LU3MWcQomhqg5kG3ApJOPLWctw="></latexit>

✓ 2 RS⇥A
<latexit sha1_base64="POC+z1cEDi3HcGe/Yw/GWiCB3Hw="></latexit>

|S||A|

• ，其中 ⽽ 为 feature mapping
<latexit sha1_base64="rHAlHb2yfLXDLXh3LErRqsUKZE8="></latexit>

✓>�(s, a)
<latexit sha1_base64="WPMA6eEK7yw3rGyQ7sNVpRqVw4U="></latexit>

✓ 2 Rd
<latexit sha1_base64="/sobAhAoN46fdeE3n6eZgjj+tEQ="></latexit>

� : S ⇥A ! Rd

• 参数为 µ 的神经⽹络，输⼊为 ，共 个输出（Actor network）<latexit sha1_base64="19ufnnUJk5XJqvNSRIF5kAnehtI="></latexit>s 2 S
<latexit sha1_base64="Gk2uzJ9xw5a9eqTJWpRoXxjUm7A="></latexit>

|A|

其中 可以是
<latexit sha1_base64="CRI4GWr6i8COH+aN2YxcjyyQ884="></latexit>

f✓(s, a)



Two Useful Theoretical Results

对任意两个策略 ，有
<latexit sha1_base64="hHTVJBmkd2Qcy+LvH5fpyzkzUNg="></latexit>

⇡,⇡0

<latexit sha1_base64="S7Apz0YhK/7zwScNkOEBePIOUhA="></latexit>

µV ⇡0
� µV ⇡ =

X

s,a

A⇡(s, a)⇡0(a|s) d̃⇡
0

µ (s)

Performance Difference Lemma. 固定 ，定义
<latexit sha1_base64="IFaMGY/Dd8SF1LCK+Zhy1PD2Yic="></latexit>

✓0 2 ⇥

<latexit sha1_base64="eKvuIwhkZPVZtXR0kvgQYC6cSP8="></latexit>

L(✓; ✓0) :=
X

s,a

A⇡✓0 (s, a)⇡✓(a|s) d̃
⇡✓0
µ (s)

则

1.

2. 当 与 ⾜够接近时，有

<latexit sha1_base64="4UdqCh5gg4/P5MvSuUCIakK+z4I="></latexit>

r✓L(✓; ✓0)|✓=✓0
= r✓(µV

⇡✓ )|✓=✓0

<latexit sha1_base64="jALFcWgBu0O/WYACx63zOQVF9N4="></latexit>⇡✓
<latexit sha1_base64="5RWs0gTYhGXJ4XrMLKdsEjR/QbI="></latexit>⇡✓0

<latexit sha1_base64="9xvQ04dtDTMJbgMaaYTJ5vtqGco="></latexit>

L(✓; ✓0) ⇡ µV ⇡✓ � µV ⇡✓0

<latexit sha1_base64="4DotEif9X8ywE2RM7YhjyS5I7LY="></latexit>

=)
<latexit sha1_base64="/5H8ItzCCZUrmXLthwf9DevGbX0="></latexit>

L(✓; ✓0) 可作为 的局域近似
<latexit sha1_base64="T35smE+LwNEPtmW0Y5HjPr5I4Qc="></latexit>

µV ⇡✓

Policy Gradient Theorem.

令 为⼀族参数化的策略. 则在⼀定条件
下，有

<latexit sha1_base64="j7U+FF4qG8o/NWd/SHyi6T4moVU="></latexit>

{⇡✓ : ✓ 2 ⇥}

<latexit sha1_base64="ZX3d/ohmLmVhjyvsIhZLxJ7IyQc="></latexit>

r✓(µV
⇡✓ ) =

X

s,a

(Q⇡✓ (s, a)�b(s))r✓⇡✓(a|s) d̃⇡✓
µ (s)

其中 b(s)可以是任意（只依赖于 s）的函数.



