EMt /52 EF )&l

Introduction to Zeroth-Order Optimization
and Reinforcement Learning

!

%E

=)

Yujie Tang

TRARFIZFRIVTESEER

Department of Industrial Engineering and Management, Peking University



 THE N ESEIERE RE

Gradient Descent & Stochastic Gradient Descent

- EML

Zeroth-Order Optimization

. /IS

Reinforcement Learning



 THE N ESEIERE RE

Gradient Descent & Stochastic Gradient Descent



*%E_Flzﬁ Gradient Descent

min f(x)

reR™

MBETRE: zp1 =2k — sV I(xg)

o —Vf(z) EBEE LEREETERRIAME
- 4 fAISH, REMERAANE, AT KEBE/), BIE
f(@kt1) = flae — eV f(zr))
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*%E_Flzﬁ Gradient Descent

min f(x)

reR™

MBETRE: zp1 =2k — sV I(xg)

oz, NEEREWST 0. WUIGRE
o flay) BREWST fRISRIME (THF) | IEGEE
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* MEKI#L Convex function
fy) = flx) +(Vf(z),y - x)
« u-FRIMMERIER u-strongly convex function
f) 2 f@) + (Vi@)y — ) + Sy —
(Vi(y) = Vf(x),y —a) > plla -yl
« L-JEBHREL L-smooth function
IVf(z) =V [yl < Lilz -y
L

— |f(y) = flz) = (Vf(zx),y —2)| < §|ly—xll2



*%E_Flzé Gradient Descent

min f(x) Try1 = Tx — MV f(Tk)

T BRi% f2 LY. B, =n <€ (0,2/L), A

. fleo)—f* 1 (1
o IV AP < 20 ey g O(%)

= RO BEEFEERIMES, T

o (f(zo) = f*)llmo — =72 (1
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min - f(z)

« What if we can only obtain noisy versions of the gradients?

« Example: Stochastic programming

min - Bep[F(2;€))

We can only sample ¢ ~ p and compute Vi F(z;€)
* A more specific example: Supervised learning

QHEIIIR% E(x,y)NP[Lw; €T, y)]

We don’t know P but we can obtain samples (z,y) ~ P



WJﬁMﬁFH‘"FB’:E Stochastic Gradient Descent

min T
min  f(z)
PFENBE T 2ra1 = 2k — Mk - Ok
unbiased bounded second moment

» BERK Elgr | zox] = VI(ze)  Elllgrll® | zor] <0 + BV ()]

SGD




WiﬁﬂﬁﬁETIﬁE Stochastic Gradient Descent

min - f(z)

BEFEBE PR kg1 = ok — M - gk

» BERK Elgr | zox] = VI(ze)  Elllgrll® | zor] <0 + BV ()]

. WIS 3G R L-YLBM. g SGD HER K &, Bk =n=O(1/VK), 0
1

,omin_ E[|Vf(@y)’] <0 (ﬁ)

=[Oy, W

Mﬂ@d—fﬂéO(j%)
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Zeroth-Order Optimization



min  f(x)

reR™

- MNRFEEIREY f BT RBEE, /AR fIBE, ZEAN?
« THEE (gradient-free) LK%
- TTR&AHEE (metaheuristics) © RINRAN. BEFE. ...

- FLHL (zeroth-order optimization)

BARBE £ « MTREERE fEUE, HMMWIE f £ « LB—PBEVEE



¢ LAAR" E—mEW MERREER S Examples:

1. BEERSRERT N ] “
2. B, [l2]?] =1 C) _
1 o
[ I T _—
IR Bonaz2] = 0 N(0,n~'1) Unif(S,_1)
M Sp_1={ze€R": ||z||=1}

nE. A\[(Vf(2),2)2] =nE.un\[22' Vf(z)] = Vf(z)

AREE r BIZ/NET, B
fletrz) = flx)  [fletrz)— flez—rz)

r 2r

Q

(Vf(x),2) ~
i
V(@) & Bon| = (f( +72) = f(2))2] % Eana | 5= (f(@ +72) = f(z = 72))2]
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« WEEE G128 Two-point gradient estimator

G (w5, 2) = 2 (flw+72) = f(2))2
6P (wi7,2) = - (f(w +72) = fla = 2))2

n - BT 22# dimension of z i
r - FEB@¥1R smoothing radius

z - FEHILED random perturbation




EhBELIT

« WEEE G128 Two-point gradient estimator
G (wir, 2) = —(f(z +72) — f(2))z

n
r
~ (2 n
2r

Gg.: )(:1:;7“, 2) = —(fx+rz)— f(x —rz))z

- BSMEE(G1T2§ Single-point gradient estimator

6 ain ) = o+ 72
r

BB A BXFRIERIA], LA E=FE (Gt asnVEREEE S



T+l = T — 1 - G}Q)(CEM T, 2k)

EMLLEZ

6P (mr,2) = 2(flx+72) — f(2))2

r

2 ~ N(0,n"'I) or z, ~ Unif(S,_1)

Which distribution should | choose?

