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Optimization and Control of Multi-Agent Systems
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Transportation Swarm robotics

Smart manufacturing Smart grid



Opportunities and Challenges
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• Smart meters/sensors, mobile devices, 
communication networks

• Large system, complicated mechanism, 
hard to model

• Large numbers of heterogenous devices

Smart Grid

Opportunities:

Challenges:

• Abundant, real-time data
• Computing power, fast communication

• Unknown system model
• Coordination of agents

• Rigorous performance guarantees
• …



Opportunities and Challenges
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Data, computing power, 
and communication

Smarter decision-making for 
industrial & societal systems 

How?

Opportunities:

Challenges:

• Abundant, real-time data
• Computing power, fast communication

• Unknown system model
• Coordination of agents

• Rigorous performance guarantees
• …



Observation

This Talk

Distributed optimization/RL algorithms

Ø Model-free & data-driven

Ø Coordinate a large number of agents

Ø Theoretical performance guarantees 
Ø Sample complexity

Ø Scalability

Ø Stability
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Agent 1

Agent j

Agent i

Agent N

Action

+Zeroth-order 
optimization

Decentralized 
coordination



Preliminaries on Zeroth-Order Optimization
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One approach: Estimate gradient from zeroth-order information

<latexit sha1_base64="C8yBllLPmzo5DRTE7qoHwkvrkUo=">AAACBnicdVDLSgMxFM3UV62vqksRgkWom2GmlKq7ghuXVewDOrVkMpk2NMkMSUZahq7c+CtuXCji1m9w59+YPgSfBy4czrmXe+/xY0aVdpx3K7OwuLS8kl3Nra1vbG7lt3caKkokJnUcsUi2fKQIo4LUNdWMtGJJEPcZafqDs4nfvCFS0Uhc6VFMOhz1BA0pRtpI3fy+x6nopkOPCo8j3ff99HJ8HYw9GBaHR918wbHd8qlTcuBv4trOFAUwR62bf/OCCCecCI0ZUqrtOrHupEhqihkZ57xEkRjhAeqRtqECcaI66fSNMTw0SgDDSJoSGk7VrxMp4kqNuG86J6eqn95E/MtrJzo86aRUxIkmAs8WhQmDOoKTTGBAJcGajQxBWFJzK8R9JBHWJrmcCeHzU/g/aZRst2KXL8qFamUeRxbsgQNQBC44BlVwDmqgDjC4BffgETxZd9aD9Wy9zFoz1nxmF3yD9foBgZ2ZHQ==</latexit>

min
x2Rd

f(x)

§ z : random perturbation

<latexit sha1_base64="E4MGe1u9Zx1AOjr30VRGzEKP2Lc="></latexit>

N (0, I/d)
<latexit sha1_base64="cCNf0EspJBeeAyRQ2/boZR2KyJQ=">AAACCHicdVDLSsNAFJ3UV62vqEsXDhahLgxJKT52BTcuK5pWaEOYTCbt0MmDmYlQQpZu/BU3LhRx6ye482+cpBV8Hhg4c8693HuPlzAqpGm+a5W5+YXFpepybWV1bX1D39zqijjlmNg4ZjG/9pAgjEbEllQycp1wgkKPkZ43Piv83g3hgsbRlZwkxAnRMKIBxUgqydV3ByGSIx5mtlLzRvnzvOwydzP/0MoPXL1uGlbr1Gya8DexDLNEHczQcfW3gR/jNCSRxAwJ0bfMRDoZ4pJiRvLaIBUkQXiMhqSvaIRCIpysPCSH+0rxYRBz9SIJS/VrR4ZCISahpyqLRcVPrxD/8vqpDE6cjEZJKkmEp4OClEEZwyIV6FNOsGQTRRDmVO0K8QhxhKXKrqZC+LwU/k+6TcM6MloXrXq7OYujCnbAHmgACxyDNjgHHWADDG7BPXgET9qd9qA9ay/T0oo269kG36C9fgAUmJn4</latexit>

Unif(Sd�1)

§ r : smoothing radius

[Flaxman 2005] [Nesterov 2017]

§ Gradient unknown
§ Can only query its values (zeroth-order info)

<latexit sha1_base64="Kc1A31el0gQRt/n/leilKgoXwxM="></latexit>

Gf (x; r, z) =
d

2r
(f(x+ rz)� f(x� rz))z

Lemma. If f is L-smooth, then

ü A stochastic gradient with 
nonzero (but controllable) bias

<latexit sha1_base64="AJoUWWxZ2bjX2za2VmW6gwSbj8A="></latexit>

E[Gf (x; r, z)] = rf(x) +O(r)



Preliminaries on Zeroth-Order Optimization

8

• Two-point gradient estimator
• Other commonly used zeroth-order gradient estimators:

• Stochastic gradient descent + zeroth-order gradient estimation

<latexit sha1_base64="s6CLdI2olb9B+i+3k13MHLTt5/U=">AAACE3icdVDJSgNBEO1xjXGLevTSMQiJ4jATgsst4MVjBLNAJoSeTk/SpGehu0ZMhvyDF3/FiwdFvHrx5t/YWQTXBwWP96qoqudGgiuwrHdjbn5hcWk5tZJeXVvf2MxsbddUGEvKqjQUoWy4RDHBA1YFDoI1IsmI7wpWd/vnY79+zaTiYXAFg4i1fNINuMcpAS21MweOJwlNOqNEjhzBPMh7+Rsne+hk5bBwpHnBkbzbgwIetjM5y7RLZ1bRwr+JbVoT5NAMlXbmzemENPZZAFQQpZq2FUErIRI4FWyUdmLFIkL7pMuamgbEZ6qVTH4a4X2tdLAXSl0B4In6dSIhvlID39WdPoGe+umNxb+8ZgzeaSvhQRQDC+h0kRcLDCEeB4Q7XDIKYqAJoZLrWzHtER0S6BjTOoTPT/H/pFY07WOzdFnKlUuzOFJoF+2hPLLRCSqjC1RBVUTRLbpHj+jJuDMejGfjZdo6Z8xmdtA3GK8fhT2dQA==</latexit>

d

r
(f(x+rz)� f(x)) z

<latexit sha1_base64="YX9tILVXD65AKN8dkY5yVaVkobI="></latexit>

x(k+1) = x(k)� ⌘ · Gf (x(k); r, z(k))

[Flaxman 2005] [Nesterov 2017]

One approach: Estimate gradient from zeroth-order information

§ Gradient unknown
§ Can only query its values (zeroth-order info)

<latexit sha1_base64="C8yBllLPmzo5DRTE7qoHwkvrkUo=">AAACBnicdVDLSgMxFM3UV62vqksRgkWom2GmlKq7ghuXVewDOrVkMpk2NMkMSUZahq7c+CtuXCji1m9w59+YPgSfBy4czrmXe+/xY0aVdpx3K7OwuLS8kl3Nra1vbG7lt3caKkokJnUcsUi2fKQIo4LUNdWMtGJJEPcZafqDs4nfvCFS0Uhc6VFMOhz1BA0pRtpI3fy+x6nopkOPCo8j3ff99HJ8HYw9GBaHR918wbHd8qlTcuBv4trOFAUwR62bf/OCCCecCI0ZUqrtOrHupEhqihkZ57xEkRjhAeqRtqECcaI66fSNMTw0SgDDSJoSGk7VrxMp4kqNuG86J6eqn95E/MtrJzo86aRUxIkmAs8WhQmDOoKTTGBAJcGajQxBWFJzK8R9JBHWJrmcCeHzU/g/aZRst2KXL8qFamUeRxbsgQNQBC44BlVwDmqgDjC4BffgETxZd9aD9Wy9zFoz1nxmF3yD9foBgZ2ZHQ==</latexit>

min
x2Rd

f(x)

<latexit sha1_base64="Kc1A31el0gQRt/n/leilKgoXwxM="></latexit>

Gf (x; r, z) =
d

2r
(f(x+ rz)� f(x� rz))z

<latexit sha1_base64="K2T8HIeVullzyyaHols41TItNuM="></latexit>

d

r
f(x+ rz)z(two-point) (single-point)
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I. Multi-agent feedback optimization
Observation Action

II. Distributed reinforcement learning

+Zeroth-order 
optimization

Decentralized 
coordination
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I. Multi-agent feedback optimization
Observation Action

II. Distributed reinforcement learning

+Zeroth-order 
optimization

Decentralized 
coordination

Model-Free Optimization and Learning for Multi-Agent Systems



• Local action:
• Local observation:

• Goal:

• Gradient unknown
• Communication network

Zeroth-Order Feedback Optimization for 
Cooperative Multi-Agent Systems

17

minimize

<latexit sha1_base64="2TSQF0POyQIeD+u/o+wX7/oLsks=">AAAB/HicdVDLSsNAFL3xWesr2qWbwSK4KkkpPnYFNy4r2Ac0IUym03boZBJmJmII9VfcuFDErR/izr9x0lbweWDgcM693DMnTDhT2nHeraXlldW19dJGeXNre2fX3tvvqDiVhLZJzGPZC7GinAna1kxz2kskxVHIaTecXBR+94ZKxWJxrbOE+hEeCTZkBGsjBXblNmAeE16E9ZhgnvemAQvsqlNzG+dO3UG/iVtzZqjCAq3AfvMGMUkjKjThWKm+6yTaz7HUjHA6LXupogkmEzyifUMFjqjy81n4KToyygANY2me0Gimft3IcaRUFoVmsgipfnqF+JfXT/XwzM+ZSFJNBZkfGqYc6RgVTaABk5RonhmCiWQmKyJjLDHRpq+yKeHzp+h/0qnX3JNa46pRbTYWdZTgAA7hGFw4hSZcQgvaQCCDe3iEJ+vOerCerZf56JK12KnAN1ivH4z/lVU=</latexit>

xi 2 Xi

Agent i’s action         purely based on
§ Historical observations of local costs
§ Information exchanged with neighbors in the 

network

<latexit sha1_base64="exw/S6IoGfXr1bJnPZFGPDH6VcI=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiDEyzATBpdbwIvHCGaBZAg9nZ6kTU/30N0jhpB/8OJBEa/+jzf/xs4iuD4oeLxXRVW9KOVMG897d3JLyyura/n1wsbm1vZOcXevoWWmCK0TyaVqRVhTzgStG2Y4baWK4iTitBkNL6Z+85YqzaS4NqOUhgnuCxYzgo2VGnddVh4ed4slz/WDc6/iod/Ed70ZSrBArVt86/QkyRIqDOFY67bvpSYcY2UY4XRS6GSappgMcZ+2LRU4oTocz66doCOr9FAslS1h0Ez9OjHGidajJLKdCTYD/dObin957czEZ+GYiTQzVJD5ojjjyEg0fR31mKLE8JElmChmb0VkgBUmxgZUsCF8for+J42K65+4wVVQqgaLOPJwAIdQBh9OoQqXUIM6ELiBe3iEJ0c6D86z8zJvzTmLmX34Buf1AzUljt0=</latexit>

xi(k)

<latexit sha1_base64="m+Tw6N41rPpseTcEhil92uftABM="></latexit>

yi = fi(x1, . . . , xN )

<latexit sha1_base64="US5JjTQGritAYqbdbLjqUyssqt4="></latexit>

f(x) :=
1

N

XN

i=1
fi(x1, . . . , xN )

Agent 1

Agent i

Agent N

<latexit sha1_base64="O38Nl/GV67WiGs8r1uXqcXXyDok="></latexit>yi
<latexit sha1_base64="Gp9QIy1nm16zmBQZa8gK+KMU4pU="></latexit>xi

Static system:
<latexit sha1_base64="m+Tw6N41rPpseTcEhil92uftABM="></latexit>

yi = fi(x1, . . . , xN )



Zeroth-Order Feedback Optimization for 
Cooperative Multi-Agent Systems
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Agent 1

Agent i

Agent N

<latexit sha1_base64="O38Nl/GV67WiGs8r1uXqcXXyDok="></latexit>yi
<latexit sha1_base64="Gp9QIy1nm16zmBQZa8gK+KMU4pU="></latexit>xi

Static system:
<latexit sha1_base64="m+Tw6N41rPpseTcEhil92uftABM="></latexit>

yi = fi(x1, . . . , xN )

Comparison with consensus optimization

Consensus optimization:
<latexit sha1_base64="aIiQ1tug2n1AmIoMCuePFkWJV9A="></latexit>

min
x1,...,xN

1

N

NX

i=1

fi(xi)

s.t. xi = xj , 8i, j

Multi-agent feedback optimization:
<latexit sha1_base64="0rkcDCWqcbPi9S4bajfanq2ngRA="></latexit>

min
x1,...,xN

1

N

NX

i=1

fi(x1, . . . ,xN )

s.t. xi 2 Xi



Zeroth-Order Feedback Optimization for 
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Agent 1

Agent i

Agent N

<latexit sha1_base64="O38Nl/GV67WiGs8r1uXqcXXyDok="></latexit>yi
<latexit sha1_base64="Gp9QIy1nm16zmBQZa8gK+KMU4pU="></latexit>xi

Static system:
<latexit sha1_base64="m+Tw6N41rPpseTcEhil92uftABM="></latexit>

yi = fi(x1, . . . , xN )

Examples:

s1

s2
t1

s3
t2

§ Distributed routing control

§ Wind farm power maximization



Zeroth-Order Feedback Optimization for 
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20

Related works
• [Marden 2013] [Menon 2013] [Menon 2014] 

[Dougherty 2016]
• Discrete action space/continuous-time algorithm
• Weak guarantees, no sample complexity result

Agent 1

Agent i

Agent N

<latexit sha1_base64="O38Nl/GV67WiGs8r1uXqcXXyDok="></latexit>yi
<latexit sha1_base64="Gp9QIy1nm16zmBQZa8gK+KMU4pU="></latexit>xi

Static system:
<latexit sha1_base64="m+Tw6N41rPpseTcEhil92uftABM="></latexit>

yi = fi(x1, . . . , xN )

Our algorithm
ü Continuous action space, discrete-time algorithm
ü Detailed complexity analysis, stronger guarantees

Tang, Ren & Li. Zeroth-order feedback optimization for 
cooperative multi-agent systems. Automatica 2022
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• Zeroth-order gradient estimation:

• Exchange info with neighbors so that agent i can 
get the most up-to-date value of Dj for
• Note: Delay is inevitable!

<latexit sha1_base64="gEcyYC76VQE2DxD6Ch3AdeKjmSU=">AAACDXicdVDLSgMxFM3UV62vqks3qVVoUYeZUnwshIILXVawD+iUIZNm2tBMZkgyYin9ATf+ihsXirh1786/MZ1W8HkgcO4593JzjxcxKpVlvRupmdm5+YX0YmZpeWV1Lbu+UZdhLDCp4ZCFoukhSRjlpKaoYqQZCYICj5GG1z8b+41rIiQN+ZUaRKQdoC6nPsVIacnN7ty4tNB3cntOzi5mTpOqCA+gQxRy9uF5UrvZvGXa5ROrZMHfxDatBHkwRdXNvjmdEMcB4QozJGXLtiLVHiKhKGZklHFiSSKE+6hLWppyFBDZHibXjOCuVjrQD4V+XMFE/ToxRIGUg8DTnQFSPfnTG4t/ea1Y+cftIeVRrAjHk0V+zKAK4Tga2KGCYMUGmiAsqP4rxD0kEFY6wIwO4fNS+D+pl0z70CxflvOV0jSONNgC26AAbHAEKuACVEENYHAL7sEjeDLujAfj2XiZtKaM6cwm+Abj9QPpV5hH</latexit>

xi(k+1) = xi(k)� ⌘Gi(k)
Partial gradient 

estimator
<latexit sha1_base64="/z8jiBv4o0MbZAEJTx8Aji/QNS4="></latexit>

Gi(k) =
d

r

✓
1

N

XN

j=1
Dj(k)

◆
zi(k)

<latexit sha1_base64="skzgFVn/67uf8AbwfKGM3mXQ6no=">AAACEHicdZDLSgMxFIYz9VbrbdSlm9QitojDTCleFkJBFy4r2At0hpJJM21s5kKSEevQR3Djq7hxoYhbl+58G9MbeP0h8PGfczg5vxsxKqRpfmipmdm5+YX0YmZpeWV1TV/fqIkw5phUcchC3nCRIIwGpCqpZKQRcYJ8l5G62zsd1uvXhAsaBpeyHxHHR52AehQjqayWvnvWusr3CvAEegpuFNrZPTsL+a3Cwv7ULLT0nGlYpWOzaMLfYBnmSDkwUaWlv9vtEMc+CSRmSIimZUbSSRCXFDMyyNixIBHCPdQhTYUB8olwktFBA7ijnDb0Qq5eIOHI/TqRIF+Ivu+qTh/JrvhZG5p/1Zqx9I6chAZRLEmAx4u8mEEZwmE6sE05wZL1FSDMqforxF3EEZYqw4wKYXop/B9qRcM6MEoXpVy5OIkjDbbANsgDCxyCMjgHFVAFGNyBB/AEnrV77VF70V7HrSltMrMJvkl7+wSUz5ki</latexit>

Dj(k) = fj(x(k)+rz(k))� fj(x(k))
Agent j’s cost 

difference

Basic ingredients:

<latexit sha1_base64="w6JdSfzG34TdfV4bdbSXLsMEwg0=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4GmZCcLkFvHiMYBZIhtDTqUna9PSM3T1CCPkILx4U8er3ePNv7CyC64OCx3tVVNULU8G18bx3J7e0vLK6ll8vbGxube8Ud/caOskUwzpLRKJaIdUouMS64UZgK1VI41BgMxxeTP3mHSrNE3ltRikGMe1LHnFGjZWaNx2Jt4R3iyXP9SvnXtkjv4nvejOUYIFat/jW6SUsi1EaJqjWbd9LTTCmynAmcFLoZBpTyoa0j21LJY1RB+PZuRNyZJUeiRJlSxoyU79OjGms9SgObWdMzUD/9KbiX147M9FZMOYyzQxKNl8UZYKYhEx/Jz2ukBkxsoQyxe2thA2ooszYhAo2hM9Pyf+kUXb9E7dyVSlVy4s48nAAh3AMPpxCFS6hBnVgMIR7eIQnJ3UenGfnZd6acxYz+/ANzusHQMuPfA==</latexit>

j 6= i

Agent 1

Agent i

Agent N

<latexit sha1_base64="O38Nl/GV67WiGs8r1uXqcXXyDok="></latexit>yi
<latexit sha1_base64="Gp9QIy1nm16zmBQZa8gK+KMU4pU="></latexit>xi

Static system:
<latexit sha1_base64="m+Tw6N41rPpseTcEhil92uftABM="></latexit>

yi = fi(x1, . . . , xN )
Tang, Ren & Li. Zeroth-order feedback optimization for 
cooperative multi-agent systems. Automatica 2022
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Basic ingredients:

• Zeroth-order gradient estimation:

• Exchange info with neighbors so that agent i can 
get the most up-to-date value of Dj for
• Note: Delay is inevitable!