A Tentative Framework

仍待解决的问题：

1. 怎样定量刻画 ？

2. 如何（近似）求解当中的优化问题？

3. 如何从观测数据估计 等求解优化问题所需的量？
<latexit sha1_base64="8/jcrTpw6sqzY424I4qFc+v+ebs="></latexit>

A⇡✓k (s, a)

<latexit sha1_base64="zgPu49srWr8nEC2rwQguIRkDyQ4="></latexit>

L(✓; ✓k) =
X

s,a

A⇡✓k (s, a)⇡✓(a|s) d̃
⇡✓k
µ (s)

<latexit sha1_base64="kbktwkgR8lOM5UD5Okte+hkgojA="></latexit>

for k = 0, 1, 2, . . . do
<latexit sha1_base64="nIRAdaC8no6yi53TS5Z75syAzro="></latexit>

✓k+1 ⇡ argmax
✓2⇥

L(✓; ✓k)

s.t. ⇡✓ ⇡ ⇡✓k
<latexit sha1_base64="jnaVOzwfu/gHV0KBV0RYq9RxVb0="></latexit>

end for

<latexit sha1_base64="4tIKKco6ZfCrvJg9KLoZvb+pauY="></latexit>⇡✓ ⇡ ⇡✓k



怎样刻画 ?<latexit sha1_base64="4tIKKco6ZfCrvJg9KLoZvb+pauY="></latexit>⇡✓ ⇡ ⇡✓k

<latexit sha1_base64="kbktwkgR8lOM5UD5Okte+hkgojA="></latexit>

for k = 0, 1, 2, . . . do
<latexit sha1_base64="nIRAdaC8no6yi53TS5Z75syAzro="></latexit>

✓k+1 ⇡ argmax
✓2⇥

L(✓; ✓k)

s.t. ⇡✓ ⇡ ⇡✓k
<latexit sha1_base64="jnaVOzwfu/gHV0KBV0RYq9RxVb0="></latexit>

end for

<latexit sha1_base64="zgPu49srWr8nEC2rwQguIRkDyQ4="></latexit>

L(✓; ✓k) =
X

s,a

A⇡✓k (s, a)⇡✓(a|s) d̃
⇡✓k
µ (s) <latexit sha1_base64="CW7Q7uHZaY2cXDGZD6i4ZvOvJ8U="></latexit>

DKL(p k q) =
X

a

p(a) ln
p(a)

q(a)

<latexit sha1_base64="W2rJiBDNjiL4IfD/bAza7Qle4s8="></latexit>X

s

DKL(⇡✓k(·|s) k⇡✓(·|s)) d̃
⇡✓k
µ (s)  �

1��

• ⽅案 2：利⽤ KL-divergence

<latexit sha1_base64="kMvNsgkJf2DIZCt89MHxrHMjZD4="></latexit>

1

2
k✓ � ✓kk2  �• ⽅案 1：

<latexit sha1_base64="rJha2ubX0I7jfQTfW/0C/8Bk950="></latexit>

1� ✏  ⇡✓(a|s)
⇡✓k(a|s)

 1 + ✏, 8s 2 S, a 2 A

• ⽅案 3：Clip the ratio



⽅案 1
<latexit sha1_base64="G4Io7hxUdtH06o7B1m1pUdbGmEQ="></latexit>

max
✓2⇥

L(✓; ✓k) =
X

s,a

A⇡✓k (s, a)⇡✓(a|s) d̃
⇡✓k
µ (s)

s.t.
1

2
k✓ � ✓kk2  �

约束替换为惩罚函数

<latexit sha1_base64="xwMgWDBn09IWrGYajlYZX7ci6EI="></latexit>

max
✓2⇥

⌦
r✓L(✓; ✓k)|✓=✓k

, ✓ � ✓k
↵
� 1

2⌘
k✓ � ✓kk2

闭式解

<latexit sha1_base64="3o7dgnEsS6+7Jqft8vLqbQRk8/0="></latexit>

✓k+1 = ✓k + ⌘ r✓L(✓; ✓k)|✓=✓k

<latexit sha1_base64="nYnnu/d2KyWpFy55k+Jiiq9DRis="></latexit>

= ✓k + ⌘ r✓(µV
⇡✓ )|✓=✓k

This is just gradient ascent!