N(0,n 1)

UIllf(Sn_ 1 )

O

O

O

O

Independent entries, easy for parallel/distributed computation

Unbounded exploration, may cause problems if f is defined only on a compact set

Bounded exploration, easy to be adapted to bounded feasible region

Entries are dependent, not that easy to be adapted for distributed computation



ZkibEL1T: Bias

« Zeroth-order gradient estimation is in general biased

 How large is the bias?

SIE. Rz ~N(0,n7 ') Bk 2 ~ Unif(S,—1). N

E(G\ (w7, 2)] = V(@) B RHIBELB
HMH
fr(z) = E[f(z +1y)] PR f

N(O,n~ D), if 2z ~N(0,n" )
Y70 Unif(B,),  if 2 ~ Unif(S,_,)

B,={xeR": ||z|| <1}



IV £(x) = V(@) < | VELf @+ ry) - (@]
_ _ RIEKRHAE SKEE
~ [B(af@try) = Vaf @)

BV £+ 19) = Vol @]

<
<E|[L|ry||] < Lr fis L-smooth

fr(x) = flx) = E[f(x +ry) — f(2),

=E[(Vf(z),ry) + R(z,y)] R(z,y) = flz +ry) — f(z) = (Vf(z),Y)
=r(V[f(z),Ely]) + E[R(z,y)] Ely| =0
= E[R(z, y)]

fr(z) = f(2)] < E[|R(z, y)|]

L L , L
< E[§||ry||2} < 57“2 fis L-smooth => |R(z,y)| < E\I’ry\|2



ZkibEL1T: Bias

5|3, 5| H.
3% 2 ~N(0,n ') T 2 ~ Unif(S,_1). 1% f & L-768m.

(M. _ -

]E[Gf (x;r, z)} = Vfr(x) IV fr () Vf(a:)g = b WEH r 345
H h |fr(z) — f(x)] < §7°2
f?“ =E f -
o) = Bl ry) = F R0, N
1 . —1
yN{N(Q,n D), iz~ N0 fo(x) — f(x) > 0
Unif(B,,), if z ~ Unif(S,,_1) .
H f BR2OKRE.

Summary: G;l)(:r;;r, z) (At T — 1N ERIEEMITes (biased gradient estimator)
RERHFF¥R (smoothing radius) r 15l



EMIEE(LIT: Variance / 2nd Moment

. n
« BoMREMGIT: G;l)(x; r z) = ;f(a: +rz)z E[HG&”(@ r Z)HQ} ~ r~2  Large variance



EMIEE(LIT: Variance / 2nd Moment

» BRI 6P (a3r2) = ~(fla+r2) — f(2)z Gf (wir2) = - (f(a+r2) = flw—12))2
31, 18 /& I-H5R0. I 2
( 2..2,.2
N e e IR (X)
B[[G (s, 2)|°] <4 ra s &
20|V f ()2 + F 5T 2 ~ Unif(S,_;)

2 9
Some observations:

1. The bound is monotonically increasing in r and is finite when r — 0
In practice, r should not be too small due to numerical errors in computing f(xz+7rz) — f(x)

2. As x approaches a stationary point, the bound can be made arbitrarily small.

Perhaps faster convergence than standard SGD?



Convergence Rate

. & f& LtRAON, BEESRIMER . TEREMMHIER

2
Thi1 =Tk — 1 G; )(CEk; Tk 2k)

=X —1N- %(f(xk + rezr) — f(xk)) 2k 2 ~ Unif (S, _1)

Q0= -, R ce(0.1), HLn @R Y ri=F <o

n (L||zg —z*||* R?°L(c+4/n)
<K( -0 8i-0 )



Comparison with First-Order Methods

Two-point zeroth-order First-order GD First-order SGD

Blfen) - <0(%)  fe)-f@)<0(5) Bl -fa) <0 =)




Extensions

Noisy function values

Stochastic problems mxin E¢ | F(x;€)]
Escaping saddle points

Connection with extremum seeking control

Distributed zeroth-order optimization



Summary

X A FE (511288 Two-point gradient estimator

Tht1 =Tk — 1 - G?(%; T, 2k)

G2 (2, 2) = Z(f(a +r2) — f(x))z
i 7;7/ Zp ~ N(O,n_ll) or zp Unif(Sn_l)

G (w37, 2) = —(f(z +72) — fx —12))z

2r

Expectation: E|G'” (z;r,2)| = V,
n - BRE44N dimension of = P [ G Z)] fr(z)
2nd moment:

r - F@¥12 smoothing radius
E[I60 (@i, 2)[] < CnlV @) + 220

z - FEMILED random perturbation

[}

Convergence for convex & smooth f:

- Elf (7x)— f(2")] < O( )
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Reinforcement Learning



radmit=s)?