<latexit sha1_base64="gEcyYC76VQE2DxD6Ch3AdeKjmSU=">AAACDXicdVDLSgMxFM3UV62vqks3qVVoUYeZUnwshIILXVawD+iUIZNm2tBMZkgyYin9ATf+ihsXirh1786/MZ1W8HkgcO4593JzjxcxKpVlvRupmdm5+YX0YmZpeWV1Lbu+UZdhLDCp4ZCFoukhSRjlpKaoYqQZCYICj5GG1z8b+41rIiQN+ZUaRKQdoC6nPsVIacnN7ty4tNB3cntOzi5mTpOqCA+gQxRy9uF5UrvZvGXa5ROrZMHfxDatBHkwRdXNvjmdEMcB4QozJGXLtiLVHiKhKGZklHFiSSKE+6hLWppyFBDZHibXjOCuVjrQD4V+XMFE/ToxRIGUg8DTnQFSPfnTG4t/ea1Y+cftIeVRrAjHk0V+zKAK4Tga2KGCYMUGmiAsqP4rxD0kEFY6wIwO4fNS+D+pl0z70CxflvOV0jSONNgC26AAbHAEKuACVEENYHAL7sEjeDLujAfj2XiZtKaM6cwm+Abj9QPpV5hH</latexit>

xi(k+1) = xi(k)� ⌘Gi(k)

<latexit sha1_base64="w6JdSfzG34TdfV4bdbSXLsMEwg0=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4GmZCcLkFvHiMYBZIhtDTqUna9PSM3T1CCPkILx4U8er3ePNv7CyC64OCx3tVVNULU8G18bx3J7e0vLK6ll8vbGxube8Ud/caOskUwzpLRKJaIdUouMS64UZgK1VI41BgMxxeTP3mHSrNE3ltRikGMe1LHnFGjZWaNx2Jt4R3iyXP9SvnXtkjv4nvejOUYIFat/jW6SUsi1EaJqjWbd9LTTCmynAmcFLoZBpTyoa0j21LJY1RB+PZuRNyZJUeiRJlSxoyU79OjGms9SgObWdMzUD/9KbiX147M9FZMOYyzQxKNl8UZYKYhEx/Jz2ukBkxsoQyxe2thA2ooszYhAo2hM9Pyf+kUXb9E7dyVSlVy4s48nAAh3AMPpxCFS6hBnVgMIR7eIQnJ3UenGfnZd6acxYz+/ANzusHQMuPfA==</latexit>

j 6= i

<latexit sha1_base64="skzgFVn/67uf8AbwfKGM3mXQ6no=">AAACEHicdZDLSgMxFIYz9VbrbdSlm9QitojDTCleFkJBFy4r2At0hpJJM21s5kKSEevQR3Djq7hxoYhbl+58G9MbeP0h8PGfczg5vxsxKqRpfmipmdm5+YX0YmZpeWV1TV/fqIkw5phUcchC3nCRIIwGpCqpZKQRcYJ8l5G62zsd1uvXhAsaBpeyHxHHR52AehQjqayWvnvWusr3CvAEegpuFNrZPTsL+a3Cwv7ULLT0nGlYpWOzaMLfYBnmSDkwUaWlv9vtEMc+CSRmSIimZUbSSRCXFDMyyNixIBHCPdQhTYUB8olwktFBA7ijnDb0Qq5eIOHI/TqRIF+Ivu+qTh/JrvhZG5p/1Zqx9I6chAZRLEmAx4u8mEEZwmE6sE05wZL1FSDMqforxF3EEZYqw4wKYXop/B9qRcM6MEoXpVy5OIkjDbbANsgDCxyCMjgHFVAFGNyBB/AEnrV77VF70V7HrSltMrMJvkl7+wSUz5ki</latexit>

Dj(k) = fj(x(k)+rz(k))� fj(x(k))

<latexit sha1_base64="s1tECCZFddulECC8NURptAyjrEk="></latexit>

Gi(k) =
d

r

✓
1

N

XN

j=1
Dj(k�bij) zi(k�bij)

◆
Partial gradient estimator 

with delayed info

<latexit sha1_base64="wjeYheciI+I4wRRXOjbhqmYnRrk=">AAAB+3icdVDLSsNAFJ34rPUV69LNYBFchaQUH7uCG5cV7APaEibTm3bsZBJmJmIJ+RU3LhRx64+482+cphV8HrhwOOfeuXNPkHCmtOu+W0vLK6tr66WN8ubW9s6uvVdpqziVFFo05rHsBkQBZwJammkO3UQCiQIOnWByMfM7tyAVi8W1niYwiMhIsJBRoo3k25V+8UYW8BTywM/YTe7bVdfx6uduzcW/iee4BapogaZvv/WHMU0jEJpyolTPcxM9yIjUjHLIy/1UQULohIygZ6ggEahBVuzN8ZFRhjiMpSmhcaF+nchIpNQ0CkxnRPRY/fRm4l9eL9Xh2SBjIkk1CDpfFKYc6xjPgsBDJoFqPjWEUMnMXzEdE0moNnGVTQifl+L/SbvmeCdO/apebdQWcZTQATpEx8hDp6iBLlETtRBFd+gePaInK7cerGfrZd66ZC1m9tE3WK8fOlWVLw==</latexit>

bij : distance

  from j to i

Agent 1

Agent i

Agent N

<latexit sha1_base64="O38Nl/GV67WiGs8r1uXqcXXyDok="></latexit>yi
<latexit sha1_base64="Gp9QIy1nm16zmBQZa8gK+KMU4pU="></latexit>xi

Static system:
<latexit sha1_base64="m+Tw6N41rPpseTcEhil92uftABM="></latexit>

yi = fi(x1, . . . , xN )
Tang, Ren & Li. Zeroth-order feedback optimization for 
cooperative multi-agent systems. Automatica 2022



Algorithm Design

23

Agent # Value Timestamp

i Di …

j Dj …

… … …

Agent 1

Agent i

Agent N

<latexit sha1_base64="O38Nl/GV67WiGs8r1uXqcXXyDok="></latexit>yi
<latexit sha1_base64="Gp9QIy1nm16zmBQZa8gK+KMU4pU="></latexit>xi

Static system:
<latexit sha1_base64="m+Tw6N41rPpseTcEhil92uftABM="></latexit>

yi = fi(x1, . . . , xN )

• Each agent maintains a table:

Tang, Ren & Li. Zeroth-order feedback optimization for 
cooperative multi-agent systems. Automatica 2022
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Agent # Value Timestamp

i Di
current time 

instant

j Dj …

… … …

Agent 1

Agent i

Agent N

<latexit sha1_base64="O38Nl/GV67WiGs8r1uXqcXXyDok="></latexit>yi
<latexit sha1_base64="Gp9QIy1nm16zmBQZa8gK+KMU4pU="></latexit>xi

Static system:
<latexit sha1_base64="m+Tw6N41rPpseTcEhil92uftABM="></latexit>

yi = fi(x1, . . . , xN )

• Each agent maintains a table:

• Each agent i first records and updates its own Di and 
timestamp.

Tang, Ren & Li. Zeroth-order feedback optimization for 
cooperative multi-agent systems. Automatica 2022



Algorithm Design

25

• Each agent maintains a table:

• Each agent i first records and updates its own Di and 
timestamp.

• Agent i collects its neighbors’ tables via the network.

• For each        , agent i picks out the newest Dj among 
all collected tables by comparing their timestamps.

Agent # Value Timestamp

i Di
current time 

instant

j Dj …

… … …

<latexit sha1_base64="w6JdSfzG34TdfV4bdbSXLsMEwg0=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4GmZCcLkFvHiMYBZIhtDTqUna9PSM3T1CCPkILx4U8er3ePNv7CyC64OCx3tVVNULU8G18bx3J7e0vLK6ll8vbGxube8Ud/caOskUwzpLRKJaIdUouMS64UZgK1VI41BgMxxeTP3mHSrNE3ltRikGMe1LHnFGjZWaNx2Jt4R3iyXP9SvnXtkjv4nvejOUYIFat/jW6SUsi1EaJqjWbd9LTTCmynAmcFLoZBpTyoa0j21LJY1RB+PZuRNyZJUeiRJlSxoyU79OjGms9SgObWdMzUD/9KbiX147M9FZMOYyzQxKNl8UZYKYhEx/Jz2ukBkxsoQyxe2thA2ooszYhAo2hM9Pyf+kUXb9E7dyVSlVy4s48nAAh3AMPpxCFS6hBnVgMIR7eIQnJ3UenGfnZd6acxYz+/ANzusHQMuPfA==</latexit>

j 6= i

Agent 1

Agent i

Agent N

<latexit sha1_base64="O38Nl/GV67WiGs8r1uXqcXXyDok="></latexit>yi
<latexit sha1_base64="Gp9QIy1nm16zmBQZa8gK+KMU4pU="></latexit>xi

Static system:
<latexit sha1_base64="m+Tw6N41rPpseTcEhil92uftABM="></latexit>

yi = fi(x1, . . . , xN )
Tang, Ren & Li. Zeroth-order feedback optimization for 
cooperative multi-agent systems. Automatica 2022



Algorithm Design

26

Some other issues:

• How to handle constraints?

• Projected gradient descent

• How to ensure                             ?

• The distribution of zi(k) needs to be redesigned

• Is it possible to reduce the size of the table?