Policy Gradient Theorem.
<latexit sha1_base64="ZXj4pD9lskinYHIzaGKq5I6dpPw="></latexit>

r✓(µV
⇡✓ ) =

X

s,a

A⇡✓ (s, a)r✓⇡✓(a|s) d̃⇡✓
µ (s)

⽬标函数线性化



⽅案 1

引理.
<latexit sha1_base64="Fl0aaf3mb0SKVGbfwT+4bFdjXuc="></latexit>

d⇡µ(s, a) = ⇡(a|s) d̃⇡µ(s)
<latexit sha1_base64="WQBr+broRwJ4EVWBFYo3L0uEVZ4="></latexit>

=
X

s,a

A⇡✓ (s, a) ·r✓ ln⇡✓(a|s) · d⇡✓
µ (s, a)

<latexit sha1_base64="fcb8g3Te0WqfQbzpXdLWOMcMu70="></latexit>

=
X

s,a

A⇡✓ (s, a) · r✓⇡✓(a|s)
⇡✓(a|s)

· ⇡✓(a|s)d̃⇡✓
µ (s)

<latexit sha1_base64="kgUvdP6UbAY/d2KLMkib4gcEuHA="></latexit>X

s,a

A⇡✓ (s, a) ·r✓⇡✓(a|s) · d̃⇡✓
µ (s)

<latexit sha1_base64="CrGbP6wpbrf0y1i4fv3BJPmjpT8="></latexit>

= E⇡
µ

X
t�0

�tA⇡✓ (st, at) ·r✓ ln⇡✓(at|st)
� 引理.

<latexit sha1_base64="qm70Nvwrt/Sm7D4CLm8RET49zH4="></latexit>

E⇡
µ

X
t�0

�t q(st, at)

�
=

X

s,a

q(s, a)d⇡µ(s, a)

<latexit sha1_base64="w+LvVmfHxLWCyusbjlJ/FtIJZOo="></latexit>

✓  ✓ + ⌘
X

t�0

�t Â(⌧ ; t) ·r✓ ln⇡✓(at|st)
<latexit sha1_base64="k2knubkc89a6fc6gueFqlqRQxe8="></latexit>

Â(⌧ ; t) is an estimate of 
<latexit sha1_base64="bVzF1f0vjbN9wDFtFgBakRWvwss="></latexit>

A⇡✓ (st, at)

<latexit sha1_base64="2YCOMcPYok5MQDURvkJTXKIoa+w="></latexit>

⌧ = (st, at, rt)t�0 ⇠ D
<latexit sha1_base64="gZ0J7hD8RtO8wpuZH85+aaPclHU="></latexit>

⇠ P⇡✓
µ



How to form an estimate of                  ?

• Opt. 1: Monte Carlo method

<latexit sha1_base64="bVzF1f0vjbN9wDFtFgBakRWvwss="></latexit>

A⇡✓ (st, at)

<latexit sha1_base64="2TxZzT7oSM7CJD68c811Ube/CMc="></latexit>

Â(⌧ ; t) =
X

t0�t

�t0�t rt0 � vwold(st)

• Why is it a valid option?

• Is it an unbiased estimate of                   ?
<latexit sha1_base64="bVzF1f0vjbN9wDFtFgBakRWvwss="></latexit>

A⇡✓ (st, at)
<latexit sha1_base64="AohqDF1NrZYYPFjbhrHauz5pOpA="></latexit>

E⇡✓
µ

hX
t0�t

�t0�trt0 � vwold(st)
��� st, at

i
= Q⇡✓ (st, at)� vwold(st) biased

<latexit sha1_base64="IpH4I0EwZryqVIPK0ONUOeNWRAM="></latexit>

= E⇡

" 1X

t0=t

�t0�t rt0

����� st = s, at = a

#
<latexit sha1_base64="mKjZUoAWHeOY4sVYXfxwHo8eGuA="></latexit>

Q⇡(s, a)



How to form an estimate of                  ?