« Data-driven optimization of a Markov Decision Process



:-‘,’]’THE,;&% *E Markov Decision Process

Micel (S, A, P, Z)
S - IR = 8] State space
A - Gh{E=|8] Action space

P - ¥ #%#53R Transition probability
P(:|s,a) is a probability distribution on S

« X% - ¥EFh% Reward distribution

Z(-|s,a) is a probability distribution on R

22 Reward

X |st,at)

-
P(- st at)

IR State

@ &h{E Action




EE:’]"J?E/J%% *E Markov Decision Process

Micel (S, A, P, Z)

S - K& =8 State space } o~
A - GhEZS[8] Action space | P IRES
P - ¥ #%#53R Transition probability

P(-|s,a) is a probability distribution on S

« X% - ¥EFh% Reward distribution

Z(-|s,a) is a probability distribution on R

25 Reward

X |st,at)

Nom oS
P(- st at)

IR State

@ &h{E Action




EE:’]"J?E/J%% *E Markov Decision Process

e M5t (S, A, P,%) A2 f5h Reward
« S -IRE =8| State space } N arn
. A - ThYEZS|a) Action space | FIREH _»Q @_>
St
. P - B Transition probability P(-|st, ar)
IRZS State
(8'|s,a) >0, Z (s']s,a) =1
« Z - ZJh53% Reward distribution @ 51 Action

Z(-|s,a) is a probability distribution on R



EE:’]"J?E/J%% *E Markov Decision Process

Ml (S, A, P,r) 425 Reward

S - K& =[8] State space } R r(s0.a1)

A - ThEZS|8) Action space | IREH _»Q

St > :: —
P - B #%#3 Transition probability P(-|st, ar)
IRZS State
(s'|s,a) >0, Z (s'|s,a) =1
- 2Z[FhEK 128 Reward function @ =h{E Action
r:SxA—R

&% r(s,a) J&T [0,1]



EE:’]"J?E/J%% *E Markov Decision Process

« Ot (S, A, P,r) 225 Reward
S .
1) Episodic tasks _.Q
. . Sy > : —
There is a set of terminal states 7 such that P(- |51, ar)
Z _P(S/|S7 a,) — 1 and 7"(8, a) =0 'Ij(/j‘§ State

s'eT
foralls€7T and ae A @ &h{E Action

2) Continuing tasks

Otherwise



Emﬂ-;&;;%%ﬁ*i Markov Decision Process

« M5t (S, A, P,r) 425 Reward
e O]k (Return) (50 )

T
« TCIRAY1E P(-|st,at)
| ~<T-1 IR State
* EIZiSJIEHE thUPth:O Tt

T— o0
- @ sh{E Action
CHIEE > A

v € [0,1] - #7H1IFF discount factor



q’]’??&/ﬂ% *E Markov Decision Process

Ml (S, A, P,r) 42 Reward
o] 3 Zt—o 7T r(s¢, at)

=B Policy
¥
T = (mo, 71, T2, ...) = (T¢)e>0 P(-|s¢, ar)

e Hy — A(A) ez 18 224 4 TS State

Ht — {(807 ag, gy« 9ySt—1,At—1,T¢t—1, St)} @ f\j_]'f"lf Action
BT R E S| ¢t WNRIFERIE

P(a; = al| ht) = m(alhy)

he = (S0,G0,T0y -+ St—1,0t—1,T¢t_1, St)

BERE S, EE N ITZIERREAR R



EE:’]"J?E/J%% *E Markov Decision Process

GB% Policy
MDP BV {Liz ! [r]&

RS D"HH 0)3RIRE R ARHIE

. T o0 t
m;n E“ [Zt:ofy Tt}

JALL)
% »

_.@

22 Reward

T<St7 at)

P(' |Staat) >@_>

IR State

@ &iIfE Action

P(a; = al| ht) = m(alhy)

he =

(807 Ao, gy -3 St—1,At—1,T¢t—1, St)



MDP &L= ] By A%

EIE. ENOiRATIRETEITINCIR. SEE V. S — R AT Bellman XMAHHE
(Bellman Optimality Equation) BY#Z:

V* — >|<
(s) Eneajc<rsa —I—WZV (s'|s, a))

s'eS
N TG H— T IEEVIRIRE D I AMEIRES:
mi(also, a0 ..., s:) = m (alsy) BT, MUBET LIRS (IR
1 _ %
™ (al|s) =< a=a’(s), i 58 T SREM
0, otherwise

a*(s) = arg max (fr(s a) + Z V*(s (s’\s,a)) AL RIE
acA €S



MDP &L= ] By A%

Implication: TEFHEMREEEY, HITREZRENAE. TiB|ZRI%E.
o FATETHPRMEAL M SRS U R JE R R SRR

&g 7:S — A(A) Pla; = a| hy) = w(alss)

Caveat: 1. XTHRNEAM, EEARE—RFTBENAZR, B
RS REFILNBE R MMRAZTIEIZH.

2. HBHIRSTTEERIN, NEAERE—FRABEILICIZHY. It
NEEEERIBLMNE/RAIXRKIFRZE (Partially
Observable MDP) ZE#&E.



Reinforcement Learning Problems
ar ~ m(-|st) (87 A) P, T)

Takes
action

Sends reward &

AGENT v\ty ENVIRONMENT

Staat St+1NP ‘Staat

» Some defining features of RL problems:
 The environment is an MDP

» The transition probability of the MDP is not available (either because it is unknown or
because it is too complicated)

« We can collect data from the environment through sequential interactions



Further Specifications of the Environment

* The environment has an internal state s, and action input, and a “reset button”

* As long as the reset button is not pushed, whenever an action a is taken,
the environment will

« Sample s’ ~ P(-|s,a)
 Output r(s,a) and s’
« Set its internal state s « &’

* |f the reset button is pushed, the environment will

* Reset its internal state s to be a new sample from
e Output s

Note: The environment doesn’t need to be a real system. It can be a simulator of a real system.