<latexit sha1_base64="lnQFXCUhlSt1w3GVwiuLol4kqxI=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBEqQklKUZcFNy4r2Ac0IUymk3boZBJmJmIN3bnxV9y4UMStv+DOv3GSZqGtB4Y5nHMv997jx4xKZVnfxtLyyuraemmjvLm1vbNr7u13ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPrzK/e0eEpBG/VZOYuCEachpQjJSWPPPo3qPV8emZeMh/h3InRGqEEUt7U496ZsWqWTngIrELUgEFWp755QwinISEK8yQlH3bipWbIqEoZmRadhJJYoTHaEj6mnIUEumm+R1TeKKVAQwioR9XMFd/d6QolHIS+royW1LOe5n4n9dPVHDpppTHiSIczwYFCYMqglkocEAFwYpNNEFYUL0rxCMkEFY6urIOwZ4/eZF06jX7vNa4aVSa9SKOEjgEx6AKbHABmuAatEAbYPAInsEreDOejBfj3fiYlS4ZRc8B+APj8wdDp5jo</latexit>

xi(k) + rzi(k) 2 Xi

Agent 1

Agent i

Agent N

<latexit sha1_base64="O38Nl/GV67WiGs8r1uXqcXXyDok="></latexit>yi
<latexit sha1_base64="Gp9QIy1nm16zmBQZa8gK+KMU4pU="></latexit>xi

Static system:
<latexit sha1_base64="m+Tw6N41rPpseTcEhil92uftABM="></latexit>

yi = fi(x1, . . . , xN )
Tang, Ren & Li. Zeroth-order feedback optimization for 
cooperative multi-agent systems. Automatica 2022
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Iteration complexity: 

    Given ²>0, the number of iterations K to achieve
<latexit sha1_base64="PhLxx7sFQT/XVFDpExORvj/jD1g="></latexit>

E[f(x̄(K))� f⇤]  ✏ (convex)

E
h

1
K

PK�1
k=0 krf(x(k))k2

i
 ✏ (nonconvex)

<latexit sha1_base64="P7jqnN3/xQmcQfFSTKGy12SjTz0="></latexit>

b̄, b̄ : weighted average of pairwise distances of the network

Tang, Ren & Li. Zeroth-order feedback optimization for cooperative multi-agent systems. CDC 2020; Automatica 2022

Guaranteed 
Sample 

Complexity

Sample complexity: iteration complexity £ 2
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Distributed routing control Wind farm power maximization

Noiseless NoisyNoiseless Noisy

s1

s2
t1

s3
t2

Tang, Ren & Li. Zeroth-order feedback optimization for cooperative multi-agent systems. CDC 2020; Automatica 2022
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I. Multi-agent feedback optimization
Observation Action

II. Distributed reinforcement learning

+Zeroth-order 
optimization

Decentralized 
coordination

Model-Free Optimization and Learning for Multi-Agent Systems



• Local observation:
• Local control input:
• Local stage cost:

• Goal:

• Communication network

• Distributed reinforcement learning
Ø Unknown matrices A, Bi, Ci, Qi, Ri

Decentralized Linear Quadratic Control

30

minimize

<latexit sha1_base64="u8xxHo4ZNgpaJW4U4fEigIsIV6c="></latexit>

1

N

NX

i=1

lim
T!1

1

T

TX

t=1

E[ci(t)]

Agent 1

Agent i

Agent N

<latexit sha1_base64="O38Nl/GV67WiGs8r1uXqcXXyDok="></latexit>yi
<latexit sha1_base64="VVqMe85GHqiZVbVwET8k604ssXo="></latexit>ui

LTI dynamics

<latexit sha1_base64="bU9q4knCAzbC18/R/1R/Klk2f8k="></latexit>

x(t+1) = Ax(t) +
XN

i=1
Bi ui(t) + w(t)

<latexit sha1_base64="21NgplgmkEk0DjTHxsRJuIOrMSY="></latexit>

yi(t) = Ci x(t)
<latexit sha1_base64="Um/ILat9iyWjHnvjSh5BFpI4eEQ="></latexit>

ui(t) = Ki yi(t)

<latexit sha1_base64="UU7nFwt9XaA8cm+lIhsk254iAFQ="></latexit>

K1, . . . ,KN

<latexit sha1_base64="k0Apoj5xqJAgacZ5zQsVmmbmyY8="></latexit>

ci(t) = x(t)>Qi x(t) + ui(t)
>Ri ui(t)
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An optimization viewpoint:
<latexit sha1_base64="kpPKuP56P9g0TnUT6ZQkR7JyWv4="></latexit>

min
K=(K1,...,KN )

J(K)

s.t. K stabilizes the system

<latexit sha1_base64="DReunC1WjnObJMkr5/9+CrZ7uVk="></latexit>

J(K) =
1

N

NX

i=1

lim
T!1

1

T

TX

t=1

E[ci(t)]

[Fazel 2018] [Malik 2020] [Mohammadi 2022] 
[Zhang 2021]LTI dynamics

<latexit sha1_base64="bU9q4knCAzbC18/R/1R/Klk2f8k="></latexit>

x(t+1) = Ax(t) +
XN

i=1
Bi ui(t) + w(t)

Agent 1

Agent i

Agent N

<latexit sha1_base64="O38Nl/GV67WiGs8r1uXqcXXyDok="></latexit>yi
<latexit sha1_base64="VVqMe85GHqiZVbVwET8k604ssXo="></latexit>ui

Zeroth-order method:
<latexit sha1_base64="E+V0ocXIikzbuPfAbkT708qEJ5E="></latexit>

K(s+1) = K(s)� ⌘ · d
r
J(K(s)+ rz(s))z(s)
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LTI dynamics

<latexit sha1_base64="bU9q4knCAzbC18/R/1R/Klk2f8k="></latexit>

x(t+1) = Ax(t) +
XN

i=1
Bi ui(t) + w(t)

Agent 1

Agent i

Agent N

<latexit sha1_base64="O38Nl/GV67WiGs8r1uXqcXXyDok="></latexit>yi
<latexit sha1_base64="VVqMe85GHqiZVbVwET8k604ssXo="></latexit>ui

Zeroth-order method (decentralized):
<latexit sha1_base64="qtgZcO9sYETBxdCHWQKyap9H/dE=">AAACFXicdVDLSsNAFJ3UV42vqks3U4vQopakFB8LoeBCwU0FWwtNCZPJtB06eTBzI5TQn3Djr7hxoYhbwZ1/Y5pW8Hngwplz7mXuPU4ouALDeNcyM7Nz8wvZRX1peWV1Lbe+0VRBJClr0EAEsuUQxQT3WQM4CNYKJSOeI9i1Mzgd+9c3TCoe+FcwDFnHIz2fdzklkEh2bu/C5kVl5XetvFnST9JXad9iQCzqBqBbfQLx2SiVdTtXMMpm9dioGPg3MctGigKaom7n3iw3oJHHfKCCKNU2jRA6MZHAqWAj3YoUCwkdkB5rJ9QnHlOdOL1qhHcSxcXdQCblA07VrxMx8ZQaek7S6RHoq5/eWPzLa0fQPerE3A8jYD6dfNSNBIYAjyPCLpeMghgmhFDJk10x7RNJKCRBjkP4vBT/T5qVsnlQrl5WC7XKNI4s2kLbqIhMdIhq6BzVUQNRdIvu0SN60u60B+1Ze5m0ZrTpzCb6Bu31A8kVnBg=</latexit>

Ki(s+1) = Ki(s)� ⌘ · Ĝi(s)
<latexit sha1_base64="wlaCZDLONSZkkSxCL2/Z3sIOC9E="></latexit>

= Ki(s)� ⌘ · d
r
J(K(s)+rz(s)) zi(s)

Zeroth-order partial 
gradient estimator

Challenges:
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LTI dynamics

<latexit sha1_base64="bU9q4knCAzbC18/R/1R/Klk2f8k="></latexit>

x(t+1) = Ax(t) +
XN

i=1
Bi ui(t) + w(t)

Agent 1

Agent i

Agent N

<latexit sha1_base64="O38Nl/GV67WiGs8r1uXqcXXyDok="></latexit>yi
<latexit sha1_base64="VVqMe85GHqiZVbVwET8k604ssXo="></latexit>ui

Zeroth-order method (decentralized):
<latexit sha1_base64="qtgZcO9sYETBxdCHWQKyap9H/dE=">AAACFXicdVDLSsNAFJ3UV42vqks3U4vQopakFB8LoeBCwU0FWwtNCZPJtB06eTBzI5TQn3Djr7hxoYhbwZ1/Y5pW8Hngwplz7mXuPU4ouALDeNcyM7Nz8wvZRX1peWV1Lbe+0VRBJClr0EAEsuUQxQT3WQM4CNYKJSOeI9i1Mzgd+9c3TCoe+FcwDFnHIz2fdzklkEh2bu/C5kVl5XetvFnST9JXad9iQCzqBqBbfQLx2SiVdTtXMMpm9dioGPg3MctGigKaom7n3iw3oJHHfKCCKNU2jRA6MZHAqWAj3YoUCwkdkB5rJ9QnHlOdOL1qhHcSxcXdQCblA07VrxMx8ZQaek7S6RHoq5/eWPzLa0fQPerE3A8jYD6dfNSNBIYAjyPCLpeMghgmhFDJk10x7RNJKCRBjkP4vBT/T5qVsnlQrl5WC7XKNI4s2kLbqIhMdIhq6BzVUQNRdIvu0SN60u60B+1Ze5m0ZrTpzCb6Bu31A8kVnBg=</latexit>

Ki(s+1) = Ki(s)� ⌘ · Ĝi(s)
<latexit sha1_base64="wlaCZDLONSZkkSxCL2/Z3sIOC9E="></latexit>

= Ki(s)� ⌘ · d
r
J(K(s)+rz(s)) zi(s)

Challenges:

§ How to locally estimate the global objective value?
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LTI dynamics

<latexit sha1_base64="bU9q4knCAzbC18/R/1R/Klk2f8k="></latexit>

x(t+1) = Ax(t) +
XN

i=1
Bi ui(t) + w(t)

Agent 1

Agent i

Agent N

<latexit sha1_base64="O38Nl/GV67WiGs8r1uXqcXXyDok="></latexit>yi
<latexit sha1_base64="VVqMe85GHqiZVbVwET8k604ssXo="></latexit>ui

Zeroth-order method (decentralized):

Challenges:

§ How to locally estimate the global objective value?

