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Some Recent Advances

• LQR [Fazel et al., 2018] [Malik et al., 2020] 
[Mohammad et al., 2022] 
[Fatkhullin & Polyak, 2021], etc.

• Risk-sensitive mixed H2/H1 design
[Zhang et al., 2021]

• H1 state-feedback
[Guo & Hu, 2022]

• LQG [Zheng, Tang & Li, 2021]

• Kalman filtering
[Umenberger et al., 2022] [Zhang et al. 2023]

• H1 output-feedback
[Hu & Zheng, 2022]

[Ren et al., 2023] [Duan et al., 2023]
[Mohammadi et al., 2021] [Zheng et al., 2022]



Our Focus

• Policy optimization for H1 output-feedback control

• When is a stationary point globally optimal?



H1 Output-Feedback Control
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dx(t)

dt
= Ax(t) + B1w(t) + B2u(t)

z(t) = C1x(t) +D11w(t) +D12u(t)

y(t) = C2x(t) +D21w(t)

• Classical approaches:

Ø Riccati equations

Ø LMI based convexification

Find a feedback policy whose 
worst-case amplification

is as small as possible.
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H1 Policy Optimization
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Control 
problemPolicy 

parametrization

Optimization 
problem

• We consider the class of linear dynamic 
feedback policies of the form
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d⇠(t)

dt
= AK⇠(t) + BKy(t)

u(t) = CK⇠(t) +DKy(t)

• Parametrize by K = (AK, BK, CK, DK)

internal state
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H1 Policy Optimization
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Control 
problemPolicy 

parametrization

Optimization 
problem

• Closed-loop system:
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dx̃(t)

dt
= Acl(K) x̃(t) + Bcl(K)w(t)

z(t) = Ccl(K) x̃(t) +Dcl(K)w(t)
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x̃(t) =

"
x(t)

⇠(t)

#
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C = {K: Acl(K) is stable}

that internally stabilize the system

Feasible region of the optimization problem
Domain of the objective function

• (Internally) stabilizing policies:

= set of full-order linear dynamic policies



H1 Policy Optimization
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• Objective function:
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J(K) = sup
w 6=0

kzkL2

kwkL2

= H1 norm of closed-loop system
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J(K) = sup
w 6=0

kzkL2

kwkL2

= H1 norm of closed-loop system

• Parametrize by K = (AK, BK, CK, DK)

C = set of full-order linear dynamic policies

such that the closed-loop system is stable

Can we characterize a class of stationary 

points that are globally optimal, despite 

the non-convexity and non-smoothness?

Ø Nonconvex
Ø Nonsmooth
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Preliminaries on Nonsmooth Analysis

• Locally Lipschitz function

• Clarke subdifferential
<latexit sha1_base64="IK6a4xOcHjtLGns4AsDa7K8axxM="></latexit>

f �(x; v) := lim sup
x0!x,t#0

f(x0 + tv)� f(x0)

t A “local convexification” of f

Subdifferential of the “local convexification”

Every point x has a neighborhood on which f is Lipschitz continuous

Lemma. If x is a local minimum of f, then 0 2 @f(x).

Clarke stationary point

<latexit sha1_base64="qvkSbY7WNeAWqx5q5ODDGklhc3c="></latexit>

@f(x) := {g : f �(x, v) � hg, vi, 8v}



How to Characterize the H1 cost?

Bounded Real Lemma

• Strict version • Non-strict version

ü P Â 0 certificates upper bound γ on H1 cost

o Strict certificate o Non-strict certificate

J(K) is finite and strictly less than γ  

if and only if for some P Â 0,

J(K) is finite and less than or equal to γ  

if Acl(K) is stable and for some P Â 0,
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How to Characterize the H1 cost?

Bounded Real Lemma

• Strict version • Non-strict version

ü Basis for H1 control theory, including the convex LMI reformulation

Ø Characterizes only the “strict epigraph” but not the function J(K) itself

J(K) is finite and strictly less than γ  

if and only if for some P Â 0,

J(K) is finite and less than or equal to γ  

if Acl(K) is stable and for some P Â 0,
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How to Characterize the H1 cost?

Bounded Real Lemma

• Strict version • Non-strict version

Ø Seems “weaker” than the strict version

ü Can be adapted to characterize the function value J(K) itself

à  Allows analyzing J(K) via the convex reformulation

J(K) is finite and strictly less than γ  

if and only if for some P Â 0,

J(K) is finite and less than or equal to γ  

if Acl(K) is stable and for some P Â 0,

<latexit sha1_base64="6+4f19EHx0rlVcmz9Dvw+oly8qs="></latexit>2

64
AT

cl(K)P+PAcl(K) PBcl(K) CT
cl(K)

BT
cl(K)P ��I DT

cl(K)

Ccl(K) Dcl(K) ��I

3

75 � 0

<latexit sha1_base64="kPc067QicKoHQ3mqTrOSPsc8tXw="></latexit>2

64
AT

cl(K)P+PAcl(K) PBcl(K) CT
cl(K)

BT
cl(K)P ��I DT

cl(K)

Ccl(K) Dcl(K) ��I

3

75 � 0



Main Results

Any non-degenerate Clarke stationary point of J(K) is a 

global minimizer of J(K).

Theorem.

Can we characterize a class of stationary 

points that are globally optimal, despite 

the non-convexity and non-smoothness?



Non-degenerate Policies for H1 Control

A stabilizing policy K = (AK, BK, CK, DK) is called non-degenerate, if

• There exists a non-strict certificate 
P Â 0  for the closed-loop H1 cost

Definition.

• The block P12 is invertible
<latexit sha1_base64="ejJRhZpL8Th2ZxEk2744RNH4U4k="></latexit>

P =

"
P11 P12

PT
12 P22

#
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Main Results

Proof technique

• Lifting of (a subset of) epigraph 
by bounded real lemma

• Change of variable that 
“convexifies” H1 control

• Inspired by [Umenberger 
et al., 2022] [Guo & Hu, 2022]

K

γ

epigraph

lifted 

set
F  £  GLn

convex set of invertible 
matrices

global 
optimality

diffeomorphism

Any non-degenerate Clarke stationary point of J(K) is a 

global minimizer of J(K).

Theorem.



Are Non-degenerate Policies Generic?

Conjecture.

The set of degenerate stabilizing policies has measure zero.

• This is only a conjecture. We don’t have a proof yet.

• We have some numerical evidence.



Are Non-degenerate Policies Generic?

• A 1-dimensional stable system
<latexit sha1_base64="TgGejrF2jzxE4wgnAlL3Ow6qb7Q="></latexit>

ẋ(t) = �x(t) + [1 0]w(t) + u(t),

z(t) =


x(t)

u(t)

�
, y(t) = x(t) + [0 1]w(t)

• The figure shows the value of  ln |P12|
for a few cross sections

§ Dark blue represents possibly 
degenerate policies



Summary
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H1 policy optimization

• Non-degenerate policies for H1 control

Non-degenerate stationary policies 

are globally optimal.

Theorem.

Control 
Theory

Reinforcement 
Learning

Optimization 
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