Let’s move on to some fundamental terminologies in RL
 Value function
* Q function and advantage function

» Occupancy measure



15@’;55( Value Function

o« WAl E— P IRESEVEFIT?
« NERE T, EXHERH VTSR A

O

¢
E VTt
t=0

VT(s) =E"

S()S]

xO

t
E YTt
t=0

« NTERVBRSDmu, B

K,

SQ:S]

nyt Tt] — ZPM(SO =s) - E"

seS

= > u(sVT(s) = pV"

seS



15@’;55( Value Function

ro+y ) A

Vis) =E" ZVW so=s|=LE" SoS]
t=0 t=1
~E" th_lrt So = s] =~E"|E" th_lrt 31] So = s]
t=1 t=1

=yE"[V™(s1)]s0 = 5]

Bellman 5% (Bellman Equation)

VT (s)=E"[ro + V™ (s1) ]| s0 = $]



15@’;55( Value Function

VT(s) =E" thm so=s|=FE" nﬁ—vat_th sos]
t=0 t=1
~vE”™ th_lrt So = s] =~vE" | E” th_lrt 31] So = s]
t=1 t=1

=yE"[V™(s1)]s0 = 5]

Bellman 5% (Bellman Equation)

VT(s) =E"[ry + vV (st41) | 8¢ = 5]

— Z (r(s, a) + VZ V7™ (s") P(s'|s, a))ﬂ(a|s)



Q EEIS LB BRIER

« QIRE Q7 (s,a)=r(s,a)+~ Z VT (s") P(s'|s,a)

s’eS

=E"[ry + V" (st4+1) | st = s, ac = a

xO
/
E Wt t (87

t'=t

—E"

StZS,CLt:CL]

« Q EKEH Bellman H7E
Q" (s,a) =r(s,a) +v > _ Q"(s',d)w(d'|s') P(s's,a)

= E"[ry + v Q" (5t41,a¢41) | 5t = 8, a4 = a

. LKL Advantage function A™(s,a) = Q" (s,a) — V™ (s)



Occupancy Measure

oo

d,(s,a) = Zyt P (st = s,a; = a)
=0 Zd”(s a) = 1
oo AR
dr(s) = dr(s,a) = Y 7' Pp(s; = s)
t=0

ac A

Sometimes also called (discounted) visitation frequencies



Occupancy Measure

d,(s,a) = ZWt P (st = s,a; = a) 51, WEEq¢:SxA—-R, B

t=0
3) — Z dZ(S, CL) — Z’yt PZ(St = 3) ]EH tz:;fy q(8t7at) T ;Q(S,CO d,u(sa CL)

acA t=0

How to obtain a sample of the quantity » ~q(s,a)d};(s,a) ?

s,a

%T?Eﬁj\j() E%Eq;i%#?f%%ﬂ-?@{fﬁ Ti) g;éﬂy $0,A0,-..,S5T,AT »

Bis T
Z ’yt q St at
t=0



Occupancy Measure

d,(s,a) = Zyt P (st = s,a; = a)

t=0
dr(s) =Y dr(s,a) = Y V' Pj(s; = s)
acA t=0

S51E. d}(s,a) =m(als) JZ(S) K& © JLFATH occupancy measure ME—Hf €

2@, = Z\’m(aIS) —w2(a|s)|jz2(s) <6, M HJLU _O'ZZQHEI <1

EHPA RSB ERIL, FBAMPE occupancy measure of the state [FFE IR BT

[arXiv:1705.10528]



Policy Evaluation

* How to estimate the value function of a policy using only samples?
« A fundamental building block for most RL algorithms

« We use a parameterized family of functions {v,, : S — R | w € W}, and search for the w
that can best approximate the true value function.

* Q: Why parameterized functions?
+ A: To handle situations with enormous |S|

» Typical examples:
¢« W=R®, v,(s) =w(s) (tabular RL)
« W=R?, v,(s)=w'¢(s) (linear parameterization, ¢ : S — R%is a feature mapping)

« W =R?, v,(s) is a neural network parameterized by w



A Slight Digression: Neural Networks

Input Layer Hidden Layers Output Layer
R — U(W(l)x 4 b(l)) y = W pE) 4 pL)
Bk — U(W(k)h(k—l) + b(k))
The parameters of a neural net: w = (WM, ... W@ p1) L)

The gradient with respect to w: Computed by back propagation

o : Activation function

RelLU
max (0, x)

Leaky RelLU
max(0.1z, z)

ELU
T z2>0
ae®*—-1) =<0

Sigmoid

o(z) = —

14+e—=%

] ] 1
1 -
- o
o
| - 1 - -
P s ~ =) - 1=} o
s s 2 s



A Slight Digression: Neural Networks

Universal Approximation Theorems
[arXiv:2006.08859] Suppose f : R% — R% satisfies
/ | fi(x)|P dr < 400
Réx

for some p € [1,00). Let w > max{d, + 1,d,} be arbitrary. Then for anye > 0,
there exists a neural network fxn : R% — R% with ReLU as its activation
function, satisfying