§ How to ensure K(s)+rz(s) stabilizes the system?

§ At least the perturbation z(s) should be bounded

§ In a decentralized setup: How?

<latexit sha1_base64="qtgZcO9sYETBxdCHWQKyap9H/dE=">AAACFXicdVDLSsNAFJ3UV42vqks3U4vQopakFB8LoeBCwU0FWwtNCZPJtB06eTBzI5TQn3Djr7hxoYhbwZ1/Y5pW8Hngwplz7mXuPU4ouALDeNcyM7Nz8wvZRX1peWV1Lbe+0VRBJClr0EAEsuUQxQT3WQM4CNYKJSOeI9i1Mzgd+9c3TCoe+FcwDFnHIz2fdzklkEh2bu/C5kVl5XetvFnST9JXad9iQCzqBqBbfQLx2SiVdTtXMMpm9dioGPg3MctGigKaom7n3iw3oJHHfKCCKNU2jRA6MZHAqWAj3YoUCwkdkB5rJ9QnHlOdOL1qhHcSxcXdQCblA07VrxMx8ZQaek7S6RHoq5/eWPzLa0fQPerE3A8jYD6dfNSNBIYAjyPCLpeMghgmhFDJk10x7RNJKCRBjkP4vBT/T5qVsnlQrl5WC7XKNI4s2kLbqIhMdIhq6BzVUQNRdIvu0SN60u60B+1Ze5m0ZrTpzCb6Bu31A8kVnBg=</latexit>

Ki(s+1) = Ki(s)� ⌘ · Ĝi(s)
<latexit sha1_base64="wlaCZDLONSZkkSxCL2/Z3sIOC9E="></latexit>

= Ki(s)� ⌘ · d
r
J(K(s)+rz(s)) zi(s)

<latexit sha1_base64="cCNf0EspJBeeAyRQ2/boZR2KyJQ=">AAACCHicdVDLSsNAFJ3UV62vqEsXDhahLgxJKT52BTcuK5pWaEOYTCbt0MmDmYlQQpZu/BU3LhRx6ye482+cpBV8Hhg4c8693HuPlzAqpGm+a5W5+YXFpepybWV1bX1D39zqijjlmNg4ZjG/9pAgjEbEllQycp1wgkKPkZ43Piv83g3hgsbRlZwkxAnRMKIBxUgqydV3ByGSIx5mtlLzRvnzvOwydzP/0MoPXL1uGlbr1Gya8DexDLNEHczQcfW3gR/jNCSRxAwJ0bfMRDoZ4pJiRvLaIBUkQXiMhqSvaIRCIpysPCSH+0rxYRBz9SIJS/VrR4ZCISahpyqLRcVPrxD/8vqpDE6cjEZJKkmEp4OClEEZwyIV6FNOsGQTRRDmVO0K8QhxhKXKrqZC+LwU/k+6TcM6MloXrXq7OYujCnbAHmgACxyDNjgHHWADDG7BPXgET9qd9qA9ay/T0oo269kG36C9fgAUmJn4</latexit>

Unif(Sd�1)

<latexit sha1_base64="ssUIvod/xP9/YVJHbTAWA67jMz0="></latexit>

(z1(s), . . . , zN (s)) ⇠ Unif(Sd�1)
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s=1 s=2 s=3
t

fast timescale

slow timescale
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1. Generate random perturbation

2. Apply control policy                      to the system

3. Accumulate costs        & exchange info with neighbors

4. Produce an estimated global obj.

5. Construct zeroth-order partial gradient estimator

6. Update by stochastic gradient descent

<latexit sha1_base64="KjqqeTmJALCjJtKg8qB3u0RSXTc=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/Spqd76O4R4pB/8OJBEa/+jzf/xs4iuD4oeLxXRVW9MOFMG897d3JLyyura/n1wsbm1vZOcXevqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWOLqZ+65YqzaS4NuOEBjEeCBYxgo2Vmnc9VtbHvWLJc/3quVfx0G/iu94MJVig3iu+dfuSpDEVhnCsdcf3EhNkWBlGOJ0UuqmmCSYjPKAdSwWOqQ6y2bUTdGSVPoqksiUMmqlfJzIcaz2OQ9sZYzPUP72p+JfXSU10FmRMJKmhgswXRSlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDeHzU/Q/aVZc/8StXlVLtcoijjwcwCGUwYdTqMEl1KEBBG7gHh7hyZHOg/PsvMxbc85iZh++wXn9AEPFjuU=</latexit>

zi(s)
<latexit sha1_base64="UDMImg8K3S5RhGllFeOaHZM6+H4=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1iEihCSUnzsCm4ENxWsLbQhTKaTdujkwcxEaEO/xI0LRdz6Ke78G6dpBZ8HLhzOuZd77/ETzqSy7XejsLS8srpWXC9tbG5tl82d3VsZp4LQFol5LDo+lpSziLYUU5x2EkFx6HPa9kcXM799R4VkcXSjxgl1QzyIWMAIVlryzPKVx6ry6FigSU48s2JbTv3crtnoN3EsO0cFFmh65luvH5M0pJEiHEvZdexEuRkWihFOp6VeKmmCyQgPaFfTCIdUull++BQdaqWPgljoihTK1a8TGQ6lHIe+7gyxGsqf3kz8y+umKjhzMxYlqaIRmS8KUo5UjGYpoD4TlCg+1gQTwfStiAyxwETprEo6hM9P0f/ktmY5J1b9ul5p1BZxFGEfDqAKDpxCAy6hCS0gkMI9PMKTMTEejGfjZd5aMBYze/ANxusHC4CSBA==</latexit>

Ki(s) + rzi(s)

s=1 s=2 s=3
t

<latexit sha1_base64="nHduj3eecW4XwS7be1IHRRHa0rU=">AAAB7XicdVDJSgNBEK1xjXGLevTSGIR4GWZCcLkFvHiMYBZIhtDT6Una9EwP3TVCCPkHLx4U8er/ePNv7CyC64OCx3tVVNULUykMet67s7S8srq2ntvIb25t7+wW9vYbRmWa8TpTUulWSA2XIuF1FCh5K9WcxqHkzXB4OfWbd1wboZIbHKU8iGk/EZFgFK3UYF1RwpNuoei5fuXCK3vkN/Fdb4YiLFDrFt46PcWymCfIJDWm7XspBmOqUTDJJ/lOZnhK2ZD2edvShMbcBOPZtRNybJUeiZS2lSCZqV8nxjQ2ZhSHtjOmODA/van4l9fOMDoPxiJJM+QJmy+KMklQkenrpCc0ZyhHllCmhb2VsAHVlKENKG9D+PyU/E8aZdc/dSvXlWK1vIgjB4dwBCXw4QyqcAU1qAODW7iHR3hylPPgPDsv89YlZzFzAN/gvH4AIfuOzw==</latexit>

ci(t)

<latexit sha1_base64="4KUp7Upns1hJ64v7z4LTEni/OME=">AAACGHicdVDLSsNAFJ3UV62vqEs3g0WoUGpSio+FUHChuKpgH9CEMJlM7NDJg5mJUEM+w42/4saFIm6782+cphV8HrhwOOde7r3HjRkV0jDetcLc/MLiUnG5tLK6tr6hb251RJRwTNo4YhHvuUgQRkPSllQy0os5QYHLSNcdnk387i3hgkbhtRzFxA7QTUh9ipFUkqMfWAMk0/PMoRWxf2r5HOHUy1KeWdXcuZw6VhXe5cTRy0bNbJwYdQP+JmbNyFEGM7QcfWx5EU4CEkrMkBB904ilnSIuKWYkK1mJIDHCQ3RD+oqGKCDCTvPHMrinFA/6EVcVSpirXydSFAgxClzVGSA5ED+9ifiX10+kf2ynNIwTSUI8XeQnDMoITlKCHuUESzZSBGFO1a0QD5AKR6osSyqEz0/h/6RTr5mHtcZVo9ysz+Iogh2wCyrABEegCS5AC7QBBvfgETyDF+1Be9Jetbdpa0GbzWyDb9DGH+/mn6Y=</latexit>

Ĝi(s) =
d

r
Ĵi(s) zi(s)

<latexit sha1_base64="3CTWb5NOJf4ZTn9cWhdYUnv9R1E=">AAACDXicdVDLSgMxFM3UV62vqks3qVVoEYeZUnwshIILBTcVrC10SsmkaRuaeZDcEcrQH3Djr7hxoYhb9+78G9NpBZ8HLpyccy+597ih4Aos691IzczOzS+kFzNLyyura9n1jWsVRJKyGg1EIBsuUUxwn9WAg2CNUDLiuYLV3cHp2K/fMKl44F/BMGQtj/R83uWUgJba2Z2LNi8oJ7fn5OziSfIo7jsMiNMnEJ+NEqGdzVumXT62Shb+TWzTSpBHU1Tb2TenE9DIYz5QQZRq2lYIrZhI4FSwUcaJFAsJHZAea2rqE4+pVpxcM8K7WungbiB1+YAT9etETDylhp6rOz0CffXTG4t/ec0IuketmPthBMynk4+6kcAQ4HE0uMMloyCGmhAqud4V0z6RhIIOMKND+LwU/0+uS6Z9YJYvy/lKaRpHGm2hbVRANjpEFXSOqqiGKLpF9+gRPRl3xoPxbLxMWlPGdGYTfYPx+gEFQJmk</latexit>

Ki(s+1) = Ki(s)� ⌘Ĝi(s)