• Opt. 1: Monte Carlo method

<latexit sha1_base64="bVzF1f0vjbN9wDFtFgBakRWvwss="></latexit>

A⇡✓ (st, at)

<latexit sha1_base64="2TxZzT7oSM7CJD68c811Ube/CMc="></latexit>

Â(⌧ ; t) =
X

t0�t

�t0�t rt0 � vwold(st)

• Why is it a valid option?

• Is it an unbiased estimate of                   ?
<latexit sha1_base64="bVzF1f0vjbN9wDFtFgBakRWvwss="></latexit>

A⇡✓ (st, at)
<latexit sha1_base64="AohqDF1NrZYYPFjbhrHauz5pOpA="></latexit>

E⇡✓
µ

hX
t0�t

�t0�trt0 � vwold(st)
��� st, at

i
= Q⇡✓ (st, at)� vwold(st) biased

Policy Gradient Theorem.
<latexit sha1_base64="ZX3d/ohmLmVhjyvsIhZLxJ7IyQc="></latexit>

r✓(µV
⇡✓ ) =

X

s,a

(Q⇡✓ (s, a)�b(s))r✓⇡✓(a|s) d̃⇡✓
µ (s)

其中 b(s)可以是任意（只依赖于 s）的函数.



How to form an estimate of                  ?

• Opt. 1: Monte Carlo method

<latexit sha1_base64="bVzF1f0vjbN9wDFtFgBakRWvwss="></latexit>

A⇡✓ (st, at)

<latexit sha1_base64="2TxZzT7oSM7CJD68c811Ube/CMc="></latexit>

Â(⌧ ; t) =
X

t0�t

�t0�t rt0 � vwold(st)

• Why is it a valid option?

Policy Gradient Theorem.
<latexit sha1_base64="ZX3d/ohmLmVhjyvsIhZLxJ7IyQc="></latexit>

r✓(µV
⇡✓ ) =

X

s,a

(Q⇡✓ (s, a)�b(s))r✓⇡✓(a|s) d̃⇡✓
µ (s)

其中 b(s)可以是任意（只依赖于 s）的函数.

• We have

i.e., the policy gradient estimation is unbiased

<latexit sha1_base64="tWwf8Kc2JZK4tKEwAzIcOnEsnzQ="></latexit>

E⇡✓
µ

X
t�0

�t
⇣X

t0�t
�t0�t rt0 � vwold(s)

⌘
r✓ ln⇡✓(at|st)

�
= r✓(µV

⇡✓ )

Note: The trajectory ¿ in
should be independent from the 
trajectories used in constructing b(s).

<latexit sha1_base64="k2knubkc89a6fc6gueFqlqRQxe8="></latexit>

Â(⌧ ; t)



How to form an estimate of                  ?

• Opt. 2: Use the temporal difference

<latexit sha1_base64="bVzF1f0vjbN9wDFtFgBakRWvwss="></latexit>

A⇡✓ (st, at)

<latexit sha1_base64="l3CiGSZRPZiNyBclArF/MXoyN2Q="></latexit>

Â(⌧ ; t) = rt + � · vwold(st+1)� vwold(st)

• This time the policy gradient estimation is biased
<latexit sha1_base64="zPO7T0rgmHpxBljVL660hESUPY4="></latexit>

r✓(µV
⇡✓ ) = E⇡✓

µ

X
t�0

�t (rt + � · V ⇡✓ (st+1)� vwold(s))r✓ ln⇡✓(at|st)
�

<latexit sha1_base64="pFNruSjiTkpri0L2Q/sBX1JvB/E="></latexit>

= E⇡[rt + �V ⇡(st+1) | st = s, at = a]
<latexit sha1_base64="mKjZUoAWHeOY4sVYXfxwHo8eGuA="></latexit>

Q⇡(s, a)



How to form an estimate of                  ?