1) Every hidden layer of fyy has at least w neurons

2) The neural network fyy approximates fin the Lr-norm:

1/p
| f(z) = fan ()], = </ Z|f@ — i )|p> dr < e



Policy Evaluation

* How to estimate the value function of a policy using only samples?
« A fundamental building block for most RL algorithms

« We use a parameterized family of functions {v,, : S — R | w € W}, and search for the w
that can best approximate the true value function.
» Typical examples:
« W =R, v,(s) =w(s) (tabular RL)
« W=R?, v,(s)=w'¢(s) (linear parameterization, ¢ : S — R? is a feature mapping)
« W =R, v,(s) is aneural network parameterized by w

« What does “best approximation” mean? - Minimize the mean square error

i 5By [(0u() V)]



Policy Evaluation

1 77 S ()2
min B g [(vu(s) = V7(5)) Z (v (s1) = V7 (s¢))

* Apply stochastic gradient descent

W< W+« Z'Yt(vw@t) — Vw(8t)) Vvw(st) T = (St,at,7¢)1>0 ~ P

t>0 A randomly sampled trajectory under «

« We don’t know the value function - Replace it by an estimate (also called the target)

W — w + 0427 (15t) — (st))vaw(st) T = (St, G4, T¢)1>0 ~ P7
£>0

* Intuitively, ©(7;t) should provide a “better” estimate than v,,(s;)
sup, [E"[0(7;1)[se = s] — V7 (s)| < sup, [vw(s) = V7 (s)]

v(7;t) should have a smaller “bias” than v,,(s)



Policy Evaluation

W W+ o nyt (@(T; t) o vw(st))vwvw(st)
t>0
« How to choose the target?

Opt. 1: Use the return starting from s, o(T;t) = Z =ty

*  Q: Why is it a reasonable option?

o0
/
E ’Yt t7“t’

t'=t

- A:We have E} s;| = V7 (s¢) unbiased estimation

Monte Carlo Method

W — W+ « Z’yt ( Z fyt/_t Ty — vw(st)>vwvw(st) T = (St,Q1,T¢)1>0 ~ P7

t>0 >t




Monte Carlo Method in Practice

From OpenAl Spinning Up (simplified ver.):

Loop
Reset the environment, observe s,
Fort =0to T - 1:
Take action a; ~ 7(-|s¢)
Record the reward r; and the next state s;;
End for
Fort =T — 1 downto 0:

w(ST), continuin
Gt < Rt -+ ’}/Gt_|_1 GT — ’ ( T) n . 2
0, episodic
End for
End loop

Loop for sufficiently many iterations:

w%w—l—azz G(z — Uy st)))wauw(sgi))

End loop

Bootstrapping: Update estimates on
the basis of other estimates

Hti)n Esnw [(Uw(8> _ VW(S»Q}
s) X ZtT:_Ol Py (st = s)

Thttps://github.com/openai/spinningup



Policy Evaluation

ww+a Yy Y(0(rt) — vu(se)) Vavw(s)

t>0
« How to choose the target?

Opt. 2: Use the temporal difference (TD) target 0(7;t) =71 + 7 - U1y (St+1)

bootstrappin
- Q: Why is it a reasonable option? pping

 A: Suppose v, (s) is sufficiently close to V™ (s). Then by the Bellman equation,

EL[re + 7 Vwgq (St41) | 8] @ EL[re + 9 - VT (se41) | 8¢]) = V7 (s¢)

More detailed calculation:
ET[0(75t)|st = 8] = V™ (5)| = YE" [0y (5¢41) — V™ (5¢41) | 5¢ = 8]
< ysup |vy(s") = V()]

S



Policy Evaluation

w %w—l—ozZv (758) — v (St)) Vv (st)
£>0

« How to choose the target?

Opt. 2: Use the temporal difference (TD) target 0(7;t) =74 + 7 - U1y (St+1)

bootstrappin
- Q: Why is it a reasonable option? pping

 A: Suppose v, (s) is sufficiently close to V™ (s). Then by the Bellman equation,

EL[re + 7 Vwgq (St41) | 8] @ EL[re + 9 - VT (se41) | 8¢]) = V7 (s¢)

TD(0) Learning

W — w+ o Zv 'rt + 7 U (Seg1) — vw(st))vwvw(st) T = (8¢, at,7¢) >0 ~ P

temporal d/fference




TD(0) in Practice

From Stable Baselines 3 (simplified ver.):’

Loop for sufficiently many iterations:
Reset the environment, observe s,
Fort =0toT - 1:
Take action a; ~ 7(-|s)
Record the reward r; and the next state s,

Ot < Tt + YV (St11) — Vo (St)
End for

W w-l—ozZét + VU (St)
End loop :

Thttps://github.com/DLR-RM/stable-baselines3



TD(0) in Practice

From Sutton’s book:

Reset the environment, observe s, * The classical version of TD(0)

Fort =0to T - 1; « Updates concurrently with the MDP

* Under certain conditions, with properly
chosen diminishing step sizes, TD(0)
converges to a neighborhood of the

Take action a; ~ 7(-|s¢)

Observe the reward r, and the next state s,

O = 7t + Y Vw(St4+1) — Vw(st) optimal solution to
W 4— W+ @ O ViU (St) min E,, [(vw(s) — V”(s))2]
End for

for linear parameterization, where v is
the stationary distribution of the MDP’s
state under policy .