Li*, Tang*, Zhang & Li. Distributed reinforcement learning for decentralized linear quadratic control: A derivative-free 
policy optimization approach. TAC 2021 (* Equal contribution)

<latexit sha1_base64="Oeqs7J2+vFYeRneU38Fv0liOHc4=">AAACD3icdVDLSgMxFM3UV62vUZduUovSIpSZUnzsCm6kbirYB3SGIZNm2tDMgyQj1qF/4MZfceNCEbdu3fk3ZtoKPg9cODnnXnLvcSNGhTSMdy0zN7+wuJRdzq2srq1v6JtbLRHGHJMmDlnIOy4ShNGANCWVjHQiTpDvMtJ2h6ep374iXNAwuJSjiNg+6gfUoxhJJTn6vjVAMqmPHVoUJQtFEQ+vYb14nr7yB1aewxtFS45eMMpm9cSoGPA3McvGBAUwQ8PR36xeiGOfBBIzJETXNCJpJ4hLihkZ56xYkAjhIeqTrqIB8omwk8k9Y7inlB70Qq4qkHCifp1IkC/EyHdVp4/kQPz0UvEvrxtL79hOaBDFkgR4+pEXMyhDmIYDe5QTLNlIEYQ5VbtCPEAcYakizKkQPi+F/5NWpWwelqsX1UKtMosjC3bALigCExyBGjgDDdAEGNyCe/AInrQ77UF71l6mrRltNrMNvkF7/QCbGJps</latexit>

Ĵi(s) ⇡ J(K(s)+rz(s))
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1. Generate random perturbation

2. Apply control policy                      to the system

3. Accumulate costs        & exchange info with neighbors

4. Produce an estimated global obj.

5. Construct zeroth-order partial gradient estimator

6. Update by stochastic gradient descent

s=1 s=2 s=3
t

<latexit sha1_base64="nHduj3eecW4XwS7be1IHRRHa0rU=">AAAB7XicdVDJSgNBEK1xjXGLevTSGIR4GWZCcLkFvHiMYBZIhtDT6Una9EwP3TVCCPkHLx4U8er/ePNv7CyC64OCx3tVVNULUykMet67s7S8srq2ntvIb25t7+wW9vYbRmWa8TpTUulWSA2XIuF1FCh5K9WcxqHkzXB4OfWbd1wboZIbHKU8iGk/EZFgFK3UYF1RwpNuoei5fuXCK3vkN/Fdb4YiLFDrFt46PcWymCfIJDWm7XspBmOqUTDJJ/lOZnhK2ZD2edvShMbcBOPZtRNybJUeiZS2lSCZqV8nxjQ2ZhSHtjOmODA/van4l9fOMDoPxiJJM+QJmy+KMklQkenrpCc0ZyhHllCmhb2VsAHVlKENKG9D+PyU/E8aZdc/dSvXlWK1vIgjB4dwBCXw4QyqcAU1qAODW7iHR3hylPPgPDsv89YlZzFzAN/gvH4AIfuOzw==</latexit>

ci(t)
<latexit sha1_base64="Oeqs7J2+vFYeRneU38Fv0liOHc4=">AAACD3icdVDLSgMxFM3UV62vUZduUovSIpSZUnzsCm6kbirYB3SGIZNm2tDMgyQj1qF/4MZfceNCEbdu3fk3ZtoKPg9cODnnXnLvcSNGhTSMdy0zN7+wuJRdzq2srq1v6JtbLRHGHJMmDlnIOy4ShNGANCWVjHQiTpDvMtJ2h6ep374iXNAwuJSjiNg+6gfUoxhJJTn6vjVAMqmPHVoUJQtFEQ+vYb14nr7yB1aewxtFS45eMMpm9cSoGPA3McvGBAUwQ8PR36xeiGOfBBIzJETXNCJpJ4hLihkZ56xYkAjhIeqTrqIB8omwk8k9Y7inlB70Qq4qkHCifp1IkC/EyHdVp4/kQPz0UvEvrxtL79hOaBDFkgR4+pEXMyhDmIYDe5QTLNlIEYQ5VbtCPEAcYakizKkQPi+F/5NWpWwelqsX1UKtMosjC3bALigCExyBGjgDDdAEGNyCe/AInrQ77UF71l6mrRltNrMNvkF7/QCbGJps</latexit>

Ĵi(s) ⇡ J(K(s)+rz(s))

Consensus method

- W: communication weight matrix

• N£N doubly stochastic

•  

<latexit sha1_base64="lYi4gqIrv+6oj60QieBl94zycNM="></latexit>

µi(t) =
t�1

t

X

j

Wij µi(t�1) +
1

t
ci(t)

<latexit sha1_base64="riAeq+XH34cpsQ1IFJ8RygHjsg8=">AAACGnicdVDLSgMxFM3Ud31VXboJFkFBSkaKj4UguHGpYK3QlpJJ79i0mWRIMmIZ5jvc+CtuXCjiTtz4N6YPxeeBwOGce8k9J4gFN5aQNy83Nj4xOTU9k5+dm19YLCwtnxuVaAYVpoTSFwE1ILiEiuVWwEWsgUaBgGrQPer71SvQhit5ZnsxNCJ6KXnIGbVOahb8ajPlneyA1C1cWx2lmIc42+Bbnc1PRSqLmZISmIVW1iwUSckv75Ntgn8Tv0QGKKIRTpqFl3pLsSQCaZmgxtR8EttGSrXlTECWrycGYsq69BJqjkoagWmkg2gZXndKC4dKuyf7Zzj160ZKI2N6UeAmI2rb5qfXF//yaokN9xopl3FiQbLhR2EisFW43xNuce3yip4jlGnubsWsTTV1HWiTdyV8JMX/k/Ptkr9TKp+Wi4dkVMc0WkVraAP5aBcdomN0giqIoRt0hx7Qo3fr3XtP3vNwNOeNdlbQN3iv76Z0oT0=</latexit>

Wij = 0 if (i, j) not connected

Li*, Tang*, Zhang & Li. Distributed reinforcement learning for decentralized linear quadratic control: A derivative-free 
policy optimization approach. TAC 2021 (* Equal contribution)

The closed-loop system evolve for     steps
<latexit sha1_base64="ygBGOL19fNHUykKJiEfXXxO3ybE=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnpCiHoLeBFPEbNBMoSeTk/SpKdn6O4RwpBP8OJBEa9+kTf/xs4iuD4oeLxXRVW9IBFcG4zfndzK6tr6Rn6zsLW9s7tX3D9o6ThVlDVpLGLVCYhmgkvWNNwI1kkUI1EgWDsYX8789h1TmseyYSYJ8yMylDzklBgr3Tb61/1iCbte5QKXMfpNPBfPUYIl6v3iW28Q0zRi0lBBtO56ODF+RpThVLBpoZdqlhA6JkPWtVSSiGk/m586RSdWGaAwVrakQXP160RGIq0nUWA7I2JG+qc3E//yuqkJz/2MyyQ1TNLFojAVyMRo9jcacMWoERNLCFXc3oroiChCjU2nYEP4/BT9T1pl16u6lZtKqYaXceThCI7hFDw4gxpcQR2aQGEI9/AIT45wHpxn52XRmnOWM4fwDc7rBz3Wjbw=</latexit>

TJ
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1. Generate random perturbation

2. Apply control policy                      to the system

3. Accumulate costs        & exchange info with neighbors

4. Produce an estimated global obj.

5. Construct zeroth-order partial gradient estimator

6. Update by stochastic gradient descent

<latexit sha1_base64="KjqqeTmJALCjJtKg8qB3u0RSXTc=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiDEyzATgsst4MVjBLNAMoSeTk/Spqd76O4R4pB/8OJBEa/+jzf/xs4iuD4oeLxXRVW9MOFMG897d3JLyyura/n1wsbm1vZOcXevqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWOLqZ+65YqzaS4NuOEBjEeCBYxgo2Vmnc9VtbHvWLJc/3quVfx0G/iu94MJVig3iu+dfuSpDEVhnCsdcf3EhNkWBlGOJ0UuqmmCSYjPKAdSwWOqQ6y2bUTdGSVPoqksiUMmqlfJzIcaz2OQ9sZYzPUP72p+JfXSU10FmRMJKmhgswXRSlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDeHzU/Q/aVZc/8StXlVLtcoijjwcwCGUwYdTqMEl1KEBBG7gHh7hyZHOg/PsvMxbc85iZh++wXn9AEPFjuU=</latexit>

zi(s)

s=1 s=2 s=3
t

Lemma: If                 , then

Sample     from standard Gaussian

For t = 1 to TJ

end for

Li*, Tang*, Zhang & Li. Distributed reinforcement learning for decentralized linear quadratic control: A derivative-free 
policy optimization approach. TAC 2021 (* Equal contribution)

The closed-loop system evolve for     steps
<latexit sha1_base64="ygBGOL19fNHUykKJiEfXXxO3ybE=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnpCiHoLeBFPEbNBMoSeTk/SpKdn6O4RwpBP8OJBEa9+kTf/xs4iuD4oeLxXRVW9IBFcG4zfndzK6tr6Rn6zsLW9s7tX3D9o6ThVlDVpLGLVCYhmgkvWNNwI1kkUI1EgWDsYX8789h1TmseyYSYJ8yMylDzklBgr3Tb61/1iCbte5QKXMfpNPBfPUYIl6v3iW28Q0zRi0lBBtO56ODF+RpThVLBpoZdqlhA6JkPWtVSSiGk/m586RSdWGaAwVrakQXP160RGIq0nUWA7I2JG+qc3E//yuqkJz/2MyyQ1TNLFojAVyMRo9jcacMWoERNLCFXc3oroiChCjU2nYEP4/BT9T1pl16u6lZtKqYaXceThCI7hFDw4gxpcQR2aQGEI9/AIT45wHpxn52XRmnOWM4fwDc7rBz3Wjbw=</latexit>