• Opt. 2: Use the temporal difference

<latexit sha1_base64="bVzF1f0vjbN9wDFtFgBakRWvwss="></latexit>

A⇡✓ (st, at)

<latexit sha1_base64="l3CiGSZRPZiNyBclArF/MXoyN2Q="></latexit>

Â(⌧ ; t) = rt + � · vwold(st+1)� vwold(st)

• This time the policy gradient estimation is biased

<latexit sha1_base64="31i3+3AQ+m62Ar/hyULiBbPGs3w="></latexit>

⇡ E⇡✓
µ

X
t�0

�t (rt + � · vwold(st+1)� vwold(s))r✓ ln⇡✓(at|st)
�

• But the variance is in general lower than Monte Carlo method

<latexit sha1_base64="zPO7T0rgmHpxBljVL660hESUPY4="></latexit>

r✓(µV
⇡✓ ) = E⇡✓

µ

X
t�0

�t (rt + � · V ⇡✓ (st+1)� vwold(s))r✓ ln⇡✓(at|st)
�



Policy Gradient Estimation

• Opt. 2: Use the temporal difference
<latexit sha1_base64="l3CiGSZRPZiNyBclArF/MXoyN2Q="></latexit>

Â(⌧ ; t) = rt + � · vwold(st+1)� vwold(st)

• Opt. 1: Monte Carlo method
<latexit sha1_base64="2TxZzT7oSM7CJD68c811Ube/CMc="></latexit>

Â(⌧ ; t) =
X

t0�t

�t0�t rt0 � vwold(st)

• A general method: Generalized Advantage Estimation (GAE) [arXiv:1506.02438]

GAE is able to tune the bias-variance tradeoff

<latexit sha1_base64="InTTo0K4nbKLir44Aa1BL9pC2ag="></latexit>

cr✓(µV
⇡✓ ) =

X

t�0

�tÂ(⌧ ; t)r✓ ln⇡✓(at|st)



The Advantage Actor-Critic (A2C) Method
1. Under policy ¼µ, sample a batch of trajectories

<latexit sha1_base64="Te/4JZjHiTyKPRz8Bhn3snOhKcs="></latexit>

D =
n
⌧ (i)=

�
s(i)t , a(i)t , r(i)t

�
t�0

��� 1 i |D|
o

<latexit sha1_base64="eL3zFXhjCyYNl2DWyl3leHmlWNI="></latexit>

✓  ✓ + ⌘ · 1

|D|

|D|X

i=1

X

t�0

�t Â(⌧ (i); t)r✓ ln⇡✓

�
a(i)t |s(i)t

�

where

<latexit sha1_base64="g/nSl/9VBpJSQqcDKt+PufSEoJ8="></latexit>

Â(⌧ ; t) =

8
<

:

X
t0�t

�t0�t rt0 � vw(st), Monte Carlo advantage estimation

rt + � vw(st+1)� vw(st), TD advantage estimation

2. Update the policy (actor) by

<latexit sha1_base64="ztdfhHp17sMfmXK9G2qAb8EXQNI="></latexit>

w  

8
>><

>>:

w + ↵ · 1

|D|
X|D|

i=1

X
t�0

�t
⇣X

t0�t
�t0�t rt0 � vw(st)

⌘
rwvw(st), Monte Carlo

w + ↵ · 1

|D|
X|D|

i=1

X
t�0

�t (rt + � vw(st+1)� vw(st))rwvw(st), TD(0)

3. Update the value estimation (critic) by repeating

4. Go back to Step 1 unless stopping criterion is satisfied



Policy Gradient Estimation in Practice
<latexit sha1_base64="InTTo0K4nbKLir44Aa1BL9pC2ag="></latexit>

cr✓(µV
⇡✓ ) =

X

t�0

�tÂ(⌧ ; t)r✓ ln⇡✓(at|st)• What the theory tells us:

• What most RL libraries use:
<latexit sha1_base64="h4UseJVaiNeeWaO2J1OtXUUpGlY="></latexit>

cr✓(µV
⇡✓ ) =

X

t�0

�t
// Â(⌧ ; t)r✓ ln⇡✓(at|st) theoretically incorrect

• See [arXiv:1906.07073] [arXiv:2010.01069] for relevant discussions



怎样刻画 ?<latexit sha1_base64="4tIKKco6ZfCrvJg9KLoZvb+pauY="></latexit>⇡✓ ⇡ ⇡✓k

<latexit sha1_base64="kbktwkgR8lOM5UD5Okte+hkgojA="></latexit>

for k = 0, 1, 2, . . . do
<latexit sha1_base64="nIRAdaC8no6yi53TS5Z75syAzro="></latexit>