Summary of Policy Evaluation

« ARSI — TR EULASE FRAVE BRI — — B RS EOE RIS BBV LR
o FANEI— —s/ MBI IRE

1

1 T T vis 2
iy 3B g0 = V7] = 385 S o0 = V(s

o« WARMB——BEBETE wew+ad Y (8(7t) — vw(s)) Vevw(s:)
o ANk target? =

Opt. 1: X5 FR&FAZE © TR, BEERX

» Convergence guarantees by the theory of SGD

Opt. 2: NFEN A% - B, HEBN
« Convergence established for Sutton’s version with linear
parameterization

HE A% TD()), LSTD, LSPE



s FIFE

‘Policy Gradient

A

; A2c J asc

A
)

\

Given the Model

( PPO

TRPO

RL Algorithms
‘ Model-Free RL Model-Based RL I
¢ N [ )
l Q-Learning ‘ Learn the Model
> DQN » World Models
> DDPG <
el > I2A
g TD3 <
QR-DQN > MBMF
> SAC <
> HER > MBVE

—>{ AlphaZero ’

A non-exhaustive, but useful taxonomy of algorithms in modern RL. (from OpenAl Spinning Up)



Parameterized Policies

* SINBH0 €0, B—1TSE 0 WN—"1 RS 7,
+ {m:0 € O F—EBEBMAERE, ERFEEEREBIRINRKE.
s WTERBSIELIE, SR TSR EE:

exp(fo(s; a))
e Xp(fo(s,a’))

mo(als) = 5

& Hs,a ’ EDH&@ = RSXA ’ ﬁ'ﬁ f@(S,a) %ﬁﬁﬁiﬁ — RSXA E/‘J (S,CL) %ﬁ%
(tabular RL, |S||.A|should not be very large)

HA fo(s,a) AILLE
\ e 0'¢(s,a), HER 0 R [ ¢: S x A — R? K feature mapping

Lo BEN 0 IMANLE, BiANse S, HE|A NEE (Actor network)




Two Useful Theoretical Results

Performance Difference Lemma.

MEZRNEKEE m.1', B

™ uVT = ZAW s, a) dul(s)

Policy Gradient Theorem.

L {me : 0 € O} R—TESHAMREE. ME—EFHE
~ B

Vo(pV™) =) (Q™ (s,a)=b(s))Veme(als) d* (s)

s,a

Hrh b(s) AJLARER (RIRHIT s) BIREL

IEIAI:\E_I,H()E@) EEX

L(0;6y) = ZAWGO (s,a) mo(als)d, (s)

S,a

i
1. VeL(Q;Ho)\ezeo — VQ(MV”H@:@O
2. H 19 5 m, BRIBEILH, B
(9 90) Vﬂe — ,LLVWQO

L(0;00) RIEA pV7™ BREGREIA




A Tentative Framework

for k=0,1,2,... do

Ori1 ~ argmax L(6;0%) L(6;0%) ZAW% s,a) mo(als) dy " (s)
SIS

s.t. mg = my,

end for

hfFRE/REVIR)R :
1. EFEEZIE Mo ~ 79, ?
2. anfal (fbh) SKEZ= HRILILIR)ER?
3. WA MILMEIE G IT A7k (s, a) FKRBMAXRIBPTFTRRE?



:

for k=0,1,2,... do

Or11 ~ argmax L(0;0})
0co

S.t. T =~ Ty,

end for

L(0:01) = > A" (5,a) mo(als) di" (5

s,a

EZIE 7y ~ mp, ?

1
. . 9_ 2 <

. #H KL-divergence

D Drw(mo,(Is) | mo(-|5)) di™ (s) < =

Drwollg) = 3 pla) n 22

q(a)

. Clip the ratio

mo(als)

<l+e VseS,ac A
o, (als)

1 —€e<




FE1

o ~7T9k:
max L(0;04) ZA k(s,a)mg(als)d, ™ (s)

s.t. 5\\9 —0L|* <6
LR BB N ETIRER
BRI E LR M1

max  (VgL(0;01)|p—y. .0 — 9k>——H€ Or?

Hco
‘ bW

9k+1 = Hk +n VQL(97 9k)|9:9k

Policy Gradient Theorem.
Vo(uV7™) = ZA” (s,a) Vgmg(als)

s,a

dy;’ (s)

This is just gradient ascent!

=0+ 1 Vo(uV™)lg—,




FE1

Z AT (s,a) - Vomg(als) - JZG (s)

Vomg(als) - mo(als)dy? (s) l
mo(als) 313, djj(s,a) = m(als) dj(s)

=) A™(s,a)-
2.