TJ
<latexit sha1_base64="S+yVSi7ya24ooqV1TkeTbhl6+Rs=">AAACCHicdVDLSgMxFM3UV62vUZcuDBahggyZUnzsCm50IxVsK3RKyWQybWgmMyQZoQ5duvFX3LhQxK2f4M6/MX0IPg9cOJxzL/fe4yecKY3Qu5WbmZ2bX8gvFpaWV1bX7PWNhopTSWidxDyWVz5WlDNB65ppTq8SSXHkc9r0+ycjv3lNpWKxuNSDhLYj3BUsZARrI3XsbU8zHtDsZugpFnkR1j2CeXY+LKH9s06w17GLyHErx6iM4G/iOmiMIpii1rHfvCAmaUSFJhwr1XJRotsZlpoRTocFL1U0waSPu7RlqMARVe1s/MgQ7holgGEsTQkNx+rXiQxHSg0i33SOLlU/vZH4l9dKdXjUzphIUk0FmSwKUw51DEepwIBJSjQfGIKJZOZWSHpYYqJNdgUTwuen8H/SKDvugVO5qBSraBpHHmyBHVACLjgEVXAKaqAOCLgF9+ARPFl31oP1bL1MWnPWdGYTfIP1+gHIfpnC</latexit>

z̃ ⇠ N (0, Id)

<latexit sha1_base64="2X64ppUJD2OjO6QKikIv7fz6Wjc=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlKUTdCQRCXFewDmhgmk2k7dDKJMxOhpgU3/oobF4q49Sfc+TdO2yy09cCFwzn3cu89fsyoVJb1bSwsLi2vrObW8usbm1vb5s5uQ0aJwKSOIxaJlo8kYZSTuqKKkVYsCAp9Rpp+/2LsN++JkDTiN2oQEzdEXU47FCOlJc/cv/No0To+d4aOoiwg6cPIo87Qu7wte2bBKlkTwHliZ6QAMtQ888sJIpyEhCvMkJRt24qVmyKhKGZklHcSSWKE+6hL2ppyFBLpppMfRvBIKwHsREIXV3Ci/p5IUSjlIPR1Z4hUT856Y/E/r52ozpmbUh4ninA8XdRJGFQRHAcCAyoIVmygCcKC6lsh7iGBsNKx5XUI9uzL86RRLtknpcp1pVC1sjhy4AAcgiKwwSmogitQA3WAwSN4Bq/gzXgyXox342PaumBkM3vgD4zPHyR+lyo=</latexit>

qi(0) = kz̃ik2F

<latexit sha1_base64="aMGnYKItGiors0fXQJNSLjl810Y=">AAACEnicbVA9SwNBEN2L3/ErammzGIQENNyJqI0g2FhGMEbIHcfeZk832d07d+eEcOQ32PhXbCwUsbWy89+4+Sg08cHA470ZZuZFqeAGXPfbKczMzs0vLC4Vl1dW19ZLG5vXJsk0ZQ2aiETfRMQwwRVrAAfBblLNiIwEa0bd84HffGDa8ERdQS9lgSS3isecErBSWKreh7wCVXyKfZNJXyWCSw4m7OBmmPNO39+7DzsV2PeqYans1twh8DTxxqSMxqiHpS+/ndBMMgVUEGNanptCkBMNnArWL/qZYSmhXXLLWpYqIpkJ8uFLfbxrlTaOE21LAR6qvydyIo3pych2SgJ3ZtIbiP95rQzikyDnKs2AKTpaFGcCQ4IH+eA214yC6FlCqOb2VkzviCYUbIpFG4I3+fI0uT6oeUe1w8vD8pk7jmMRbaMdVEEeOkZn6ALVUQNR9Iie0St6c56cF+fd+Ri1FpzxzBb6A+fzBzeLnII=</latexit>

qi(t) =
X

j
Wij qj(t� 1)

<latexit sha1_base64="quv+75si8Yu9OgMDeTRM+fZN/wc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPBi8cK9gPSUDababt0kw27E6GG/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco0hxZXUuluyAxIkUALBUrophpYHErohOPbmd95BG2ESh5wkkIQs2EiBoIztJLfQyEjyJ+mfdGv1ty6OwddJV5BaqRAs1/96kWKZzEkyCUzxvfcFIOcaRRcwrTSywykjI/ZEHxLExaDCfL5yVN6ZpWIDpS2lSCdq78nchYbM4lD2xkzHJllbyb+5/kZDm6CXCRphpDwxaJBJikqOvufRkIDRzmxhHEt7K2Uj5hmHG1KFRuCt/zyKmlf1L2r+uX9Za3hFnGUyQk5JefEI9ekQe5Ik7QIJ4o8k1fy5qDz4rw7H4vWklPMHJM/cD5/AMUjkYc=</latexit>

z̃i

<latexit sha1_base64="b2VApd9dpMXhzUmwPg2tF+FqRkM=">AAACD3icbVC7SgNBFJ2NrxhfUUubwaAkTdyVoDZCwEYsJEJekF2W2ckkDpl9ZOaukCz5Axt/xcZCEVtbO//GyaPQxAMXDufcy733eJHgCkzz20gtLa+srqXXMxubW9s72d29ugpjSVmNhiKUTY8oJnjAasBBsGYkGfE9wRpe72rsNx6YVDwMqjCImOOTbsA7nBLQkps9Hro8rwr4EtvARZslw5HLT2zVl5Dc4r42q+5NYeRmc2bRnAAvEmtGcmiGipv9stshjX0WABVEqZZlRuAkRAKngo0ydqxYRGiPdFlL04D4TDnJ5J8RPtJKG3dCqSsAPFF/TyTEV2rge7rTJ3Cv5r2x+J/XiqFz4SQ8iGJgAZ0u6sQCQ4jH4eA2l4yCGGhCqOT6VkzviSQUdIQZHYI1//IiqZ8WrbNi6a6UK5uzONLoAB2iPLLQOSqja1RBNUTRI3pGr+jNeDJejHfjY9qaMmYz++gPjM8fVEybiw==</latexit>

zi(s) = z̃i/
p

Nqi(TJ)

Consensus again

<latexit sha1_base64="QdTZqnnE54RH41Oy8IwsADneb2o="></latexit>

z̃/kz̃k ⇠ Unif(Sd�1)

Concurrent with         estimation
<latexit sha1_base64="BZBk+6g0H/4EFXIwW1ceDcLFPCI=">AAAB9XicdVDJSgNBEK2JW4xb1KOXxiDEy9ATgsst4EU8RTAxkIyhp6eTNOnpGbp7lDDkP7x4UMSr/+LNv7GzCK4PCh7vVVFVL0gE1wbjdye3sLi0vJJfLaytb2xuFbd3mjpOFWUNGotYtQKimeCSNQw3grUSxUgUCHYdDM8m/vUtU5rH8sqMEuZHpC95j1NirHTTMVyELLsYd3lZH3aLJex61VNcweg38Vw8RQnmqHeLb50wpmnEpKGCaN32cGL8jCjDqWDjQifVLCF0SPqsbakkEdN+Nr16jA6sEqJerGxJg6bq14mMRFqPosB2RsQM9E9vIv7ltVPTO/EzLpPUMElni3qpQCZGkwhQyBWjRowsIVRxeyuiA6IINTaogg3h81P0P2lWXO/IrV5WSzU8jyMPe7APZfDgGGpwDnVoAAUF9/AIT86d8+A8Oy+z1pwzn9mFb3BePwBnsJJp</latexit>

J̃i(s)



Performance Guarantees

Theorem (informal)

Let           be arbitrary. By choosing the parameters of the algorithm to satisfy

we can achieve the following with high probability:

• The closed-loop system remain stable during the learning procedure
• Optimality guarantee given by

47

<latexit sha1_base64="KRIicba6hvdb0Kx/xIC71OKKuOk=">AAAB8XicdVDJSgNBEO1xjXGLevTSGARPQ08MLhcJePEYwSyYDKGnU5M06ekeunuEEPIXXjwo4tW/8ebf2FkE1wcFj/eqqKoXpYIbS8i7t7C4tLyymlvLr29sbm0XdnbrRmWaQY0poXQzogYEl1Cz3ApophpoEgloRIPLid+4A224kjd2mEKY0J7kMWfUOum2DanhQskL0ikUiR+Uz0mJ4N8k8MkURTRHtVN4a3cVyxKQlglqTCsgqQ1HVFvOBIzz7cxAStmA9qDlqKQJmHA0vXiMD53SxbHSrqTFU/XrxIgmxgyTyHUm1PbNT28i/uW1MhufhSMu08yCZLNFcSawVXjyPu5yDcyKoSOUae5uxaxPNWXWhZR3IXx+iv8n9ZIfnPjH1+VipTyPI4f20QE6QgE6RRV0haqohhiS6B49oifPeA/es/cya13w5jN76Bu81w+IZJDM</latexit>

✏ > 0

<latexit sha1_base64="CF2mxawDiKLIzAID+gQ6hVdU4Cw=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AR6maYqcXHruDGnRXsAzpDyaSZNjSTjElGKEPd+CtuXCji1r9w59+YPgSfBy4czrmXe+8JE0aVdt13Kzc3v7C4lF8urKyurW/Ym1sNJVKJSR0LJmQrRIowykldU81IK5EExSEjzXBwNvabN0QqKviVHiYkiFGP04hipI3UsXekr2gML0q+upY680miKBN8dNCxi67jVU7dsgt/E89xJyiCGWod+83vCpzGhGvMkFJtz010kCGpKWZkVPBTRRKEB6hH2oZyFBMVZJMPRnDfKF0YCWmKazhRv05kKFZqGIemM0a6r356Y/Evr53q6CTIKE9STTieLopSBrWA4zhgl0qCNRsagrCk5laI+0girE1oBRPC56fwf9IoO96Rc3hZKVYrszjyYBfsgRLwwDGognNQA3WAwS24B4/gybqzHqxn62XamrNmM9vgG6zXD79GlxA=</latexit>

r ⇠ O(
p
✏)