✓k+1 ⇡ argmax
✓2⇥

L(✓; ✓k)

s.t. ⇡✓ ⇡ ⇡✓k
<latexit sha1_base64="jnaVOzwfu/gHV0KBV0RYq9RxVb0="></latexit>

end for

<latexit sha1_base64="zgPu49srWr8nEC2rwQguIRkDyQ4="></latexit>

L(✓; ✓k) =
X

s,a

A⇡✓k (s, a)⇡✓(a|s) d̃
⇡✓k
µ (s)

Advantage Actor Critic

<latexit sha1_base64="CW7Q7uHZaY2cXDGZD6i4ZvOvJ8U="></latexit>

DKL(p k q) =
X

a

p(a) ln
p(a)

q(a)

<latexit sha1_base64="W2rJiBDNjiL4IfD/bAza7Qle4s8="></latexit>X

s

DKL(⇡✓k(·|s) k⇡✓(·|s)) d̃
⇡✓k
µ (s)  �

1��

• ⽅案 2：利⽤ KL-divergence

<latexit sha1_base64="kMvNsgkJf2DIZCt89MHxrHMjZD4="></latexit>

1

2
k✓ � ✓kk2  �• ⽅案 1：

<latexit sha1_base64="rJha2ubX0I7jfQTfW/0C/8Bk950="></latexit>

1� ✏  ⇡✓(a|s)
⇡✓k(a|s)

 1 + ✏, 8s 2 S, a 2 A

• ⽅案 3：Clip the ratio



⽅案 2

• Why is KL-divergence a reasonable choice?

<latexit sha1_base64="CW7Q7uHZaY2cXDGZD6i4ZvOvJ8U="></latexit>

DKL(p k q) =
X

a

p(a) ln
p(a)

q(a)

• Pinsker’s inequality
<latexit sha1_base64="2wiWzeS1lG4DkoLwsPAOoLfMjn8="></latexit>X

a
|p(a)� q(a)| 

p
2DKL(p k q)

Performance difference lemma:
<latexit sha1_base64="S7Apz0YhK/7zwScNkOEBePIOUhA="></latexit>

µV ⇡0
� µV ⇡ =

X

s,a

A⇡(s, a)⇡0(a|s) d̃⇡
0

µ (s)

<latexit sha1_base64="uqQyaqvvjy91R6YEcVQafD6phuA="></latexit>

µV ⇡✓ � µV ⇡✓k � L(✓; ✓k)� C⇡✓k

rX
s
DKL(⇡✓k(·|s) k⇡✓(·|s)) d̃

⇡✓k
µ (s)

penalty on the KL divergence

<latexit sha1_base64="1kP/BV4gezKzfsgHUMAVFGJ1tTQ="></latexit>

✓k+1 ⇡ argmax
✓2⇥

X

s,a

A⇡✓k (s, a)⇡✓(a|s) d̃
⇡✓k
µ (s)

s.t. max
s

DKL(⇡✓(·|s) k⇡✓k(·|s))  �
<latexit sha1_base64="LIKuKA6uHOOLhDVXuwvk5xith+c="></latexit>

s.t.
X

s

DKL(⇡✓k(·|s) k⇡✓(·|s)) d̃
⇡✓k
µ (s)  �

1��

Lemma. If                                                      , then
<latexit sha1_base64="8AwYyOXyCMVe41+xIsRmousqAZI="></latexit>��d̃⇡

0

µ � d̃⇡µ
��
`1

 "�

1� �

<latexit sha1_base64="RWDP69GVwzC2F76vaSTZ1qXtS3k="></latexit>X
s,a

|⇡(a|s)� ⇡0(a|s)| d̃⇡µ(s)  "

[arXiv:1705.10528]