— ZA”(S, a) - Velnmg(als) - d}?(s,a)
s,a 5|3E. EZ [Zt>0 7t Q(3t7at)] — ZQ(Saa)dZ(S7a)

=E7 [tho VAT (s, at) - Vo ln W@(at|8t>]

0«6+ nZ’yt A(T;t) - Vo lnmg(as|se) T = (8t,at,7t)1>0 ~ PP

t>0 A(T; t) is an estimate of A™ (s, at)



How to form an estimate of A™ (s, a:)?

+ Opt. 1: Monte Carlo method  A(75t) = > 7" "1y — v, (s¢)

t’'>t

« Why is it a valid option?

Is it an unbiased estimate of A™ (s, a:) ?

o }: t'—t .
]E,u { t’>tﬁy T Uwold(st)

St, at} = Q" (s¢,at) — Vw4 (St) biased

o0
/
E Vt tTt'

t'=t

st—s,at—a]




How to form an estimate of A™ (s, a:)?

+ Opt. 1: Monte Carlo method  A(75t) = > 7" "1y — v, (s¢)
t' >t

« Why is it a valid option?

Is it an unbiased estimate of A™ (s, a:) ?

ET° Vtr, (s¢)
M >t 8 % Wold \ 9t

St, at} = Q" (s¢,at) — Vw4 (St) biased

Policy Gradient Theorem.

Vo(pV™) =) (Q™ (s,a)—b(s))Vem(als) d (s)

s,a

Heh b(s) AIARER (REKHT s) BIREK.




How to form an estimate of A™ (s, a:)?

+ Opt. 1: Monte Carlo method  A(75t) = > 7" "1y — v, (s¢)

t' >t
« Why is it a valid option?

« We have

E?[ZQO (22,0, 7 e = v (s)) Voln We(at\8t>] = Vo(uV™)

i.e., the policy gradient estimation is unbiased

Note: The trajectory 7in A(r;t)
should be independent from the
trajectories used in constructing b(s). Vo(uV™) = Z(Q” (s,a)=b(s))Vema(als) d;’ (s)

s,a

Heh b(s) AIARER (REKHT s) BIREK.

Policy Gradient Theorem.




How to form an estimate of A™ (s, a:)?

A

« Opt. 2: Use the temporal difference A(7;t) = ry + 7 - Vo (St+1) — Vawgry (St)
This time the policy gradient estimation is biased

Vo(uV™) — EZQ[Z (- V™ (5141 — v (5)) Vo In m(aﬂst)}

>0

Q" (s,a)=FE"[r; + yV™(s411) | 8¢ = s,a; = a




How to form an estimate of A™ (s;,a;)?

A

« Opt. 2: Use the temporal difference A(7;t) = ry + 7 - Vo (St+1) — Vawgry (St)
This time the policy gradient estimation is biased

Vo(uV™) — EZQ[Z (- V™ (5141 — v (5)) Vo In m(at\sa}

£>0
%IE”[Z VTt Y Vwra (5641) = Vagia (5)) Vg lﬂﬁe(at\St)]
i £>0 Wold Wold

- But the variance is in general lower than Monte Carlo method



Policy Gradient Estimation

Vo(uV™) =Y 7' A(r;t) Vo Inm(ay|s:)

>0

+ Opt. 1: Monte Carlo method  A(5t) = > 4" ~'ry — vy, (s)

t' >t

« Opt. 2: Use the temporal difference A(7;t) =74 + v - Vo (St41) — Va1, (5¢)

» A general method: Generalized Advantage Estimation (GAE) [arXiv:1506.02438]

GAE is able to tune the bias-variance tradeoff



The Advantage Actor-Critic (A2C) Method

1. Under policy 7y, sample a batch of trajectories D = { D = (9 ol D) ) 150 ‘ 1<i< \D[}

2. Update the policy (actor) by
D

0<—60+n- ’ZZWtA 7 1) ) Vo Inmg(ay )|s§i))

1=1 t>0

Zt/>t Yty — vy (se), Monte Carlo advantage estimation

Tt + 7 Vw(Sia1) — Vw(sy), TD advantage estimation

where A(r;t) = {

3. Update the value estimation (critic) by repeating

w+ - \D[ Z Zt>0 (Zt’Zt yt/_t Ty — vw(st)> VwVu (5t), Monte Carlo
w+ o "D’ Z Zt>0 Tt + 7”w(5t+1) - Uw(St)) vwvw(st)a TD(O)

4. Go back to Step 1 unless stopping criterion is satisfied

DI

W — < D




Policy Gradient Estimation in Practice

« What the theory tells us: @(MV”) = Z ~NEA(T ) Vo In g (agsy)

>0

- What most RL libraries use: Vp(uV™) = ZW} A(7;t) Vo lnmg(as|s:) theoretically incorrect
£>0

« See [arXiv:1906.07073] [arXiv:2010.01069] for relevant discussions



-+
Nt

for k=0,1,2,... do . FZ
Or11 ~ argmax L(0;0})
0co
s.t. My = T, o 7’7_
end for
L(0:63) = 37 A" (s,0) mo(als) di" (s)
]

IB] g ~ Ty, ?