<latexit sha1_base64="GhD41wgaoIbZERzHenSrO/uxGXo=">AAACEHicdVDLSgNBEJz17fpa9ehlNIjxEnZj8HETvHhTwRghG8PspDcZnJ1dZnqFEPwEL/6KFw+KePXozb9xEiP4LGgoqrrp7ooyKQz6/pszMjo2PjE5Ne3OzM7NL3iLS2cmzTWHKk9lqs8jZkAKBVUUKOE808CSSEItujzo+7Ur0Eak6hS7GTQS1lYiFpyhlZreRgjIQiMSehSuhhJiLLohZEbIVFF9UXZDLdod3Gx6Bb8UVPb8sk9/k6DkD1AgQxw3vdewlfI8AYVcMmPqgZ9ho8c0Ci7h2g1zAxnjl6wNdUsVS8A0eoOHrum6VVo0TrUthXSgfp3oscSYbhLZzoRhx/z0+uJfXj3HeLfREyrLERT/WBTnkmJK++nQltDAUXYtYVwLeyvlHaYZR5uha0P4/JT+T87KpWC7tHVSKexXhnFMkRWyRookIDtknxySY1IlnNyQO/JAHp1b5955cp4/Wkec4cwy+Qbn5R3yTpvg</latexit>

⌘ ⇠ O
�
✏r

2
�

<latexit sha1_base64="2lfLW02/6iDN3GTM06q3cAo4bB4="></latexit>

TJ ⇠ ⌦

✓
1

r
p
✏

◆ <latexit sha1_base64="Vo8WgRlg3bSpGgG7XgjN6w2F778="></latexit>

TG ⇠ ⇥

✓
1

⌘✏

◆

<latexit sha1_base64="ZOvuncI/E1s+KGVj0lAW9l0a0d4="></latexit>

1

TG

XTG

s=1
krJ(K(s))k2  ✏

<latexit sha1_base64="kTD9ZSFjBAdlE14LLT4TAJPhm18=">AAACHXicbVA9SwNBEN3z2/gVtbRZDYI24U6DWgoWipVCokI2HnubuWRxb+/YnRPCkT9i41+xsVDEwkb8N25iCr8eDDzem2FmXpQpadH3P7yx8YnJqemZ2dLc/MLiUnl55cKmuRHQEKlKzVXELSipoYESFVxlBngSKbiMbo4G/uUtGCtTXcdeBq2Ed7SMpeDopLBcq4fH9fCUWZlQVu8CcrbOFMS4xWLDRRH0CwaZlSrV17U+M7LTxe2wXPGr/hD0LwlGpEJGOAvLb6ydijwBjUJxa5uBn2Gr4AalUNAvsdxCxsUN70DTUc0TsK1i+F2fbjqlTePUuNJIh+r3iYIn1vaSyHUmHLv2tzcQ//OaOcYHrULqLEfQ4mtRnCuKKR1ERdvSgEDVc4QLI92tVHS5SwVdoCUXQvD75b/kYqca7FV3z2uVw9oojhmyRjbIFgnIPjkkJ+SMNIggd+SBPJFn79579F6816/WMW80s0p+wHv/BEvJogs=</latexit>

TGTJ ⇠ ⇥

✓
1

✏4

◆

Li*, Tang*, Zhang & Li. Distributed reinforcement learning for decentralized linear quadratic control: A derivative-free 
policy optimization approach. TAC 2021 (* Equal contribution)

Corollary: Sample complexity bound given by



Model-Free Optimization and Learning for Multi-Agent Systems

49

I. Multi-agent feedback optimization

Observation Action II. Distributed reinforcement learning

+Zeroth-order 
optimization

Decentralized 
coordination

• Different coordination schemes designed for 
different setups

• Theoretical convergence rate/complexity 
analysis results



Revisiting the Results

56

• Complexity for multi-agent zeroth-order 
feedback optimization

• Complexity for centralized unconstrained 
smooth zeroth-order optimization

<latexit sha1_base64="tUdbpNZr745UDrXNGHH9x5dFeBw="></latexit>

O

✓
d

✏

◆Constrained & convex

Noiseless
<latexit sha1_base64="Sf0FatC87bDkpHxYZpcbbWFovv0="></latexit>

O

✓
bd

✏2

◆

<latexit sha1_base64="zN463Dk/fYsgvBz/Hb4NtviOL3k="></latexit>

rf(x⇤)=0 known
<latexit sha1_base64="OOyyDpcD1qNfFzPpduQTpHoPO2A="></latexit>

rf(x⇤)=0 unknown

A gap between constrained and unconstrained 
zeroth-order optimization

[Nesterov 2017]
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• 2-point zeroth-order methods 

<latexit sha1_base64="/NtCEuu/PvXMRnTW/RFD0hyHHp0="></latexit>

min
x

f(x)

s.t. x 2 C

deterministic
convex & smooth

<latexit sha1_base64="yY7PgKk/CVs/oj8nnHIYoIU0rjI="></latexit>

O

✓
d

✏2

◆

• 2d-point zeroth-order methods 
<latexit sha1_base64="tUdbpNZr745UDrXNGHH9x5dFeBw="></latexit>

O

✓
d

✏

◆

[Duchi 2015]

[Sahu 2020]

Why is there a gap?
<latexit sha1_base64="ldo9C+JB+92WUmgsPlnkZvejBjc="></latexit>

lim
r!0

Var(Gf (x; r, z)) ⇡ (d� 1)krf(x)k2

§ Unconstrained:
<latexit sha1_base64="DZ4FBWj4xli14biSNmmWW946a24="></latexit>

rf(x(t)) ! 0
<latexit sha1_base64="9U0CqoB/ZtVHE7HZFnA0E1BwX0E="></latexit>

=) Var(Gf (x(t); rt, z(t))) ! 0

§ Constrained:
<latexit sha1_base64="ImnRGnR8xxcpjs0bVgVQVzG5Nxg="></latexit>

rf(x(t)) 9 0
<latexit sha1_base64="trbyVAJ/X+G4uNo5y9OEnhLfs80="></latexit>

=) Var(Gf (x(t); rt, z(t))) � C > 0
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<latexit sha1_base64="/NtCEuu/PvXMRnTW/RFD0hyHHp0="></latexit>

min
x

f(x)

s.t. x 2 C

deterministic
convex & smooth

Our Findings

• 2-point zeroth-order for box constraints 
<latexit sha1_base64="tUdbpNZr745UDrXNGHH9x5dFeBw="></latexit>

O

✓
d

✏

◆

Algorithm: Adopting the framework of
randomized coordinate descent rather than
gradient descent

Existing Results

• 2-point zeroth-order methods 
<latexit sha1_base64="yY7PgKk/CVs/oj8nnHIYoIU0rjI="></latexit>

O

✓
d

✏2

◆

• 2d-point zeroth-order methods 
<latexit sha1_base64="tUdbpNZr745UDrXNGHH9x5dFeBw="></latexit>

O

✓
d

✏

◆

[Duchi 2015]

[Sahu 2020]

arXiv:2311.00372
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Complexity guarantees:

<latexit sha1_base64="jRzJZPrTjT2OTtRJcY9tq0dQ2bk="></latexit>

Aggregator samples ↵(k) ⇠ U{1, . . . , d}
<latexit sha1_base64="6MG6dXJ/sXnloUefsXx6r2uQyEA="></latexit>

Aggregator sends �(x(k)) to agent ↵(k)
<latexit sha1_base64="zsmXIBP84UzZB2ZUYE8rsjFxkhA="></latexit>

Agent ↵(k) samples z↵(k)(k) 2 {�1,+1}

<latexit sha1_base64="G65l9sfNqOA5nCuWfIgljC9ZoCo="></latexit>

and sends it to agent ↵(k)
<latexit sha1_base64="8GgLmW1C5PbNS1Gumqg/9uetDjs="></latexit>

Agent ↵(k) calculates

<latexit sha1_base64="njlXWzP5hE5SMeZfIUlL0tOXRKQ="></latexit>

Aggregator observes �(x(k)+r(k)z(k))=�(x+(k))

<latexit sha1_base64="swZAtTWSrAmrK8eK1iNBn545hac="></latexit>

Agent ↵(k) applies x↵(k)(k) + r(k)z↵(k)(k)

<latexit sha1_base64="oo5LBDXA2V7kKyUw9YCOrsid6iU="></latexit>

g↵(k)(k) =
@f↵(k)(x(k))

@x↵(k)

+
�(x+(k))� �(x(k))

r(k)
z↵(k)(k)

<latexit sha1_base64="auhWidCMaphrZ3JJZNlWmxbD0Lg="></latexit>

Agent ↵(k) updates
<latexit sha1_base64="6yf3I0ktzEz+/z1IlysdDnP2K7c="></latexit>

x↵(k+1) =
⇥
x↵(k)(k)� ⌘g↵(k)(k)

⇤u↵(k)

l↵(k)

<latexit sha1_base64="+9jk42zmBeCbhWmP9iy7aFYLA5I="></latexit>

min
x1,...,xN

�(x1, . . . , xN ) +
NX

i=1

fi(xi)

arXiv:2311.00372
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Model-free Model-based

Our proposed 
algorithms

First-order methods/ 
model-based control/ …

What about in between?

• We have some prior structural information.
• How to incorporate them in algorithm design?
• Better convergence rate/scalability?