⽅案 2

• Solving the optimization problem exactly is prohibitive
• We do some approximations:

Objective function

<latexit sha1_base64="1kP/BV4gezKzfsgHUMAVFGJ1tTQ="></latexit>

✓k+1 ⇡ argmax
✓2⇥

X

s,a

A⇡✓k (s, a)⇡✓(a|s) d̃
⇡✓k
µ (s)

s.t. max
s

DKL(⇡✓(·|s) k⇡✓k(·|s))  �

<latexit sha1_base64="CW7Q7uHZaY2cXDGZD6i4ZvOvJ8U="></latexit>

DKL(p k q) =
X

a

p(a) ln
p(a)

q(a)

Approximate to first order (linearize)

Constraint Approximate to second order

Q: Why approximate constraint to second order?

A: Its first order approximation is zero:
<latexit sha1_base64="y913EAy12YXYO8tGhIhv07NZJt0="></latexit>

r✓

hX
s
DKL(⇡✓k(·|s) k⇡✓(·|s)) d̃

⇡✓k
µ (s)

i

✓=✓k
= 0

<latexit sha1_base64="LIKuKA6uHOOLhDVXuwvk5xith+c="></latexit>

s.t.
X

s

DKL(⇡✓k(·|s) k⇡✓(·|s)) d̃
⇡✓k
µ (s)  �

1��



⽅案 2
<latexit sha1_base64="1kP/BV4gezKzfsgHUMAVFGJ1tTQ="></latexit>

✓k+1 ⇡ argmax
✓2⇥

X

s,a

A⇡✓k (s, a)⇡✓(a|s) d̃
⇡✓k
µ (s)

s.t. max
s

DKL(⇡✓(·|s) k⇡✓k(·|s))  �

<latexit sha1_base64="CW7Q7uHZaY2cXDGZD6i4ZvOvJ8U="></latexit>

DKL(p k q) =
X

a

p(a) ln
p(a)
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Fisher information matrix

Closed-form solution:
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A version of 
natural policy gradient
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Trust Region Policy Optimization
1. Under policy ¼µ, sample a batch of trajectories

2. Construct the gradient estimate

6. Update the value estimation (critic) vw(s) using TD(0)/Monte Carlo/etc.
7. Go back to Step 1 unless stopping criterion is satisfied
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3. Construct the Hessian estimate

4. Solve
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5. Update the policy (actor) by
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Calculated by conjugate gradient descent

We can use backtracking to ensure the new µ improves the 
(sampled) objective value and is in the (sampled) trust region
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In practice, we don’t store the matrix but 
construct the mapping                 from data
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Advantage Actor Critic

Trust Region 
Policy Optimization

Proximal Policy Optimization
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• ⽅案 2：利⽤ KL-divergence
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• ⽅案 3：Clip the ratio



On Policy & Off Policy Methods

• A2C, TRPO, PPO are all on-policy methods.

• On-policy methods: Evaluate or improve the policy that is used to make decisions and 
generate the data

• Off-policy methods: Evaluate or improve a policy that is different from the one used to 
generate the data

• Typical off-policy methods: Q-leaning and its variants (DDQN, DDPG, TD3, etc.)

• Q-leaning: Learn the optimal Q-function that satisfies the Bellman optimality equation
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RL Theory

• Sample complexity analysis

• Still many open problems

• Many works focus on the finite-horizon setting

• Algorithms with desirable sample complexities are very different from algorithms used in 
practice

• https://rltheorybook.github.io/rltheorybook_AJKS.pdf



• Recent advances in RL for linear quadratic control

• Convergence rate & sample complexity have been analyzed for algorithms based on 
zeroth-order optimization

RL for Control Systems

Linear System
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x(t+1) = Ax(t) +Bu(t) + w(t)

Feedback controller
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Some RL Resources

• Richard Sutton’s classical book

• OpenAI Spinning Up (https://spinningup.openai.com)

• Stable Baselines 3 (https://stable-baselines3.readthedocs.io)

• Slides and lecture notes of RL courses

• It’s interesting to see how different instructors emphasize different aspects of RL