. %”9 — 0, <§  Advantage Actor Critic

. #H KL-divergence

D Drw(mo,(Is) | mo(-|5)) di™ (s) < =

Drwollg) = 3 pla) n 22

q(a)

. Clip the ratio

mo(als)

<l+e VseS,ac A
o, (als)

1 —€e<




HE 2

Or11 ~ arg max ZA”% s,a)mg(als)dy ™ (s)
hco _ p(a)
s,a DKL(pHQ) = Zp(a) In

. 5 . q(a)
ZDKL o, (18) || o (+]s)) dp " (s) < -

Why is KL-divergence a reasonable choice?

Pinsker’s inequality Za ip(a) — q(a)| < /2 Dxr(pl q)

Lemma. If ZS a\w(a\s) — 7' (als)| d”( ) < e, then Hdvr _ g 22

H£1 — 1—x

Performance difference lemma: pV™ — uV™ = Z A" (s,a) 7' (als) d; (s)

m—) V70— V0 > L(0;60k) — \/Z Dxr (7, (]9) || ma(-|s)) dy"*(s)

penalty on the KL divergence

[arXiv:1705.10528]



HE 2

0r11 ~ arg max ZA”% s,a)mg(als)dy ™ (s)

0cO
< 8,0 5 Dxw(pllq) ZP

b 3 Duculmai19) 1 mo (1)) i (s) < 5

—7
» Solving the optimization problem exactly is prohibitive
 We do some approximations:
Obijective function Approximate to first order (linearize)
Constraint Approximate to second order

: Why approximate constraint to second order?

A: lts first order approximation is zero:

Vo | Y, Drn(mo(ls) [ molls) di(s)] =0

0=0y



HE 2

0 ~ ATk ( als)d, (s
k-1 ¥ arg max > (s,a)mg(als)d,; * (s) i o)
s,a DKL(p H Q) = Zp(a) In

s 5 - q(a)
b 30 Drau(maC1s) | mo(s) i () < 1=
-7
approximations l
Ok+1 ~ argmax (VoL(0;0k)|g_p 0 — Ok) Closed-form solution:
0O
1 - 5 26 i
8.6 5(0 = 0k) Hi(0 —0r) < ) =0t ——H %
9 Hk gk
where
Olnmg(als) Olnmy(als gr = VoL(0;0k)|g_s
(Hy)y = 3 DRI ORTO)] (g )i s, ) :
s,a ¢ J 0=0x A version of

Fisher information matrix natural policy gradient



Trust Region Policy Optimization

1. Under policy 7y, sample a batch of trajectories D = { D = (9 ol D) ) 150 ) 1<i< \D[}

2. Construct the gradient estimate
D

Z ZytA (@). 1)V lnﬂ'g( )|sti))
i=11t=0 In practice, we don’t store the matrix but
3. Construct the Hessian estimate construct the mapping « — Hz from data
- () 1. mo(als”)
Hjp 89’ A [|D| ZZ )y Zﬂ'g(a|8t ) In o (a2
1t>0 ........................... S I 12
4So|veA%ﬁ_1§ Calculated by conjugate gradient descent
5. Update the policy (actor) by
20 We can use backtracking to ensure the new 6 improves the
00+ ATHA ' (sampled) objective value and is in the (sampled) trust region

6. Update the value estimation (critic) v,,(s) using TD(0)/Monte Carlo/etc.
7. Go back to Step 1 unless stopping criterion is satisfied



= =T
EFZE 79 ~ 7, ?
for k=0,1,2,... do - FE1: %H@ — 0, <§  Advantage Actor Critic
Or11 ~ argmax L(0;0})
0cO Trust Region
s.t. mp = my, « FZE 2. FH KL-divergence Policy Optimization
o 5
end for 2 Drct(mo(13) I mo((hs)) du™ (5) < 7

L<e;ek>=2A%<s a) mo(als) d, " (s) Destolla) - Zp p(a)

« 5% 3. Clip theratio Proximal Policy Optimization

mo(als)

<l4e€ VseS,ace A
mo,. (a]s)

1 —€e<




On Policy & Off Policy Methods

A2C, TRPO, PPO are all on-policy methods.

On-policy methods: Evaluate or improve the policy that is used to make decisions and
generate the data

Off-policy methods: Evaluate or improve a policy that is different from the one used to
generate the data

Typical off-policy methods: Q-leaning and its variants (DDQN, DDPG, TD3, etc.)

Q-leaning: Learn the optimal Q-function that satisfies the Bellman optimality equation

Q*(Sa CL) — ES’NP(-|S,CL) [T(Sa CL) + ’ymE}X Q* (5/7 CL/)}



RL Theory

Sample complexity analysis
Still many open problems
Many works focus on the finite-horizon setting

Algorithms with desirable sample complexities are very different from algorithms used in
practice

https://rltheorybook.github.io/rltheorybook AJKS.pdf



RL for Control Systems

» Recent advances in RL for linear quadratic control

Linear System
x(t+1) = Ax(t) + Bu(t) + w(t)

Feedback controller

« Convergence rate & sample complexity have been analyzed for algorithms based on
zeroth-order optimization



Some RL Resources

Richard Sutton’s classical book

OpenAl Spinning Up (https://spinningup.openai.com)

Stable Baselines 3 (https://stable-baselines3.readthedocs. i0)

Slides and lecture notes of RL courses

 It’s interesting to see how different instructors emphasize different aspects of RL



